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PREFACE. 
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"TN the preparation of this book the needs of the students of the 
-^ Institute of Technology have been kept in mind. The time 
which they can devote to the subject is limited, and yet it is neces- 
sary that they should become reasonably familiar with its more 
elementary and fundamental parts. For this reason, the earlier 
chapters are treated with somewhat more fulness than is usual. 
For some propositions more than one proof is given, and particular 
care has been taken to illustrate and enforce all parts of the subject 
by a large number of numerical applications. In the matter of 
problems only the simpler ones have been selected, and the number 
in every case has been proportioned to the time which students will 
have to devote to them; In general, propositions have been proved 
first with reference to rectangular axes, because, as a rule, the proofs 
are easier, and when necessary, the proofs with reference to oblique 
axes may be omitted. 

The first eight chapters of this book have been used for two 
years by the students of the Institute. During the first year, my 
associate, Mr. H. W. Tyler, checked all the numerical results and 
made many valuable suggestions, of which I have gladly availed 
myself During the past year, I have had the able assistance of 
Mr. U. if» Bartlett, who has also computed the answers to the 
greater portion of the numerical exercises. With all the care which 
has been taken, errors undoubtedly still exist, and I shall be truly 
thankful to any one who will point them out to me. I am indebted 
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to my friend Mr. H. K. Burrison, Instructor in Mechanical Drawing, 
for the drawing of the cuts. The determinant notation has not 
been used, because students are not prepared for it; nor has it 
been thought advisable to prefix an elementary chapter on the sub- 
ject, since the excellent book on Determinants by Professor Hanus, 
published by Ginn & Co., is readily accessible. I shall be very glad 
if any teachers and students besides those in the Institute of Tech- 
nology shall find this book adapted to their needs. 

My greatest indebtedness is due to the excellent work on " Conic 
Sections'' by Professor Salmon, and to "An Elementary Treatise on 
Conic Sections" by Charles Smith, M.A., Fellow and Tutor of 
Sydney Sussex College, Cambridge, England. 

In the later chapters it will be seen that I have followed Mr. 
Smith's book quite closely, and have taken from it many examples, 
with the solutions of several of them. 

I hope in due time to follow this book with a brief elementary 
treatise on Solid Analytic Greometry. 

J. D. R. 

Aco. 15, 1888. 
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CHAPTER I. 

THE POINT : ITS FOSITIOS. 

1. The point is the simplest element of any geometrical 
figure ; and the first problem is to determine its position on 
some assumed plane, sueh as the plane of the paper or of the 
blackboard on which the figure is to be drawn. 

Two conditions are necessary and sufficient to determine the 
position of a point on a plane, and the quantities which express 
these conditions are called the coordinates of the point. 

2. To determine the position of a point when the two given 
conditions or ooordinoites are a distance and a direction. 

These are called the polar coordina4>es of the point. 

Assume a point from which to measure distances, and a 
straight line OX from which to measure directions. 

Denote the given distance by r; then with (? as a centre, 
and radius r, describe a circle; the required point will fall 
somewhere on the circumference. Next, the point must lie on a 
line OiV, whose direction is determined by the angle XON=0. 
It is plain that the point of intersection P is the onl}*- point 
which satisfies both conditions, and is the required point, having 
r and 6 for its polar coordinates. This method will be applied 
hereafter. 
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3. To determine the positUm of a point when the two 
given conditions or eoordincutes are two given distances. 

These distances are called the Cartesian or rectilinear co- 
ordinates of the point, 

m 

The Coordinate Axes. — It is plain that if a point must lie 
at the same time on two given straight lines, it must be at 
their intersection, and the problem is solved by determining 
the positions of the two given lines upon which the required 
point must lie. For this purpose let us assume the positions 
of two straight lines XX^ and YY\ intersecting in the point 0, 
as lines or axes of reference. The line XX is called the axis 
of X^ or aods of abscisses ; the line YY^ is called the axis of Y^ or 
axis of ordinates ; the point is called the origin of coordinates^ 
or simply the origin^ as it is the point from which distances are 
measured on both axes and in both directions. XOY is called 
the first angle; YOX\ the second; XOY\ the third; and 
T X, the fourth. 

The Coordinates of a Point. — Suppose, now, that the 
required point P must lie on a line parallel to the axis of Xs 
and at a given distances h above it, measured on the axis of Y. 
Lay oflF OM=z J, and through tlie point M draw a parallel PP^ 
to the axis of X\ the required point i^ somewhere on this line* 
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Again, suppose that the required point lies on a line parallel to 
the axis of F, and at a given distance a to the right, measured 
on the axis of X Lay off 0N= a, and through the point N 
draw a parallel PP^^' to the axis of Y, The point P, which 
satisfies both conditions, is at the intersection of these two given 
parallels, and is the required point. The position of the point 
P, referred to the coordinate axes XX! and TT\ is therefore 
determined by the two given distances ON and OM^ which are 
called the coordinates of the point; ON^ its abscissa; and OM 
or PN, its ordinate. 
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If we take ON' =_- 0N== a, and OM' = 0M= 6, and through 
the points N' and M' draw two additional parallels, we shall 
have three additional points, P', P", P'", determined by the 
same coordinates, a and 5, which determined P. 

Alirebraic Signs of the Coordinates. — How shall we dis- 
tinguish these four points from each other? By simply intro- 
ducing the idea of opposite directions. Distances may be laid 
off on both axes in opposite directions from ; and if we use, 
as we may, the signs plus and minus to denote opposite direc- 
tions, then if ONz=z + a denotes a positive distance laid off on 
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the axis of JT to the right from 0, 0N'= — a will denote a 
negative distance laid off to the left; if OM= + b denotes 
a positive distance laid off on the axis of Y above the axis of X^ 
then OM'= — b will denote a negative distance laid off below 
the axis of X In general, distances laid off on the axis of X 
are denoted by a;, and called abscissce; and distances laid off 
on the axis of Fare denoted by y, and called ordinates; and 
tlie equations of condition for the four determined points P, . 
P', P", P'" are 

p(?:K), />'(?:;;), ^■$:=;). ^<?:i;). 

or, for brevity, 

P(a,6), P'(-a,5), P'(-a, -6), P"(a, -6), 

the value of the abscissa x being written first, and the value 
«)f the ordinate y second, with a comma between them. 

When the position of a point P is entirely unknown, it is 
written P(a:,y); but, if known, it may be written P(2, 3), 
P(a, 6), P(a;', y'), P(a;", y"), or by any. other convenient 
notation. 

The best way to plot the point P (a, 6) is to lay off 0^= a, 
draw a parallel to the axis of Y through i\r, and on this parallel 
lay off NP = b. 

When the angle XOY is a right angle, the coordinate ^^ 
axes are called rectangular ; and when this angle ig not rightj^^ 
they are called oblique. The angle XOY is usually denoted 
bv ft). 

In the following exercises the student should carefully con- 
struct the figure for each, using any convenient unit of length. 
Paper ruled for the purpose is a great convenience. 

In all cases rectangular axes are used, if the contrary is not 
stated. 
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'^1. LetP(a;, ^) be any variable point in the first angle. If a; is 
constant and y varies, what line will the point P describe ? What 
will be its position? As P approaches the axis of X, what change will 
y undergo? What will the value of y be when the point P reaches 
the axis of X? What further change will y undergo when P passes 
below the axis of X? What will the value of y be for all points on 
the axis of X? What equation will be true for all points on the axis 
of X? 

2. If y is constant and x varies, what line will the point P de- 
scribe ? What change will x undergo as P approaches the axis of F, 
and what further change when it crosses the axis of F? What will 
the value of aj be when P is on the axis of F ? What will the value 
of X be for all points on the axis of F? What equation expresses the 
condition which is true of all points on the axis of F? What is this 
equation called? 

3. For what point will both x and y be zero? If both x and y so 
vary that the point P always remains at the same distance from the 
origin, what path will it describe? 

4. Plot the points (2, 3), (-3, 5), (-2, -3), (4, -2). 

6. Plot the same points, using the same axis of X and origin 0, 
when XOF= 60^. 

6. Connect the points (2, 3), (—3, 1), (—1, —2) by straight 
lines. Does the origin lie within this triangle or without? 

7. Given the points (3, 5) and (—1, —4). Connect them by a 
straight line,*and show that the differences of the abscissae and of the 
ordinates of the two points form the remaining sides of a triangle, 
which is right or oblique according as the axes are right or oblique. 

8. Show from similar triangles that the points (2, 3), (1, —3), 
(3, 9) lie on the same straight line. 

9. Connect the points (2, 3), (-1, 2), (-2, -3), (1, -2) in 
order by straight lines. What is the resulting figure? Draw the 
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diagonals and show that they pass through the origin and are bisected 
by it. 

10. Plot the points (a, 0) , (0, a) , ( — a, 0) , (0, — a) , and connect 
them in order by straight lines. What will the figure be when the 
axes are rectangular ? What when they are oblique ? What is the 
length of the diagonals? 

Ans» Square ; Rectangle ; Diagonals = 2 a. 

11. Plot the points (a, 0) , (0, &),![— a, 0) , (0, — h) , and connect 
them in order by straight lines. What will the figure be for rect- 
angular and for oblique axes? What the length of the diagonals? 

Ans. Rhombus ; Parallelogram ; Diagonals 2 a, 2 &. 

12. Show that the line Joining the points (a, 5) and (—a, —6) 
passes through the origin and is bisected by it. 

18. On what line do the points (a, h) and (— c, 6) lie? 

14. Show that the lines joining (a, 0), (0, 6) and (0, a), (—6, 0) 
are perpendicular to each other; so aldo are the lines joining (a, 0), 
(0,6) and (5,i)), (0, -a). 

16. Show that the distance of the point (a, li) from the origin is 
Va* + V. Show that the line joining the points (a, 0) and (0, 6) 
also equals Va* -f &*. 

16. Show that the points (3,4), (4,3), (-3,4), (-4,3), 
(—8, —4), ( — 4, —3), (3, —4), (4, —3) are on the circumfer- 
ence of a circle having its centre at the origin. What is its radius? 

17. On what line do all the points lie whose abscissae equal their 
ordinates ; that is, points for which a; = ^ ? Through what special 
))oint does this line pass? How does this line divide the angle 
XOYl 

18. On what line do all the points lie for which ^ = — 05? Docs 
this line pass through the origin ? How does it divide the angle of 
the coordinate axes? 

19. Connect the points (a, 0), (0, 2>) and (na, 0), (0, 7i6) by 
straight lines^ and show that they are parallel. 
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20. Connect the points (a, 0) , (0, b) bj a straight line. Show 
that the points (^a, ^b), (^a, f 5), (fa, ^b) are on this line. 

21. Sliow that the lines connecting the origin with the points 
(a, b) and (— 5, a) are perpendicular to each other. 

LeniTth of Lines between Given Points* 

4. To find the distance between two given points; alsQ 
the angle which this distance makes with the axis of X. 

We already know that two given points determine the posi- 
tion of the straight line which passes tlirough them, and we 
are now to find the length of tliat portion of the line which 
lies between the two given points, and also the angle which the 
line makes with the axis of X. 




Fig. 3. 



First, when the axes are rectangular. 

Let P'(a:'y') and P"(a;"y") be the two given points, and 
P'P" = d. Draw P^E parallel to the axis of X; then P"P'R = 
is the angle which the distance P^P''= d makes with the axis 
of X, because P^R is parallel to this axis. To find d and 0, 

We have 

PR = ON'' - ON' =«"-«', 

P"J8 = P'N" - P'N' ==y"-y'; 
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and by (he Pythagorean proposition 



d=V(a;"-a!')'+( y"-y')« 
is the required distance. 

In the right triangle P^'P'R, 

tantf = p^ = |^^ = m, for brevity. 



.•. tf=tan-~*^^- — ^ = tan~*m 



(a) 



(b) 



is the required angle. Trigonometry,* Art. 10. 

If one of the points, as P', is at the origin, then x' 
y ' = 0, and equations (a) and (J) become 



= 0, 



d = V«"*+y, 



n 



tantf = ^, = m. 



X 



ti 



.•. d=tan~*^ = tan'^m. 



X 




Fro. 4. 



(«') 



(6') 



Second, when the axes are oblique. 

In this case let the angle XOF=a); then P"iJi\r= w, and 

P"i?P'= TT - 0>. 



♦ References are to Professor Wells* Trigonometry. 
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In the oblique triangle P^^JP^B we have the two sides P'iJ 
and P"^, and the included angle P'^RP' to find P''P'-=d. 
Since, as before, 

we have by Trigonometry, Art. 146. 

cP= (a"- aj')*+ (y"- y)*- 2(a;"- a:') (y"- y)co8(ir - a>) ; 
.-■ d = r(a;'^- x'y+ (y"~ y^)'+ 2(a?^^- a?^ {y"^ y')cos 6)]^ (c) 

remembering that cos (tt— ©) = —cos©. Trig., Art. 43. 

Next find the value of the angle P''P'B=6^ the angle which 
the line P'P" makes with the axis of X. 

In addition to the data already given we have the angle 
P^P^^B = © - ^, and by Trigonometry, Art. 144, 

P"B P'R y"-v' ai^'^x' 

-ss or ~ ^ »: *^« • 

sin^ sin(w — tf) sin^ 8in(a) — 6^) 

From this equation we can find tan 0, We have 



= ^^ — ^, = m, for brevity ; 



8in((i)r-d) ^'—x^ 

.*. sintf =msin(o)~0)e=msina)COS0 — mcqs(usin0. 
Next divide by cos ; then 

tan = m sin ci> -^'m cos 0) tan ; 

. >i 971 sin CD /jv 

.'. tan^= , (a) 

1 + ffl coa M — 

which gives 'the required angle through its tangent. 

For tt) = 90% formulae (c) and (d) reduce to (a) and (6), as 
they should, since cos 90** = 0. 

If one of the points, as P', is at the origin, then a;' = 0, y' = 0, 
and (<?) and (d) become 
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d=V»"»+y"' + 2a!"y"oo8«>; (c') 

m= Si', tan tf = _»L«5L!1L_. (d') 

«" 1 + m cos 0) 

If P' is on the axis of X, and P" on the axis of F, then y' = 0, 
a;" = 0, and (a), (6), (<?), (d) become 

c? = Va;'*+y"S • (a") tf = tan-'/'-.J^\ (&") 



*fr 



d = Va;'* + 3^"*-2aj'y'cosa>, (c") tan tf = - ^ ^/""^ . (d") 

» — y cos« 

Second Solution for Oblique Axes. — Drop the perpendicu- 
lar P^^N\ then in the right triangle P^'RN, Fig. 4, 

P"JV = P"i2 sin cu = (y"- y') sin a,, 
RN =sP"i2co8w =(y"— y')cos«» 

.-. (p = [(«"-«') +(y"-y')«>s«?+(y'-y')'8in'«» 

.-. d = [(«"- x')«+ (y"- y)'+ 2 («"- a?')(y"- y')cos«]*, (c) 
since sin* o) + cos* a> s 1 . 

Alfiio from the right triangle P^^P^N^ 

tantf = ^^= (y^^-y^) sin <. ^ _m8m_«_ .^. 

P'JVr («"- a;') + (y"-y') cos o> l+meosa>' ^^ 

by putting ^^,= m. 

EXERCISES ON ART. 4. 

1. Find d and tf for the points (3, 4) and (-7, -8). If (3, 4) is 
the point P\x'Y) and (-7, -8) the point P'(a;'y), then by (a) 

and (6), 

a?"-.aj' = 3-(-7)=10, y'-y'=4-(-8)=: 12; 

.-. d = Vl00+144=sV244=r2V6i, tf^tan-^. 
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( • • 



2. Find d and 6 for the same points when «i = 60°. In addition to 

we have sin GO'' = iV3, cos 60° s= ^, and formnls (c) and (d) become 
d = VlO'+12*+2.ip-12.i = 2V9i, m = |, tan^ = fV3. 

8. Show that each of the following sets of points lie on a straight 

line: 

1.(3,1), (-2,3), (-7,6); 2. (-1,2), (2, -3), (5, -8); 

3. (2,-1), (-1,2), (0,1); 4. (3, -2), (1, -1),(-3,1), 

(5,-3); 5. (0,-3),(l,-2), (2,-1), (4, 1); 6. (a;,y), 

(» + «', y + y'), (x + na', y-^-ny'). 

Apply formula (6). For 1, tan(9 = l^ = -5^ = i^ = -?; 
^^^ ^ ^ 34-2 2+7 3+7 5 

therefore lines passing through any two of these points make the 
same angle with the axis of X. If the axes are oblique, these ratios 
are still equal, since the corresponding triangles are similar. 

4. Connect the points (3,2), (-2,1), (-3,-2), (2,-1) in 
order by straight lines. Show that the opposite sides are parallel. 
Find lengths of sides and diagonals. What angles do the diagonals 
make with the axis of X ? 

6. Given the coordinates of the vertices of a triaxigle (2, 3), 
(4, —5), and (—3, —6), to find the lengths of the sides and the 
angles which they make with the axis of X. 

Ana. Sides: 2Vi7, 5V2, Vl06. 

Angles: tan"* (—4), tan"*f, tan"*|. 

6. If the axes are oblique and (i) = 60'', what are the sides and 
angles of the last question ? 

An8. Sides : V62, V67, VTsl. 

Angles: tan- 2V3, tan-?^, tan-f . 

7. Art. 3, Ex. 10. What is the side of the square? What the 
sides of the rectangle? 

Ans. Square, aV2; rectangle, 2 a sin ^o), 2aco8|o>. 
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8. Art. 3, Ex. 11. What is the side of the rhombus? What are 
the sides of the paraUelogram ? 

Ans, Bhombos, Va* + &*• 

Parallelogram^ Va* + 6' — 2a5cos<i> and Va* 4- ^ + 2a&c50flw. 

9. What is the distance between the points (a, h) and (— a, — 6) 

when the axes are oblique? What angle does this distance make 

with the axis of X? . 

Ans. d=2V(a->&)»+4a5cos'lctf, tan6= ^^^^"^ . 

a + ocosoi 

10. Express the condition, that tlie distance of the point {pcy) from 
(2, 8) is equal to 4. Am, (a? - 2)* + (y - 3)* = 16. 

11. Express the condition, that the i)oint {xy) is equidistant from 
the points (2, 3) and (4, 5). 

Ana. (a;-2)»4-(y-3)«=(aj-4)» + (y-5)«; or,aj + y=7. 

12. Show that the point (2, 1) is the centre of the circle circum- 
scribing the triangle whose vertices are the points (3, 4), (1, —2), 
(-1,2). 

Belated Points on a Given Line. 

6. To find the coordinates of the point which divides in a 
given ratio the line joining two given points. 




Let P(x^y^) and ^(a;"y") be the two given points, and 
R(xy) the point which divides the line P ^ in the given ratio 
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I : k. Draw PST parallel to the axis of X. The two triangles 
PBS and PQ^are similar, and therefore, 

PS ^ PS ^ BS, 
PQ PT QT' 

or, 

I gg — a^ _ y-^y* . 

.-. (f + A;)(a:-»')=Z(aj"-.x')i and aj = ?5^Jl^'. (a) 

.-. (« + A:)(y-.3^')=Ky"-y), and y = S?l±^. (6) 

The coordinates (rry) are therefore found in terms of the 
coordinates of the two given points and the given ratio for both 
rectangular and oblique axes. 

The two cases of most frequent use are when the distance 
. between the two given points is bisected, and when it is tri- 
sected. For bisection l = h^ and (a) and ^() become 

' For trisection when B is one-third of the distance from P to ^, 
2 Z = A, and (a) and (6) become 

.=?::±if, y=t^. (.) 

For trisection when B is two-thirds the distance from P to C 
l = 2k^ and (a) and (J) become 

«= — ^1 y= ^3 ^ - (e) 

Thus far the point B(xy) has been supposed to fall between 
P and $, giving a point of internal section. When the point 
B(xy) falls to the right of both P and Q^ or to the left of both, 
on the line through P and $, we have a point of external 
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• 

section. In the case of internal section the directions of P to 
R^ and Bio Q^ are the same^ I and k have the same sign, and 
their ratio is plus; but in the case of external section, these 
directions are opposite^ and the sign of the ratio l:k is minus. 
If then we make either I ov k minus in formulae (a) and (i), 
they become 

for a point of external section. 

For remembering these formulsD, note that the coordinates 
of either given point are multiplied by the proportional factor 
belonging to the segment whish ends in the other. 

6. To find the points in which a line passing through two 
given points intersects the coordinate axes. 

Suppose that the line passing through the two given points 
P(x'y') and Q(pc!^y^^^ intersect the coordinate axes in the points 
A and B (Fig. 5). These are points of external section ; the 
coordinates of A are (a:, 0), and of B (0, y). 

To find the x of J., make y = in (/) ; then 

Zy"-V=0, ...1 = ^. 

Substitute this value of the ratio Z : ^ in the value of x^ and get 

X = -^ f- = OA. (a') 

To find the y of 5, make a; = in (/) ; then 

k x" 
Substitute this value of the ratio l:k in the value of y, and 

o tif^'f ^ tt^i rrf 
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If ^ and B had been supposed to be points of internal section, 
the formulae (a) and (() would give the values of OA and OB 
as just found. 

EXERCISES ON RELATED POINTS. 

1. Given the points (3, 4) and (—4, 7) ; find the coordinates of 
the point P(xy) which divides the line joining these points in the 
ratio 5:6; that is,-^of the distance from (3, 4) to (—4, 7). 

Apply (a) and (&), Art. 5, arranging the work as follows : 

ar"y-4,7|6 »-^^|±|^ =»A- 

To find the distances which the line passing through (3, 4) and 
(—4,7) cuts from the coordinate axes. Appl}' (a'), (5'), Art. 6. 

xy 3,4 g = ^''^7(7^)^ =12i=:0^. 

7 — 4 

a-Y' -4,7 y == HzlDjzIiI = 5|=0A 

—4 — 3 

If the required point is^of the distance from (—4, 7) to (3, 4), 
or, which is the same,-^of tiie distance from (3,4) to (—4, 7), then 

a^y-4,7|5 y= ^'lXl'* =5A- 

2. The vertices of a triangle are (2, 3), (—6,-7), and (8, —9). 

(1) Find the coordinates of the middle points of the sides. 

(2) Find the coordinates of a point on each medial line two-thirds 
of the distance from the vertex. ' / 

Arts. (1) (-2, -2), (1, -8), (5, -8); (2) (|, -J^). 

3. If tlie line PQ (see figure, Art- 5) passes through the origin 0, 
show that — = — . 

y y ' 



*.« 
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4. Given {x*y^)^ {^"y"), {x"'y"'), the coordinates of the vertices of 
a triangle. Show that the medial lines meet in the point 

3 ' ^ 3 

5. Given the vertices (3, 6), (—5, 7), (6, —4) of a triangle. In 
what point do the medial lines meet? Apply the answer of the last 
example. Ans. (|, 3). 

6. One end of a line is at the point (a, b) , and the coordinates of 
a point one mth of the distance from (a, b) to tlie other end of the 
line are (p, q). Find the coordinates of the other end. 

Ans. aj=m(p — a) + a, y=^m(q^b) + b. 

7. Any side of a triangle is cut in the ratio m : n, and the line join- 
ing this point to the opposite vertex is cut in the ratio Z : m-i-n. Find 
the (xy) of this last point of section. 

Ana. ^^^^^±3^!±J^^ W-i-my"+ny" ' 

8. Given a?'3^', aj"y'S x"y\ aj*V» the coordinates of the vertices of 
a quadrilateral. 

(1) Find the middle points of the opposite sides. 

(2) Find the middle points of the diagonals. 

(3) Find the middle points of the lines joining the centres of the 
opposite sides. 

(4) Find the middle of the line joining the centres of tlie diagonals. 

(5) Find {xy) for (x^), (xy), (x'y"), as in Ex. 4; join this 
)>oint to a^^V^ ) ^^^ coordinates of the one-fourth point on this line 
nearest to (xy). 

(6) The points found in (3), (4), and (5) are the same : 

a;^+g"+g^"-fa;»^ y[±y;^±y^^[±y^ 

4 ' ^ 4 ' 

(7) Continue the method of (5) to n points, and find 

»! H-iCg H h a»-i 4- a?^ ^i + 2^2 H h.V— i + yn 

x=: 5 y = • 

This point (xy) is the arithmetical mean of the n points ; it is alsoi 
the centre of gravity of n equal masses situated at these points.. 
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9. In what ratio will the line joining the origin and the point {x'y') 
divide the line joining the points (x'V) and (a^"y"') ? Suggestion : 
Let k:l be the reqaured ratio. The point in which the two lines 
meet is 

J + k • l-hk 

But these ooordinates are proportional to x' and y*. 



^' 1 aj'y'"- y'a/"' 



Areas. 



7. To find the area of a triangle in terms of the coordi- 
nates of its vertices. 




Fio. a. 



First, when the axes are rectangular. 

Let Adxyy, jB(a;"y"), C7(a;'"y'") be the vertices. Then 
the area 

AB(7= MABN+ NBGR - MACR. 

But the area of the trapezoid 



or, 



MABN^\{AM-\-BN){ON''OM), 



.NBGR 
.MACR 
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-(y"'+y')(a^'"-a?')], 

If the three points are on the same straight line, the area of 
the triangle is zero. Therefore 

y^x"— y"x'+ y'^a^"-^ y'"x"+ y^'x^— y V= 

is the condition that the points a;'y', a;"y", x'^'y'" are on the 
same straight line. 

Second, when the aoce% are ollique. 

In this case, MN^iwto is the perpendicular distance between 
the parallel sides ^ilf and BNoi the trapezoid MABN^ instead 
of MN. The area of each trapezoid just found must then be 
multiplied by sinw; therefore the area of the triangle, when 
the axes are rectangular, must be multiplied by sin a> to get its 
area when the axes are oblique. 

If either point, as ^(aj'y'), is at the origin, then a;'=0, 
y'= 0, and the area of the triangle 

for rectangular axes, and 

= |[yV"-y'V]sino> 
for oblique axes. 

8. To find the area of a guadriZateraZ in terms of the 
coordinates of its vertices. 

First, when the axes are rectangular. 

Let Adxy}, B(x''y^% C(a;'"y'")i ^(^^VO b© the co- 
ordinates of the vertices, and let P (a?y) be any point within 
the quadrilateral. Then it is obvious that 



AREAS OF POLYGONS. 



19 



ABCD = PAB -h PBO -h PCD -h PDA. 



Hut, by Art. 7, 



PAB 
PBO 
PCD 
PDA 















o 




X 



Fio. 7. 



By adding and cancelling like plus and minus tenns, 

ABCD = i [y'«"-y"aj'+y'V"-y"'a;"+y'"a^^-2^V"+y»V-yW^, 

the required area. The coordinates (a;y) disappear, as they 
should, since the area does not depend upon the position of P. 

When the axes are oblique, this area must be multiplied by 
sin ct>. 

If one of the points, as D(a^^y^^)^ is at the origin, then 
x*^ = 0, y*"" = ; and the area of the quadrilateral 

OABC = \ [y V-y'V+yV- y"a;"] 

for rectangular axes, and must be multiplied by sinw for 
oblique axes. 

In the same way we can find the area of any polygon. 
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EXERCISES ON AREAS. 

L Find the area of the triangle (2, 1), (4, 3), (2, 5). Apply last 
formula of (a), Art. 7. 

Write the points and products in yertical rows as follows : 
Poinii, 1. 2. '^^® *^™* product in row 1 is the y of the 






f. rii _ -/fr'ajfr the remaining products in this row are ob- 



PbinU. 


1. 2. 




2,1 


1,4-3,2 


4- 6 


4,3 


3,2-5,4 


6-20 


2,5 


5,2-1,2 


10-2 



iftgj _ yirj^n tained by increasing the primes in order till 

x' of the first point appears. The first prod- 
uct in row 2 is obtained by interchanging the primes and sign of 
the first product in row 1 , and then the row is completed by advancing 
the primes in order and making all the products in row 2 minus. In 
this way we can write down the area of any polygon. We have then 
for the given example : 

We get —8 for the double area 
of the triangle, or +8 bj^ interchang- 
ing the signs of the rows. But the 
sign is immaterial, as we only require 
20 — 28 the absolute area. 

2. Compute the same example by the first formula of (a) , Art. 7. 

3. Find the areas of the triangles whose vertices are (3, 8), 
(-5,7), (-3, -2), and (-5,4), (-3, -6), (5, -4). 

Ana. 37 and 42. 

4 If in any triangle the point of intersection of the medial lines 
be joined to the vertices, the three triangles thus formed are equal. 

6. Find the area of the pentagon (3, 4), (—4, 1), (—3, —8), 
(1, -5), (5, -2). Ans. 60J. 

6. Find the areas of the quadrilaterals : 
(2, 2), (-2, 3), (-3, -3), (1, -2) ; (1,2), (3,4), (5,3), (6,2) ; 
(3, 4), (-7, 1), (2, -5), (4, 0) ; (5, 6), (-3, 2), (4,-5), (6, 1). 

Ana. 20; ^i 50; 50. 



POLAR COORDINATES. 21 



Polar Coordinates of Points. 

0. Pclar coordinates of a point. 




Fio. 8. 

Instead of two linear coordinates we may use a line and an 
angle, that is, a distance and a direction^ to determine the 
position of a point. 

If any point be taken as an origin, and OX as the line 
from which directions are measured, then the angle of direction 
XOP and the distance OP, taken together, determine the po- 
sition of the point P. The angle XOP is called the vectorial 
angle^ and is usually denoted ty ; the distance OP is called 
the radius vector^ and is usually denoted by r ; the polar coordi- 
nates of the point Pare (r, ff). The point is called the pole^ 
OX the initial side, and OP the terminal side of the vectorial 
angle. 

When the radius vector is laid off on the terminal side of the 
vectorial angle, it is positive^ but if laid off in the opposite direc- 
tion, it is negative ; that is,' if OP' = OP, the polar coordinates 
of P' are — r and 0, But OP' is the terminal side of the angle 
7r+^; therefore r and Tr-f ^ are also the coordinates of P'. The 
vectorial angle is usually counted plus from OX to the left, as 
in Trigonometry; but if it is counted in the opposite direction, 
then XOP' =—^', and OP' is the terminal side of the angle; 
therefore r and — ^'are also the coordinates of P'. 
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1 0- To find the distance between two points given by polar 
coordinates. 




Fig. 9. 



Let P(r,0} and C(r',fl') be the two points; then OF=r, 
XOF=.0, OQ = r\ XOQ=e\ and the angle FOQ = 0'^0; 

therefore, by Trig., Art. 146, 

PQ* = r* + r'*-2rr'cos(^'-^). (a) 

1 1 . 3b find the area of a triangle in terms of the polar 
coordinai^es of its vertices. 

Let P(r,^), Q(r\e% B (r", ^") be the three vertices ; then 

Area PQR = POQ -h QOB - POE. 
But Area POQ ^iOPOQ sin POQ, by Trig. , Art. 1 50, 

= irr' sin(^'-^). 
.-. Area QOR = ^rV sin {ff^- $') ; 
.-. Area POR =irr'' sin (^"- 6); 
.-. Area PQR = i Irr' sin (^' - ^) + rV" sin(^"- ^') 

-rr" sin (r-^)]. (o) 

EXERCISES IN POLAR COORDINATES. 

1. If P is on the initial line, what is the length of PQ? 

Ans. (r* + r" — 2 rr' cos $*) *. 
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2. If P is on the initial line, and Q on the perpendicular through 
the pole, what is the length of PQ? Ana. {f -h r"*)*. 

3. If Q is on OX, and P below it, what does the area of the tri- 
angle become ? Ana. \ \rr' sin + rV sintf"- rr** sin(^"+ #)] . 

4. For what values of B will the distance PQ be least and 
greatest? What are the corresponding values of PQl 

Ans. # = ^' and ^ = ^'-180**; r-r'andr + r*. 

6. Find the distance between two points whose polar coordinates 
are (2,40**) and (4, 100°). Ans. Vl2. 

6. What is the area of the triangle, the polar coordinates of 
whose vertices are A, ^J, r3,|j, U^y)^ ^^' ^VS-;^. 

7. If P'(r', tf') is a fixed point, and the point P(r^ 0) must always 
be at the same distance a from P'(r',0'), what equation expresses 
the condition ? Ans, r* + r'*— 2 rr' cos (0 — 0') = a*. 

This is the equation of a circle having P'(r\6*) for its centre; 
P (^9 0) 9 ^or any point on its circumference ; and a, equal its radius. 

8. If the pole is at the centre, what does the equation of the 
circle become? Ans. r=a. 

9. If the initial line passes through the centre of the circle, what 
does its equation become ? Ans. r* + r**— 2 rr' cos = a*. 

', 10. If the pole is on the circumference, and the initial line is a 
secant, what does the equation of the circle become ? 

Ans. r = 2acos(tf — ^'). 

11. If the pole is on the circumference, and the initial line is a 
diameter, what does the equation of the circle become? 

Ans. r = 2acos0. 

(|12. If the pole is on the circumference, and the initial line is a 
tangent, what does the equation of the circle become? 

An^. r = 2asin^. 



6 
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Relation between Rectilinear and Polar €<lordinateg< 

1 2* To find the relations between the {xy) and (r, 0) co- 
ordinates of the same point. 




First, when the axes are rectangular. 

Let P(xy\ (r, ff) be the point; let the pole be at the origin 
; and let the axis of x be the initial line. Then 

OP^r, XOP=e, PN^y, ON^x\ 



and, by Trig., Art. 12, 

aj = rcostf, 



^ = r8m0, 



which give x and y in terms of r and 0. 
Next find r and in terms of x and y. 
Squaring equations (a), and adding, we get 

a? + y« = r* (sin'^ + cos'fl) = r*. 
By dividing equations (a) we get 



y 



=:tftn-i-. 



tan0 = --, or tfstan' ^ 

X X 

Second, when the axes are oblique. 

In this case, XOF-«, and OPN=m-0. 



(«) 



(6) 



(») 
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In the oblique triangle OPN we have, by Trig., Art. 144, 



sin (cii — ^) sin tf sin o> 

sinitf sinoi 

Next find r and in terms of a; and y. 

By (c'), Art. 4, 0P= r = (aj» -h ^ + 2a^ co8o>)*. (e) 

By division, equations (d) give 

sintf _ y _ «, 
sin (a> — 6*) a; 

By (d>-). Art. 4, tantf = ^""^ = y"°" , (/) 

l+^co8o> a; + ycosci> 

and r and are found in terms of Xy y, and 6>. 

EXERCISES ON RECTILINEAR AND POLAR COORDINATES. 

1. What are the rectangular coordinates corresponding to the 
polar coordinates (2, |Y /"s, ^\ and ^'-5, -Y 

2. What are the polar coordinates of the points (3, 5), (—2, 7), 
(6, - 2) when « = 60° ? When « « 90 ? 

Ans. ^7, tan-^^^1 (V39, tan-»^Y rV28, tan-'f-^?^ ; 

(Vsi, tan-»|Y ^V53, tan-f - 11)1 f ViO, tan-^f- |jj • 

3. Tf the pole is at the origin 0, and the axis of X makes an 
angle a with the initial line, find the rectangular coordinates of a 
point P whose polar coordinates (r, 0) are given. 

Ana. a = rcos(#— d), y = rsin(tf — a). 
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If the axes are oblique, 

r sin (o) -|- a — d) ^ r sin (0 — ■ a) 

8ino> 8in<o 

4. If the rectangular coordinates of the pole are (a, &), and the 
initial line is parallel to the axis of X, find (xy) in terms of (r, ^), 
iuiil (r, $) in terms of (ocy). 

Ans. X s= a -\- r cosO, y = b-\-rs\nO<, 

r=:V(aj~a)»+(y-6)S 61 = tan"' f^- 

6. Equations (a), Arts. 4 and 10, give 

(a; - a;')' ■+• (y - y)* = r» + r'* - 2 rr' cos (^'- ^ ) . 
.-. cos(^'— #) = co8d'cos^-|-sin^'sin^. Art. 12. 
Arts. 11 and 7 give, as double areas of the triangle OPQ^ 

rr' sin (d'— $) = y^x — a'y. 
.'. sin (O'—O) = sin^'cos^ — cos^'sin^. 

6. Change to polar coordinates the following equations in rectangu- 
lar coordinates : 

a?-\- y'= 5 mx, Ans. r = 5 m cos^. 

aj*— y*= a*. j4ns. r* cos 2 ^ = a^ 

7. Change to rectangular coordinates the following equations in 
polar coordinates : 

r* sin 2 ^ s= 2 a*. Ans. xy = a*. 

r« = a«cos2^. Ans. (o^+fy=a\a^-'f). 

(i'rco8*i^ = a. -4»w. a*-f y=(2a — a)*. 

';r = acos*i^. ^n^. {2as^+2f'-axf=a\a^-\-y^), 

V 

13. Rectangular projections. 

In the right triangle OPiV, Art. 12, 

a5 = rcos^, y = rsin^; 

a; and y are the rectangular projections of r upon the axes ; and, 
in general, when is the angle which any straight line r makes 
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with any assumed axis, then roosO is the projection of r upon 
this axis ; and r&inO is the projection of r upon an axis perpen- 
dicular to the assumed one. As r is taken plus, the signs of 
these projections will depend upon the factors cosO and sinO, 
But we know from Trigonometry that when 0y counted in either 
direction, terminates in the first or fourth quadrants, cos is 
plus, and minus when terminates in the second or third 
quadrants; while sin is plus in the first and second quadrants, 
and minus in the third and fourth. 

14. In any triangle the sum of the projections of any two 
of the sides upon the third side as an aa^is equals this side. 

Let a, 6, c be the sides, and A^ B^ the opposite angles, then 
by Trig., Art. 156, Ex. 2, 

a = & cos (7+ c oosJB, 
6 =s c cos^ -h a cos (7, 
c a= a cosi? + 6 cos^, 

as was to be proved. A simple construction will also show the 
truth of this proposition. 

16. The prqjection of either side of a triangle upon any 
assumed aa>is equals the sum of the prqf actions of the oilier 
two sides upon the same axis. 

Let be the acute angle which any side, as a, makes with 
the assumed axis. From Art. 14, 

a cos^ =s dcosCcostf + c cosi? cos0. 
But 0=s±&sin(7 sin^^ csini?sin0; 

adding acos^= 6cos((7T^) + ccos(i?±^), 

as was to be proved, since C^0 and B±0 are the angles 
which the sides b and c make with the assumed axis. 

Tliese propositions may readily be extended to any polygon. 
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CHAPTER II. 

LOOIs TBANSFOSMATIOIT 01 000EgIHAT£8. 

1 6. Loci. 

A locus is the path of a moving point. If the point always 
moves in the same plane, in obedience to some constant law, it 
will describe either a straight line or some plane curve, the 
character of which will be determined by the law which governs 
the motion. It is obvious that the locus will be a straight line 
if the point must always move in the same direction ; it will be 
a circle if the point during all its motion must remain at a con- 
stant distance from a fixed point. In these cases the point in 
all its different positions is subject to the same condition ; that 
is, the relation between its coordinates in any one position will 
be the same for all positions. If, then, we can algebraically 
express the relation which the coordinates of the moving point 
bear to each other in any one of its positions, the equation thus 
obtained will be the equation of the locus. This equation will 
be true for all the points in the path or locus, but for no others. 
As we have already seen, if the point is subject at the same 
time to two conditions, it is fixed in position and becomes an 
isolated point. 

Let us now^ consider a few very simple cases. Suppose the 
point must so move that its ordinate y is always zero ; this con- 
dition is expressed by the equation y = 0, and the locus is ob- 
viously the axis of X. If its abscissa is always zero, then a; = 
expresses the condition, and the locus is the axis of T. Again, 
if the point so moves that its ordinate must always equal a 
constant quantity i, then y = hvA the equation of the locus, 
which is a straight line parallel to the axis of X. Also, 21; = a 
expresses the condition that the moving point has a constant 
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abscissa ; the locus is a straight line parallel to the axis of T. 
Take another simple case. Suppose the condition is that the 
ordinate y of the moving point must always equal, its abscissa, 
then jf =zx iQ the algebraic expression of this condition, and is 
called the equation of the locus. 

Next, let us see what kind of a locus this equation represents. 
First, we see that i^hen a;= we also have y=^0; but the point 




Fio. 11. 



(0, 0) which satisfies the equation of the locus, is the origin ; 
therefore the locus passes through the origin. Next, give x any 
specijtl values x' and x'\ and let y' and y'' be the corresponding 
values of y ; then plot the two points P'(a?'y') and P^\x"if"^y 
and draw the straight lines OP' and OP''. Since, by the given 
condition, 

ON' "^ ON" ' 

it follows that the triangles OP'N' and OP"N" are similar, 
and that the ^i\g\eP'ON' = P"ON"\ therefore the point P' 
falls on the straight line OP"^ as would any other point whose 
abscissa equals its ordinate. We find, then, that the locus of 
y = x\s2L straight line passing through the origin, and bisecting 
the angle X0¥ both for rectangular and oblique axes. 

Again, suppose a point to move so that its ordinate y is in 
a constant ratio to its abscissa x. If we denote fbis constant 

y 

ratio by «i, then, by the given condition, - = a», or y=zmxy 
is the equation of the locus. 
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Let us find the position and form of this locus when the axes 
are rectangular. 

If in the equation of the locus we make 2; = 0, we also have 
y = ; therefore y = wia; is satisfied by the coordinates (0, 0) of 
the origin, and the locus passes through this point. Next, let 
P(xy) be any other point on the locus ; then, since 

--— = 2= tan -yOP=m, a constant, 
ON X 
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it follows that P must move in a constant direction, and there- 
fore the locus represented by the equation y == 9712; is a straight 
line passing through the origin. 

For another simple case, suppose that the point P in the 
above figure must during all its motion remain at a constant 
distance from the origin 0. Let this constant OP=r; then 
a^ + y^ = f^ expresses the^relation which the coordinates xy must 
always bear to each other, and is the equation of the locus, 
which is a circle. The position of this circle is determined by 
the coordinates of its centre (0, 0), and its magnitude by the 
length of its radius. 

If the moving point xy must always remain at a constant dis- 
tance r from a fixed point (c2, 6), then the condition is expressed 
(Art. 4) by the equation 

the locus is a circle fixed both in position and size. 
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It appears, then, that a single equation between the coordinates 
xy of a moving point denotes the geometrical locus^ or the path of 
this moving point. Such an equation will be satisfied by an 
infinite number of sets of values of x and y, each set correspond- 
ing to a point on the locus ; but a set corresponding to a point 
not on the locus will not satisfy the equation of the locus. If, 
then, we give x any special value, say a, and substitute this 
value in the equation of the locus, the resulting equation will 
contain but one unknown quantity, y. If this resulting equa- 
tion be of the first degree, it will give a single value of y = 6, 
say, corresponding to the value of x = a. This set (a, 6) will 
determine one point on the locus. In the same way other points 
can be found. If the equation of the locus x»i«JMiie* second 
degree, substituting a for x in its equation will give an equation 
in y of the second degree ; and by the solution of this equation 
we shall get two values of y, each corresponding to the value of 
x = a. Suppose these values of y are h and c ; then (a, 6) and 
(a, c) are two points on the locus. In this way we can find as 
many points as we wish, and by plotting them we can get an 
idea of the geometrical position and shape of the locus. 

Classification of Loci. ' 

Loci are classified according to the degree of the equation 
which represents them. An equation is of the first degree 
when the highest exponent of either variable is unity ^ such as 

ax + by-\-c=^Q. 

As we shall see hereafter, an equation of the first degree always 
has a straight line for its locus. An equation is of the second 
degree, when, after freeing it from all negative and fractional 
powers of x and y, the sum of the exponents of x and y in any 
term does not exceed t%vo ; such as | 
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If any two of the terms containing a?, a;y, y^ were missing, 
the equation would still be of the second degree. In the same 
way any equation, after being freed from negative and fractional 
powers of x and y, will be of the nth degree, when n is the 
highest sum of the exponents of x and y in any term. 

EXAMPLES OF LOCI. 

1 7. Rectangular coordinates are understood unless the con- 
trary is stated. 

1. A point xy so moves that its ordinate y always exceeds by a 
constant, 6, a constant, m, times its abscissa x. Find the equation 
of the locus. Ans. y=smx + b* 

2. A point xy so moves that the square of its ordinate y is always 
equal to a constant, n, times its abscissa. Find the equation of its 
path. Ans. f^s=nx* 

3. A point xy so moves that its direction from the point (a, b) 
always makes a constant angle $ with the axis of X. Find the 
equation of the locus. Ans. ^ — & = (x — a) tan $. 

4. A point xy so moves that its distances from the points (— 3, 2) 
and (5, — 1) are always equal. Find its equation. 

Ana. («+8)»+(y-2)«=(aj-5)«+(y+l)», or 16a?-6y-13=0. 

\ 6. A point xy so moves that the sum of the squares of its dis- 
tances from the two fixed points (a, 0) and (—a, 0) is a constant 
2 c". Find its equation. Arts, a? + j/* =s c^ — a*. 

m 

O 6. A point xy so moves that the difference of the squares of its 
distances from the two fixed points (a, 0) and (— a, 0) is a constant 
<^. Find the equation of its locus. Ans. 4aa;= ± c*. 

Of 7, A point xy so moves that its distance from the origin is always 
equal to its distance from the axis of 7, axes oblique. Find the 
equation of the locus. Ans. a^cos'oi + ^ + 2a^co8<o = 0. 

O 8. A point xy so moves that its distance f i*om the axis of X is half 
Its distance from the origin. Find the equation of its locus. 

Ana. 8y* — af=Q, 
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0. A point xy bo moves that its distance from the axis of X is 
always equal to its distance from the point (I9 !)• Find the equation 
of its locus. Am* a^«—2x — 22^ + 2 = 0. 

10. A point osy so moves that its distance from a fixed point 
(a, 0) divided by its distance from the axis of Fis always equal to a 
constant e. Find the equation of its locus. 

Ans. y"+(l-c»)a?-2aaj + c^=0. 



Construction of LocL 

18. To construct the locus corresponding to a given equor 
tion when the axes are rectangular. 

It is always best to begin by finding the points in which the 
locus cuts tJie coordinate axes. This will give us some idea of 
its position. 

For all points on the axis of X the ordinates are zero; that is, 
y=0. If, then, in the equation of the locus we make y=0, the 
restdting equation in x will -give the abscissae of all points 
whose ordinates are zero; that is, of all points in which the 
locus cuts the axis of X. In the same way, if we make a;= in 
the equation of the locus, the resulting equation in y will give 
the ordinates of all the points in which the locus cuts the axis 
of T. If the values of x thus found for ^=0, or the values of 
y for a;= are realj then the locus cuts the axes in real or actual 
points ; but if these values are imaginary^ then the locus cuts the 
axes in imaginary points ; that is, does not cut them at all. It 
is convenient, however, to say that a locus always cuts the 
axes, which we can do by introducing the idea of imaginary 
points. 

The student will notice that here, as in other algebraic prob- 
lems, impossible condition^ are indicated by imaginary roots. 

Again, suppose we wish to find the coordinates of other 
points through which the locus passes besides those on the 
coordinate axes. The problem may be stated in this way : 
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Does the locus puss through a point whose abscissa is any 
given qtiantittf a, that iSy through points for which x=a? 

Make 2;= a in the equation of the locus, and the resulting 
equation in y will give the ordinates of all the points on the 
locus having the abscissa a. 

If these values of y are all real, then the points are all on the 
locus, or the locus passes through them all ; but if the values of 
y are all imaginaiy, or some real and some imaginary, then the 
points having the given abscissa a are none of them, or only 
some of them, on the locus. 

We see, then, that by giving to a; a series of values, and com- 
puting tiie corresponding values of y, we can, by plotting the 
series of points thus obtained and drawing a line through them, 
get an approximation to the locus, which will be more or less 
exact, according to the less or greater distance apart of tiie 
computed points. 

If, however, the equation happens to have a straight line or 
a circle for its locus, lines whose properties we already know, 
then the computation and the plotting of a few points wiU 
usually determine completely the position and magnitude of 
the locus. 

In the foUowing exercises the axes are rectangular. 

EXERCISES IN THE CONSTRUCTION OF LOCI. 

1. Construct the locus of the equation y=s2x + A. 

First find where the locus cuts the axes. 

For y = 0, a; = — 2 ; therefore the locus cuts the axis of X in the 
point (—2,0). 

For a;=sO, ys=^; therefore the locus cuts the axis of Fin the 
point (0, 4). 

Next plot the point (— 2, 0) by laying off two units to the left on 
the axis of X, and find the point A ; then plot the point (0, 4) by 
laying off four units on the positive direction of the axis of F. 
Throagh the points Aj B so determined draw the straight line ABO; 
it now remains to show that this is the locus of the given equation. 
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Give X any Beries of small values, —2,-1, 0, 1, 2; the com- 
sponding values of y are 0, 2,4, 6, 8; plot the poiutB (—2, 0), 
(-1, 2), (0, 4), (1, G), (2, 8) ; they aU fall on the straight line 
ABC. This line must therefore be the required locns, since any 
other points obtained In the same way will also fall on ttie same line. 



So far, then, as construction shows, the required locns is a straight 
line ; but the definite proof tliat the locus of any equation of the first 
degree containing x and y, &Bax + by + c=Oi& a straight Uue, most 
be reserved for a fkitore chapter. 



8. Given the equations 

(1) y+2x = 4 

(2) Sx + 2y = 6 
(3)|a:~Jy=2 



(4) «-2y-5=0; 
(G) 2y-3a; = C; 



to construct their loci. 

Find the pointe in which each locus cuts the axes ; through these 
points draw a straight line, and then show that any other point com- 
poted from the eqoatjoa will fall on this line. 



>..» 
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3. Given the eqnation a^+ y^ = 25, to construct its locus. 

(1) For y = 0, a;=±5 = 0^ or -0^'. 
For aj = 0, y=±5=05 or -05'. 

The locus cuts the axes in four equidistant points from the origin. 

(2) Does the locus pass through any points for a; > ± 5 or 

y>±5? 

From the given equation we get 

ic=±V5*-.y2. (1) y = ±V5*-»». (2) 



X' A 




Any values of a; greater than ± 5 substituted in (2) will make y 
imaginary; therefore all points on the locus must fall within the 
parallels N2^ and MM ; any value of y greater than ± 5 substituted 
in (1) will make x imaginary; therefore all points on the locus will 
fall within the parallels iVi^f and N'M. 

It only remains, then, to examine the locus for points within the 
above limits. 

For oj = 3 in (2) , y = ± 4, giving two points p and p' equidistant 
from the axis of X. In the same way we shall get two equal values 
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of y with opposite signs for any value of x falling within the limits 
x<±5. 

The locns is therefore gymmetrical with respect to the axis of X; 
that is, if the locns is folded along the axis of X, its upper half will 
fall upon and coincide with the lower half, since each point on the 
upper has its corresponding point on the lower. 

In the same way it can be shown that the locus is symmetrical with 
respect to the axis of F. Again the point p (3, 4) has a correspond- 
ing point l>''( — 3, — 4) in the third quadrant, by Art. 3, Ex. 12 ; but 
( — 3,-4) also satisfies the given equation. It appears, then, that 
any point on the locus in the first quadrant has a corresponding point 
in the third quadrant. But by (a'). Art 4, 

C!p = V(3)« + (4)« = V(~3)« + (-4)«=6 = Qp", 

the same as the distances cut off the axes. 

As the same can be proved true of any two corresponding points on 
the locus, all its points must be equidistant from ; therefore the 
locus is a circle whose centre is at the origin, and radius as 5. 

4. Construct the locus of 

«• + ^ - lOaj — 8y + 32 = 0. 
Fory = 0, a?-10aj + 32 = 0. (1) 

For 05 = 0, 3/*- 8y + 32s=0. (2) 

But we find that the roots of (1) and (2) are imaginary; there- 
fore the locus does not cut the axes. 

Next, let us find between what limits values of x must lie which 
correspond to real values of y, and thus to points on the curve. 

Solving the equation of the locus for y, we get 



y = 4±Vl0aj-16-aj»«4±V(a;-2)(8-a?). 

This shows that values of x less than 2 or greater than 8 will give 
imnginary values of y. 

Next, make 2;== 2, 3, 4, 5, 6, 7, 8, and find the corresponding 
values of y^ denoting those which belong to each value of x by y^ and 

y". Also find y = S-i^ for each value of «, which by (c). Art 6, 
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will be the y of the point midway between 
the following table of values : 


y' and y" . 


We have then 


X 2 3 
y' 4 4 + V5 
y" 4 4 - V5 


4 
4-f V8 
4-V8 


5 

4-f V9 
4- VO 


6 
4-f V8 
4-V8 


7 8 
4-f V5 4 
4- V5 4 


y 4 4 


4 


4 


4 


4 4 



Now plot the lines AB and (72> for a; = 2 and a; = 8, parallels to the 
axis of F, between which the locus must line. Next plot the line 
y = 4, and divide the part MN which falls between the limiting 
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Fig. 16. 



parallels AB and CD into 6 equal parts, and at the points of division 
8, 4, 5, G, 7 laj' off above and below the line Jlf-Wthe equal radical 
parts of the values of y' and y" which belong with each value of ar. 
It appears then that the locus is symmetrical with reference to the 
line MN', that MN= rr'= 6 ; and it is easily shown that all the 
points found on the locus are equidistant from the point (5, 4). 

The locus is therefore a circle with its centre at the point (5) 4), 
and radius = 3. 

6. Construct the locus of the equation y^ = 8x. 
For a; = 0, y=0; therefore the locus passes through the origin. 
Since y=: ± Vs x, we see that all negative values of x will make y 
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imaginary ; therefore no part of the locus lies to the left of the axis 
of F. Each positive value of x will give two equal values of y with 
opposite signs ; therefore the locus is symmetrical with reference to 
the axis of X. As there is no limit to the positive values of Xj there 
are no limits to the corresponding positive and negative values of y ; 
both halves of the locus therefore extend indefinitely in the positive 
direction. It will be easy now to compute and plot a sufficient num- 
ber of points to give an idea of the shape of the locus. We shall 
hereafter see that this locus is a parabola. 

6. Construct the locus of the equation yssa?^Sx^2, For 
a5s=0, y=s — 2; fory=sO, a^— 3a;— 2 = 0. Solving, we get 

^ 8 4-V17 „ , ^ 8-VI7 
a5=s • ana x=s • 

2 2 

We see, then, that the locus cuts the axis of T but once, in the point 

(0, —2), and the axis of X twice, in the points ( "'" — , ), and 
/3-Vn \ *^ V 2 ' / 

[ ^ — , Oj. Between these points the locus lies below the axis 

of X ; but for all values of x outside of these points the values of y 
are positive, and the locus extends indefinitely in the first and second 
quadrants. Compute and plot the following points : 

«=-l, -g, 0, -, 1, -, 2, -, 3, - 4, ... 

y= 2, -1, -2, -1^, -4, -i^, -4, -^, -2, -1, 2,... 
4 4 4 4 4 

They will sufficiently indicate the form of the locus. 

7. Construct the loci of the following six equations : 

1. a* + y'-4a;-8y+15 = 0. 4. 3y=a^ + « + 6. 

2. 4aj» + 93/*=36. 5. y»=8a: + 4. 

3. a»- 162^ = 4. 6. y»=t=ar»4-ai«-6a;. 

8. Construct the locus whose equation is 2^ = sin x. In this case 
values of the arc x are taken as abscissse. For a; = 0, y = ; for 
x=sir^ y = ; for all values of x between these limits y is positive, 
and the curve lies above the axis of X. 

On the axis of X lay off a; = Tr= 3.1, and call the unit one inch. 
It will be sufficient to divide v into twelve equal parts, and then 
compute and plot the corresponding values of y. For 
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w IT IT It 5ir ir 7flr 2ir 3flr bit llir 

*" 12' 6' r 8' 12' 2' 12' T T' 6"' 'T2"' '" 

2^ =.26, .50, .71, .87, .97, 1.00, .97, .87, .71, .50, .26, 0. 

A table of natural sines, cosines, and tangents, is most convenient 
for computing these values of y. If this curve is continued between 
a;=ir and a?=2ir, all the values of y are negative, but have the 
same numerical values as those already computed. The second half 
of the curve is identical with the first half, and the like parts will 
repeat indefinitely. 

9. Construct the loci of ^sscosa;, ^stana?, yscoto;, j^ssseco;, 
y ss cosec a?, and y = versin x. 

Use the values of x given in Ex. 8. It is an interesting way of 
comparing these trigonometric curves to plot them in one figure on 
the same axes. 

10. Construct the locus whose polar equation is r ss asintf. 

It is always best at first to get an approximate idea of the locus 
by examining it for a few special values of 0. Take as the pole, 
and any line OX as the initial direction, and measure the angle from 
this line to the left, as in Trigonometry. For 

tf = 0% 45% 90% 135% 180% 225% 270% 315% 360^ 

r = 0, — =, a, —1 0, — ^, -a, — ^, 0. 

V2 V2 V2 V2 

Through draw lines making the given angles with OX, and on 
these lines lay off the corresponding values of r, making a any con- 
venient unit. This examination shows that the locus passes through 
the pole, and consists of two loops, each symmetrical about the 90^ 
line, one above and the other below the initial line. Next compute 
points for as many values of between those already given as are 
needed to lay down the locus with any desired accuracy. 

11. Construct the loci whose polar equations are 
ra=:2aoos6, r = atanfl, rs=a(l +costf), ^ = <*sec*r7 — oj- 
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1 9. The intersections of loci. 

If the two loci are expressed by equations of the first de- 
S^^^ ax+by+c^Oy (1) a'x+6'y + c'=0, (2) 

they can meet in only one point, since there is only one pair of 
roots or values of x and y which will satisfy (1) and (2) simul- 
taneously, which is the condition that the point so determined 
must lie on both loci at the same time. Therefore loci of the 
first degree have only one point of intersection. 
Solving (1) and (2), we get 

Since the elimination of x and y between two equations, one 
of the first and the other of the second degree, can give only 
two pairs of roots or values of x and y, it follows that their loci 
can only intersect in these two points. 

And in general two loci will intersect in as many points, and 
no more, as there are pairs of roots found by the simultaneous 
solution of their equations, and these roots in pairs are the 
coordinates of the points of intersection. 

But we know from Algebra that the roots of simultaneous 
equations fall in one of the following cases : 

First, the roots may be real and unequal. 

Second, the roots may be real and equal. 

Third, the roots may be imaginary. 

In the first case the corresponding loci intersect in different 
real points ; in the second case in coincident real points, which 
is the condition that the loci are tangent to each other at this 
point; and in the third case in imaginary points; or, in other 
words, the loci do not intersect at all. 

20. Suppose that the elimination of y between the equations 
of the two loci gives the quadratic equation 

aa? + bx + c=:0, or a? + -a? + - = 0. (1) 

a a ^ ^ 
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Denote the two roots of this equation by x^ and t^' ; then 



_, -6 + V&'-4ac 


2c 


2o 


-6- Vft*-4ac 


„_ — 6 — V6* — 4ac _ 


2c 



(2) 



2a -& + V6^-4ac ^^^ 

I. When these roots are real and unequal, &* > 4ac. 
II. When these roots are teal and equal, 5* = 4ac. 

III. When these roots are imaginary, 5'<4ac. 

IV. By adding (2) and (8) we get a/ + «" = -*. 

V. By multiplying (2) and (8) we get a/aj^'^-- 

We see then that the sum of the roots of a quadratic is the 
negative of the coefficient of the first power of the unknown 
quantity^ and their product is the independent term. 

It sometimes happens that loci intersect in points at an 
infinite distance from the origin, which is the same as saying 
that they do not intersect at all, but only approach each other 
as they recede from the origin, becoming indefinitely near 
each other when the point considered is indefinitely distant 
from the origin; that is, the limit of approach is an inter- 
section when the limit of distance is absolitte infinity^ neither 
of which, by the law of continuity, is ever reached. 

Suppose now that of the two points of intersection given by 
equation (1), one is at a finite and the other at an infinite dis- 
tance from the origin. Then one root must be finite, and the 
other infinite. 

For a=0, (2) and (8) become 

b 

that is, the condition that one root of a quadratic shall be finite 
and the other infinite is, that the coefficient of the square of the 
unknoum quantity shall equal zero. 
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Again, suppose that both roots are infinite^ then a=0 and 
&=0, and the conditions are thcU the eoeffieienU of both the 
second and first powers of the unknoum quantity are zero when 
both roots are infinite. 

The student is advised to become very familiar with all these 
properties of the quadratic roots, as he will have occasion to 
apply them hereafter. 

EXERCISES ON THE INTERSECTION OF LOCI. 

L In what points do the loci expressed by the following sets of 
equations intersect? 



1. 


Zx + hy^\Zj 




4»-y=: 2. 


2. 


7?+^ =25, 




a? — y= 1. 


8. 


a? + y* =65, 




3a?+y=25. 


4. 


^ + f = 5, 




a?y= 2. 


5. 


a? — 5aj + y + 3 = 


= 0, 


«* + y'-5aj-Sy + 6 = 0. 



Am. 1. (1,2); 2. (4,3), (-3, -4); 3. (7,4), (8,1); 4. (1,2), 
(-1, -2), (2, 1), (-2, --1); 5. (1, 1), (2, 3), (3,3), (4,1). 

2. Two loci are expressed by 

a? + y*=r*, yaawMJ + ft. (1) 

Find the value of h when the loci pass through two coincident 

points ; that is, when they are tangent to each other. Eliminating 

y, we have 

a? + (tiia: + 6)* — r»=0, , 

or aj'(H-m*) + 2t»6x + 6»-r»=0. 

By the condition for equal roots, II., Art. 20, 

(1 + m») (6* - r*) = Vm\ (2) 



fipom which we readOy find 6=±rVl +m*. 
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Therefore the two loci expressed by 

are both tangent to x* + ^ s r* for all values of m. 

Also from (2), r* = — 5!— • 
and therefore the loci 

are tangents. 

3. Show that the loci expressed by 

aj^ + 3^ = y*, xcosa + y sina =s|}, 

are tangents when r^p. 

4. Show that the loci expressed by 

y" — 4aaj = 0, y^mx + h^ 

are tangents when & = — 



6. Show that the loci expressed by 






y s=s mx + c, 



are tangents when c = ± VaW + 6*. 

6. Show that the loci expressed by 

(aj-c)* + (y-2c)»=25c», 4aj + 3y=6, 
arc tangents when &s=d5c, or — 15 c. 

7. In what points do the loci expressed by the following sets of 
equations intersect? 

1. aj»-fy» = 26, y-3aj=10. 

2. 2^=8aj, 32^ — 9a; = 2. 

4. {r« + 2^-6aj + 2y=15, 3y-4a = 10. 
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5. y^^Aaacy ys=S« — a. 

6. y* — 4aa5=0, y=2a5 + |. 

Ii 

7. y" — 7a:-8y+14 = 0, 7» + 6y=sl3. 

8. a« + y»=2, aj' + y^-ex-ey+lO^O. 

9. 4a5« — 3y»— 26 = 0, 8y=» — 8. 

8. Under what conditions do the loci expressed by 

«* + y* = r*, yssmx + bj 

intersect in imaginary points ; that is, not at aU. 

9. Do the loci expressed by 

25 16 ' ^ ' 

or (r or 

3. a? + 2^=16, f+4='^^ 

intersect? 

10. In what points does the locos expressed by 

cut the coordinate axes? 

Ana. f- g =fc Vg* -^^ o1 on the axis of X. 

To, ~^^ y ~ ^1 on the axis of T. 

11. The eqoations of two loci are 

y = mx + c. (1) ^,-^=1- (2) 

(1) What mnst the value of m be when one intersection is at a 

finite and the other at an infinite distance firom the origin? 

Ans, m = ±-. 

b ^ 

Therefore y=±-x + c are the equations of two loci, both ful- 

a 
filling the given conditions. 
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(2) What must the yalucs of m and c be when both roots are 

infinite, or when the loci intersect at infinity. 

Ana, m = ±-, c = 0. 

h ^ 

And y=i±-x are the equations of two loci, both of which in- 

tersect (2) at Infinity. 

12. Do the loci whose equations are 

intersect at infinity? 

Ana, No ; for the condition makes m imaginary. 



Transformation of Coordinates. 

21. It often happens that the equation of a locus can be 
simplified by referring the locus, or, what is the same thing, 
the coordinates of its generating point, to a new pair of co- 
ordinate axes. This change of reference is called the tran^- 
formation of coordinates. 

Case I. — To change to a new origin, the new pair of co- 
ordinate axes remaining parallel to the old pair. 




Fio. 10. 



Let 0' be the new origin, and O'X', O'F' the new axes, 
respectively parallel to tiie old ; also let (A, k) denote the 
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coordinates of 0' referred to the old axes. The coordinates 
of the point P are ( ON^ PN) referred to the old axes, and 
( O^ITy PN'^ referred to the new axes. Then 

0N= OM-^- 0'N\ PN= 0'M-\-PN'\ 

or, aj = A-faj'5 y = A:-fy'; (a) 

which are the required equations for transformation. 

Since (A, i) may have all values, the new origin may be 
anywhere on the plane of the coordinate axes ; and also, since 
these values are arbitrary and independent^ they may be used 
to impose updn the equation of the locus two independent 
conditions. 

Case II. — To change from one pair of obltquue axes to 
another, the origin remaining the same. 

Let OX, or he the old axes, and OX', OF', the new 
ones; and also, let (OJV^ -P-^)» (a^y) be the coordinates of 
any point P referred to the old axes, and (^0N\ PN'^^ 
(a;'y'), the coordinates of the same point referred to the 
new axes. 

We are now to find the values of (a;y) in terms of (a:'y') 
and the angles which determine the positions of the axes rela- 
tively to each other. 

Denote these angles as follows : 

XOr= 0), X'O F' = o)', XOX = 0, 

As in Trigonometry, an angle measured from any axis to tlie 
left is positive, and to the right negative. Thus XOX^= + 0; 
and X'OX=--0. 

Let us now take as axes of projection PR and PS, respec- 
tively perpendicular to the old axes OX and OY. The pro- 
jections of the line OP on the assumed axes are PR and PS; 
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and since OP is a side in the two triangles ONP and ON^P^ 
it follows (Art. 15) that the sum of the projections of x and y 




Fio. 17. 

will equal the sum of the projections of x' and y' upon these 
axes. The coordinates 





». 


y» 


«*, 


y, 






make angles 


0, 


»» 


e. 


»'+tf, 


with 


OX, 


and angles 


— «, 


0, 


-(«-«), 


-[«-(«'+«)] 


with 


or. 



Since the axes of projection PR and PS are perpendicular 
to OX and 01^ we must project by the sine of the angle, 
Art. 18. Therefore 



y sin ID = 0^ sintf + y^ sin {tJ + 0) , 

X8in<tf = Qif sin (« — 61) + y' sin [« — (w'-f-^)] 



.) 



(6) 



are the equations of transformation from one pair of oblique 
axes to another. 

Special Case I. — When both pairs are rectangular. 
In this case w = 90% w' = 90% and equations (6) become 

yssjB'sin^ + 5^006^, ips=aj'costf — j^'sintf, (c) 
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the equataons for changing from one pair of rectangular axes to 
another pur also rectangular. 

Sfeciax. Case II. — When the new axes are rectangular, 
and the^ new ajds of X* coincides with the eld one. 

In this case a>' = dO% = 0, and equations (V) become 

ysmiassyf^ assinttsa/sino* — y'oosw. {d) 

These two special cases are of most frequent use. 

K the origin and directions of the axes are to be changed at 
the same time, then equations (a) and (V) are to be applied in 
succession ; or, combining (a) and (&}, 



,, ^ , g'sing + y^Bin(€a>4-g) 



« = A4- 



sina> 
aj' sin (« — tf) -h y'sin [w — (*»' + ^)] 



sm<tf 



(^) 



EXERaSES ON TRANSFORMATION OF COORDINATES. 

1. When the new pair of axes are rectangular, oi' s 90°, and 
equations {h) become 

yslncDs^'sin^ + y'costf, 1 

a; sin <o =s x* sin (w — ^) — y' cos (w — ^) . j 

2. When the old pair are rectangular, 01 = 90°, and equations 

(6) become , . ^ . . , , ^^ 

y = «'smtf +y'sm(«'-h^),l 

aj=:aj'co8tf + y'cos(a)' + ^).J ^^^ 

3. When the new axes make the same angle with each other as 
the old, and the new axis of X bisects the angle made by the old, 
ftf'so), 0s^<i>, and equations {V) become 



in 0) ss 0?' sin ^ a> + y' sin ^ CD, 1 
mo> s= a;' sm^a> — y'sm^oi. J 



60 PLANE ANALYTIC GEOMETRY. 

4. When both sets are rectangular, and the origin is changed at 
the same time, 

y = A: + aj'sintf + y'cos^,l 
ajsA + ic'costf — y'sin^J 

6. If, in Case U., OX and OF are taken as the axes of projec- 
tion, we should have 

x + y coso) = flc' costf + y' cos (w' + ^) , 1 

X cos 0) + y = jc' cos (« — tf ) + y' cos [w — (w' + tf ) ] . J 

Show that by eliminating x and y between these equations we 
shall get equations (&). 

6. Deduce by elimination from equations (&) the equations 

y'sina)'s=sysin(a> — 0) — a;sin0, 1 

a^'sino)' = X sin(<D'4- tf) — ysin [w — («' + tf)], J 

which gire the new coordinates (x'y') in terms of the old, {xy) . 

Also deduce these equations by projections, using perpendiculars 
from the point P on the axes OX' and OY' . Proceed as in Case II. 

7. Show that the area of a triangle, as given in Art. 7, is not 
changed by transferring the coordinates of its vertices to any new 
origin (A, A;), and a new set of axes parallel to the old. 

8. A locus is expressed by So; — 2y — 6 = 0. What will the 
equation be if the origin is changed to the point (4, 8) , the new axes 
remaining parallel to the old? 

By Case I., ^ = 8+^', x^^ + xK Substitute and reduce, leav- 
ing off the primes. Ans. 8as — 2y = 0. 

, 9. A locus referred to rectangular axes is 

a5" + y»-4aj-6y=18. 

Transfer to a new origin (2, 8), the axes remaining rectangular. 

Am. aj" + y* = 81. 
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10. What will the eqiiati<MiB of transformation become if both 
sets of axes are rectangular, and the new axis of X bisects the angle 

oftheddpair? An.. y^J-^.f+y'), .-l=(«'-y). 

V2 V2 

U. Suppoee that the old pair make an angle of 60^, the new pair 
is rectang^alar, and the new axis of X bisects the angle of the old 
pair. What are the eqoations ? ^^. ., «* . .^ « ^ ^ 

VS V3 

12. The old axes make an angle of 60^, the new axes are rect- 
u^nlar, and the new axis of X coincides with the old one. What 
are the equations? ^^ y = X « = aj'-X 

^ 13. A locos referred to rectangular axes is expressed by r^—sfssS. 
What win this equation become if the locus is referred to a new pair 
. of rectangular axes which bisect the angles between the old ones? 

Ans. xy=:S. 

14. If the equation of a locus is 2a^ — 5a^ + 2^s4 when 
referred to axes making 60^ with each other, what will the equation 
become when the new axes bisect the angles between the old ones? 

Ans. «"-27y« + 12 = 0. 

16. Transform the same equation to rectangular axes, retaining 
the old axis of X. Ans. 8a?+ 10^ — 7a?y\/3 = 6. 

16. Show from equations (c) that a5" + ^ = «" + y'*. 

17. Show from equations (b) that 

^ + y* -f 2 a?y cos oi = aj** + y" 4- 2 x*y' cos w'. 

Put Jf=:a;'costf + y'cos(a)' + ^), (1) 

Z = a'sintf + y'sin(«' + ^); (2) 

then equations (b) become 

^sin<o = Z, (3) X8in(i> = 3f8ina>— 'Zcoso). (4) 

Now square (3) and (4), multiply their product by 2co8a>, and add 
the results ; then ^ 

as* + y* + 2icy COB ft> = Z* -f- -Sf . 
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But by squaring (1) and (2), and adding, 

i* + itf^ = »" + y '^ + 2 aj'y ' COB w', 
and the proposition is proved. 

18. If a locus, referred to rectangular axes, is expressed by the 
equation 

to what new pair of rectangular axes, having the same origin, must 

the locus be referred in order that the term containing the product xy 

shall disappear? What will be the values of a' and h\ the new 

coefficients of a? and ^? 

Ans. The angle which the new axis of X must make with the old 

one is 

9 ssjtan-^ -, 

a — 6 

a' = *[(« + 6) + V(a-6)» + 4;i«J, 
6's=i[(a-h6)-V(a-6)« + 4^»]. 

19. If a locus, expressed by the equation 

Asf + 2Hxy + Bi^ + 20x + 2Fy+C-Q (1) 

is referred to a new origin and to a new pair of axes parallel to the 
old ones, what must be the values of (A, A;), the coordinates of the new 
origin, in order that the transformed equation shall not contain the 
first powers of the new coordinates {x*y^) ? 

By Case L, a5 = A + aj', y = A: + y. 

Substituting these values in (1), we get 

A3P+2Hixfy' + By^ + 2Q^7f + 2F'y' + C' ^0, 
in which 

G'^Ah +Hk^G, F'=Bk + Hh + F, 

C^==Ah^'^2Hhk^Bl^'^2Gh'^2Fk + a 
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«• 

If the tenns oontaining the first powers of as' and y' must disappear, 
then 

Q*^Ak + Hk + Q^O, F'^Bk + Hh + F^O, 

from which we get 

^^ BG-^HF ._AF^-HG 

EP--AB' ^^ H^^AB' 

the required values of (^, k). 

20. If in equation (1) ^=0, what are the values of (A, A;), 
what the value of C, and what does the tran'bformed equation 

AB 



22. The degree of ecu eqiuatum in respect to the coordinates 
is not altered by transformation. 

When a locus is referred to a new pair of axes, the degree of 
its equation is not changed, because the first powers of x and y 
referred to the old axes are expressed in terms of the first 
powers of x' and y\ the coordinates of the same point referred 
to the new axes ; therefore any powers of x and y will always 
be expressed in the same powers of x' and yK The degree of 
the transformed equation cannot therefore be increased; nor can 
it be diminished ; for if it, could, by transforming back to the 
old axes, it would be increased, which is contrary to what has 
just been proved. 
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CHAPTER IIL 

THE STBAIOHT LIHR 

Its Position on the Ooor^nate Axes. 

23. The Position of a Straight Line. — As in the case of a 
point, so in the case of a straight line, two independent condi- 
tions are necessary and sufficient to determine its position with 
reference to the coordinate axes. 

These two conditions are, a distance and a direction^ or two 
distances. 

The quantities which express these conditions are called 
constants of position^ ot parameters. 

Distance parameters^ also called intercepts^ are the distances 
measured from the origin, which the given line cuts from the 
coordinate axes, and from a line passing through the origin per- 
pendicular to the given line, which may be called the viormal 
axis of the line. 

Direction parameters are the angles which the given line and 
its normal axis make with the coordinate axes. 

24. To determine the position of a straight line in terms 
of its parameters. 

First, when the axes are rectangular. 

Let AB be the given straight line ; then the straight lines 

OA^a, OB=^b, OD^p, 
are its distance parameters, and the angles 

XAB^e, OBA=:0-90% AOD = a, 50Z> = 90**-a, 
are its direction parameters. 
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Fig. 18. 



It is plain that any two of these parameters, provided one is 
a distance, will determine the position of the given line. 
The pairs of parameters commonly used are 

(a, 6), (a, ^), (6,^), (p, a), {p.O). 



Construction. 

I. Chiven the parameters (a, 6). 

Lay off OA = a, OB = J, and through the points A and* B so 
determined draw the required line AB. Since a and b can 
have any positive or negative values, they will determine the 
positions of all possible straight lines, not passing through 0. 

That these distance parameters also involve the direction 
parameters of the line wiU be clearly seen by stating the prob- 
lem as follows : 

Through a given point on the axis of X draw a line in such a 
direction that it shall cut off a given distance on the axis of Y. 

II. GHven the parameters (a, ^). 

Find the point A as before. Through the origin draw JfJV, 



56 PLANE ANALYTIC GEOMETRY. 

making the angle A 0M= 0^ the given angle ; then through A 
draw the required line AB parallel to MN. 

The vertex of the angle is always the point where the line 
cuts the axis of X\ its initial side is the axis of X measured in 
the positive direction, and its terminal side is the line itself. 
The angle is measured to the left, as in Trigonometry, from 0^ 
to 180^ 

Since may have any values between 0° and 180% and a any 
positive or negative values, these parameters will determine the 
positions of all possible straight lines. 

III. Given the parameters (i, d). 

Find the point B on the axis of Y^ and the angle A03f= 0^ 
as before ; then through B draw the required line parallel to 
MN. 

These parameters will also determine the positions of all pos- 
sible straight lines. 

IV. Given the parameters (^, a). 

Draw the normal axis OZ, making the angle AOZ=a^ the 
given angle ; lay off on OZ the given distance OD =p ; then 
through J) draw the required line AB perpendicular to OZ, 

The angle a is measured to the left from O'' to 860% and p is 
always positive. These parameters, since they have arbitrary 
values, will determine the position of any straight line. 

Vi Given the parameters (^, ff). 

Construct the angle A 0M= 5, as before ; draw OZ perpen- 
dicular to J(Or, and lay off OD=p; then through D draw 
the required line parallel to Hlf. 

In this case, must be measured from O"* to 360% in order 
that p may always be positive. 

26. To find the relatwns which the parameters of a given 
line hear to each other. 
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Fio. 18. 



The three triangles A OB^ A OD^ B OD are similar ; their sides 
are 

OA^a, OB-h, OD^p, AB=Va*-h6»; 

their angles are 

O^B = ir-e = -BOi>==90**-a; AOD^a^OBD. 

By Trigonometry, 

^ = eosa s= sin (ir — ff)^ sin =s — z==l ; 

f = C08(90* — a) = cos (ir — 0) s= sin a = — * COS fl =s — ^ ; 



-a=tan(ir — tf) = — tantf scota; 
a 



.*. psacosa 



ss a sin s= & sin a = — 6 cos =s 



ah 



vV + ft^ 



The Ejqnations of a Straight Line. 

26. To find the equaHcfis of the straight line AB in terms 
of each pair of parameters. 
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Definition. — The equation of a straight line expre%see the 
relation which exists between the coordinates (xy) of every point 
on the line and the two parameters which determine the position of 
the line* 



\\ 
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Let P ( ON, PN) (xy^ be any point on the given line AB. 
Draw PJ(f parallel to the axis of x ; then 

BM^zb-y, PM^x, PN=y, NA:=a-x. 

The similar triangles ANP, PMB, A OB give 

^ =^ =^ = tanOAB =cot^OA 
NA PM OA t v/ , 

y b — y b 

-xs as- =taD(ir — 0)s — tan = cot a. 

a — X X a ^ ' 



or 



I. ^(jTiia^ton in terms of the parameters (a, 5). 

y 

= — tan^= — m, for brevity; 

r.y^m{x — a) (a) 

is the required equation. 

Note. — If we put n = -- = cot tf , equation (a) may be written 
X = wy+ a, a form sometimes useful. 
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IL Equation in terms of parameters ((, d). 

.«. ysmos + ft (6) 

is the required equatiou. 

III. Equation in terms of the parameters (a, &). 

y h y a— a ^ a 
s=-v or x = = 1 — » 



a — a; a 6 a a 

.•.?+| = i (0 

a 
is the required equation. 

NiJie. — If we pot { = >> ^ = 79 equation (c) may be written 

a o 

2x + nyssl, a simpler form useful in some cases. 
IV. Equation in terms of the parameters (^, a). 

y ^ COBa 

a-^x sm a 

or ysinas:(a— a;)co6a=:acosa— apco8a=j9— asoosa; 

•'.XCOBa + ^Binasp (d) 

is the required equation, called the normal equation. 
v. Equation in terms of the parameters ( j>, d). 



a — o; cos 

or ^y cos 6^ = (a— a;)sin 6=sasin (f—x sin $s=p~-x sin ^ : . 

.'. a; sin — y cos =p ^e) 

is the required equation. 

It will be noticed that the form of the equation of the straight 
line depends upon the pair of parameters chosen to determine 
its position, and that the variable point P(xy} can onl^ varj 
hy moving on the line. 
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The Gleneral Ejquation of the First Degree 

27. In deducing the preceding equations of the straight line, 
we have in each case assumed the posittan and form of the 
locus, and have found that its equation is of the first degree 
with reference to the coordinates x and y. 

We will now prove the proposition 

2!hat the locus of the general equation of the first degree 

Ax+By+C==0 (/) 

is a straight line. 

It will be sufficient to show the truth of the proposition for 
rectangular axes, since by Art. 22 the degree of an equation is 
not changed when its locus is referred to any new origin and 
pair of coordinate axes. 

Let us define a straight line as 

TTiepath of a point which always moves in the same direction. 

Now, whatever the locus of (/) may be, we may assume 
P\x'y'^ as any fixed point on the locus; the coordinates of 
this point must satisfy the equation of the locus ; therefore 

Next, let P(xy^ be any other point on the locus ; then, by 



I • , 



A \ - / 



n ... - .' 

for all points (xg) on the lucuo. 



= 0, 
It 



But by Art. 4 this constant ratio is the tangent of the angle 
which the straight line connecting the two points (xg^ and 
(x'g'y makes with the axis of X. Therefore, by the definition, 
the loQUS is a straight line. 
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It must be possible, therefore, to put the geueral equation 
(/) into each of the forms already found by finding the values 
of the parameters in each case in terms of (ul, B^ (7). 

But we have seen that only two independent conditions, or 
parameters, are needed to determine the position of a straight 
line ; so that, of the three parameters (A^ J?, (7), any one may 
be regarded as arbitrary, and used in determining the form of 
the equation of the locus. 

28. To determine the parameters a, 6, p, a, tf , in terms of 

A^ By C. 

Let us use the arbitrary parameter in 

Az + By+C^O (/) 

as a divisor, and take the two resulting ratios as the parameters 
of the line. 

Dividing by B and transposing terms, we get 

also y = "i^-i' <^') 

which are the forms of (a) and (i). Art. 26 ; 

4, A A 0.0 

.•. m = tantf=s — — , as= — ~, 5 = — ^. 

B A B 

Again, divide (/) by — C, change the coe£Qcients of x and y 
into divisors, and it may be written 

X V 



A B 
which is of tiie form of (c), Art. 26 ; and 

O u O 
.'. = — -» o = — — 1 

A B 

89 before. 
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By division we get 

a B' 
from which, and Art. 25, it follows that 

h A 



cos a = sin ^ = 



sin a = — cos 6 = 



a B 



Vc? + V V^' + i? 



G ^ (7 

p^ a cos a = r- 



^ V^* + -B* VA' + B" 

By substituting these values in equations (d) and («), they 
both become 

V^MTff V^* + ^ ^/A' + ff 

which is got from (/) by simply dividing each term by 
VA^ + B^; that is, by the square root of the mm of the square s 
of the coefficients of x and y. Since p must always be positive 
when written in the second member of the equation, it appears 
that O and the radical VA? + B^ must have opposite signs. 

It also appears that the direction parameters in equation (/) 
depend upon A and By and are independent of O, 

If any equation of a line whose parameters are referred to the 
coordinate axes is given, and its equation is required when the 
parameters of the line are referred to the normal axis, apply 
the following rule : 

Divide each term of the given equation by the square root of the 
sum of the squares of its coefficients of x and y, and the result will 
be the required equation. 

Belatlons of Parameters. 

29. We may find the relations of the parameters as follows : 

Put all the equations of Art. 26, including the general equa- 
tion (/), in the form of any one of them, as (6) ; then 
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I. yssmos — ma. IV. y= — cota«a; + -^ 



Bin a 

n. ws=ma; + 6. V. y = tsaiO-x £--• 

cosd 

Since these equations represent the same line, they are iden- 
tical, and therefore, 

ms= — s=s— oota= tan0= — --> 
a B 

&=— mass -^= ^=— -^s 

sin a cos B B 

as we have already found in Art. 25. 

Variable Parameters. 

30. In the preceding forms of the equation of the straight 
line we have seen that given values of the parameters determine 
the position of a single and definite line, and that the point 
P (xy) can vary only by moving along this line. If, however, 
the value of one or both of the parameters vary, the position 
of the line will also vary ; but as the line carries with it the 
variable point P (a:y), that is, since P(xy) always remains on 
the varying line, the equations already found will still be true 
for the varying line in all its new positions. 

For example, suppose that one or more of the parameters 
(A^ By (7) vary ; then the position of the line 

Ax + By + O^O (/) 

will vary ; but the expression Ax + By + O will not vary if the 
point -P(a?y) is always on the varying line ; that is, Ax+By+O 
will remain equal to zero. 



< ' 
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Oil the other hand, suppose that the parameters (-4, 5, C) 
are constant, and that P(xy) is any variable point not on the 
line (/) ; then for this point the expression Ax + By + C will 
not reduce to zero, but to some variable quantity, which we will 
denote by L ; then for this point (/) becomes 

But for any given value of Z, (^r) is the equation of a straight 
line, because it is of the first degree in x and ^, and it is parallel 
to line (/), because it has the same direction parameters (AyB). 

It follows, then, that if the parameters (-4, jB, (7) are con- 
stant, and i is a new variable parameter, equation (jg) repre- 
sents a system of lines parallel to and including the type line 
(/) which (^) becomes for L = 0. 

When the position of a line is referred to the coordinate axes ; 
that is, when its equation is expressed in terms of the parameters 
(a, ^), (i, ^), or (a, 6) or (-4, -B, C), we shall sometimes, for the 
sake of brevity in writing and facility in use, denote such equa- 
tion by a single letter of the set i, M^ iV, ... ; but if the position 
of the line is referred to the normal axis ; that is, if its equation 
is expressed in terms of (jt?, a) or (jt?, ^), we shall denote it by a 
single letter of the set P, Q^ 22, ... . 

The equations of these two systems are connected by the 
relation 

L^PVjF+£F. 

For example, My — mx—b = L^ then 

^ ^ - = , = X cos a -h ^ sm a — p =s P. 

.-. y — mx — h =Zf = (ajcosa-j-y sin a— j>)csca = Pcsca. 
.•. ojcosa-l-ysina— ^=:P = (y— ma--6)sina = ZfSina. 

The idea and use of variable parameters will be suflB- 
ciently illustrated for the present in the following elementary 
exercises. 
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EXERCISES ON THE STRAIGHT LINE. 
I. Equation (a) . y = m(a; — a) . Parameters (a, 6) . 

1. If the intercept a = — 5, and 0== 45^, what is the equation of 
the line ? Aiis, y — x = [K 

2. For a = 3 and 0= 135°, what is the equation of the line? 

3. If a = 0, through what i)oint docs the line pass ? 

4. When the line passes through the origin, and $ = 120^, what 
is its equation? 

5. For ^ = 0, what does equation (a) become, and what line does 
it represent? « A7is. y = 0\ axis of X. 

6. For 6 = 90°, what docs equation (a) become, and what the 

y 

line ? Put (a) in the form — = a— a. For m = oo , a; = a, a parallel 
to the axis of Y. 

7. If a is constant and m variable, what system of lines does 
equation (a) represent? 

Ana. A system of lines passing through the point A (a, 0) , and 
called €L pencil of lines. See figure, Art. 26. 

8. If a is variable and m constant, what system of lines does (a) 
represent? 

Ans, A system of parallels, because all the lines of the system 
have the same direction parameter m. 

9. If a and m are both constant, and A; an arbitrary factor, what 
system of lines does y = m(x-'ka) represent? What is the value 
of k for that line of the system which passes through the origin ? 

10. What is the value of A; for the line of the system which passes 
throagh the point {x^) ? Ah — '"^'"'V^ 

"" am 
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11. For what values of k do lines of this system and the origin lie 
on opposite sides of line (a) ? Am, A; > 1 . 

12. Show that equation (a) can be written 

Vr+w? Vl+m" Vl+m* 
X cos a + y sin a = a cos a, 

or ZQiuO'-y cos = a sin 0, 

which are the forms of {d) and (e). 

II. Equaiion (6) . y = maj + 6. Parameters (6, fl) . 

1. When 5 =s ~ 5, and = 120^, what is the equation of the line? 

What when & = 10 and tf = 30* ? What when 6 = - 8 and fl = — ? 
What when 6 = -2 and fl = 7r? ^ 

2. When 5 = 0, through what point will the line pass? 

3. When ^ = 0, what do the equation and line become? 

4. When fl = ^5 what do the equation and line become ? Put (6) 

V " b 
in the form — = ojH — , and then make m infinite, 
m m 

5. When b is constant and m varies, what system of lines does 
equation (b) represent? Arts. A pencil through the point (0, &). 

6. If m is constant and b varies, what system of lines does equa- 
tion (6) represent? 

7. If m and b are constants and L variable, what system of lines 
does the equation y — mx — b^L represent? 

8. What ifl the value of L for the line of this system which passes 
through the origin. Ans, L^—b. 

9. For what values of L do lines of this system and the origin lie 
on opposite sides of line (b) ? 

Ans. All values having the same sign as 6. 
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10. What is the value of L for the line of the system which passes 
through the given point (x'y') ? Ans. L^s^y*^ tiUB*— ft. . 

Jl. Do the point (x'y') and the origin lie on the same side or on 
opposite sides of line (Jb) ? 

12. Find the equation of the line passing through the point (x'y') 
priiallt'l to (6). 

Ans, y — mx — b = L'= ?/'— w.x'— b^ or y — y*=: m{x — x') . 

13. Show that equation (b) can he written 

y Tiix b 

Vl+m* Vl+m- Vl+m« 

X cos a -h 2/ sin a = 6 sin a, 
or 05 sin tf — y cos ^ = — 6 cos tf , 

which are tlie forms of (d) and (e) . 

III. Equation (c) . _ _l ^ = 1 . Parameters (a, ft) . 

a ft 

1. If a = — 5 and ft= 3, what is the equation of the line? 

Ans, -^-f^=l, or 3a; — 5y+15 = 0. 
—0 o 

2. If the intercepts are equal and have the same sign, what angle 
does the line (c) make with the axis of a;? Ans, 13«5°. 

3. What is the angle when the intercepts are equal and have 
opposite signs ? Ans. Ab^. 

4. .Write the equations of the four lines whose intercepts are (a, ft) , 
( — a,ft), (-a, -ft), (a, -ft). 

5. What figure do these four lines form ? 

6. Put their equations in the form of (d) , and show that the dis- 
tance between parallel lines is z=-—' 

V^ + ft" 

7. In Fig. 19, the area of the triangle AOB equals the sum of the 
areas of AOP and BOP ; that is, 

AOB^AOP-\'BOP, 
From this equation deduce (c) . 
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8. Show by a figure that the lines ?-|-?=ij 2f_.j ^^ p^^^ 
pendieular to each other. 

9. If a is constant and h varies, what system of lines docs equa- 
tion (c) represent? What are the equation and line for Z/ = 0? what 
for h = infinity ? 

10. If k is an arbitrary factor, what system of lines does 

ka kh ah 

represent? 

11. What relation do the lines of this system boar to line (c) ? 

12. What is the value of k for the liue of the systoin which passes 
through the origin ? 

13. Show that the distances between (c) and the parallels - -f ^ = A:, 

ah 

measured on the axes of X and F, are (^• — 1) a and (A* — 1 ) 6, and 
on the normal axis ^^ — ^ • ■ 

14. What does the equation - + ■- — l=i' represent? Find the 

a b 

equation of tlje line passing through the point (a;'y') priralLl to (c). 

Alls, -h, — l = i'= 1-4-— 1; or y— 7 = (x — x'). 

a u a b a 

15. Given a rig! it triangle ABC. Take the right angle C at the 
origin, and the baso b and the altitude a in the jxjsitive directions of 
the axes of X and Y respectively. 

(1) The equation of the hypothenuse is -4-2=1. 

b a 

(2) The line passing through the middle points of a and b is 

b a 2 

(3) The line through the vertex B and the middle of the opposite 

side is -^ + 2= 1. 
b a 

(4) The line through the vertex A and the middle of the opposite 

side is V + -^ = 1 • 
a 
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(5) The last two lines intersect in the point (}&, ^a). 

1 V. Equation (d) . x cos a + y sin a =|). Param^ers (p, o) . 

1. If p = 3 and a = 7, what does (d) become? 

4 

If p = 5 and a = f ir, what does (d) become ? 
If p = 2 and a = Jir, what does (d) become? 

2. If a varies from 0** to 360** and p is constant, what locus will p 
describe, and what relation will (d) in all its positions bear to this 
locos? 

3. If a is constant and p varies, what system of lines will (d) 
represent? 

4. The equation of a line parallel to (d) is 

X COS(a + ir) -f y Sin (a + ir) =!>', 

which reduces to —a? cos a — y sin a =p'. 

6. The equation of a line perpendicular to (d) is 

XCOsfa+^-hy smfa + | j =^p\ 

which reduces to y cos a— x sin a =jp'. 

6. Find the equations of two lines, each making an angle of 45° with 

(d), and having the » of (d). j ^ „/ j_ A , ^. . / , wN 

^ '' o ^ v / j^ng^ iccosf a ± 2 |-f y smfa ±- j = p. 

Show that these equations may be reduced to 

^__|)+,sin(a±|)=ptaa|, 

and now represent two parallel lines perpendicular to (d) . 

7. If = 30**, and the line (d) passes through the point (4, 3), 

what is its distance from the origin ? ^ ^ /:r 1 ^ 

^ Ans. p — 2V3-^^' 

8. If a and p are constant and P variable, what system of lines 
does the equation 

X cos a + y sina — p = P 
represent? 



ajcosf a±r 
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9. For what value of P will a line of this system pass through 
the origin ? What value of P gives (d) ? 

10. What is the perpendicular distance between (c2) and any line 
of this system ? Ana. P, 

11. What is the value of P for the line which passes thi*ough a 
given point {x'y') ? Ans. P'= x' cos a + y' sin a —p. 

Show that P is the length of the perpendicular dropped from the 
point {z'y') on line (d) . 

12. For what values of P will lines of this system and the origin 
lie on the same side of (cZ), and for what values on opi)osite sides? 

13. If P increases without limit, where will tlic corresponding line 
lie? 

V. Equation (e) . x&\n$ — y cos $ = p. Parameters (p^ $) . 

1. Through what point does the line pass when|) = 0, and what 
does the equation become ? Ans. y = mx. 

2. If a line makes an angle of 45'' with the axis of X, and p = 10, 
what is its equation ? What if ^ = 150® and p = o? 

3. When will the line (e) be perpendicular, and when parallel, to 
the axis of X ? What does equation (e) become for these cases? 

4. Show that x cos '\' y sin = p' is the equation of a line per- 
pendicular to (e) . 

5. Show that y cos d — a? sin tf =p' is parallel to (e) . 

6. Show that xcos^ + ^sin0=ptan^ makes an angle of 90"" 
with (e). 

7. If a line makes an angle of 60® with the axis of X, and passes 
through the point (~1, — 4), what is its distance from the origin? 

Ans. p =2 — iV3. 

8. The direction of a force F makes jvp angle of 120® with the 
axis of X, and it acts at the point (8, 6) in this direction ; what is 
its moment about an axis through the origin perpendicular to the 
plane of the coordinate axes? 

Ans. 2?5) = i?'(8.iV3 + 6.i)=:P'(4V3-h3). 
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9. Find the equations of the two straight lines which pass through 
the given point {x^y') and make a given angle /3 with line (e). 
Ans. 

a;8in(fl±)8)-yeos(tf ±/3) -i)'=P'=aj' sin(tf±/3) -y'cos(e±P) -p' ; 

or y — y'=tan(tf ±)3)(a;~«'). 

VI. Equation (/) . Ax + By+C=0. Parameters {Ay B,C). 

1. In this trinomial equation C is called the independent term, 
and the others the x and y terms. If the independent term (7=0, 
through what point does the line pass? In the equation Ax'\-By=(i^ 
what is the tangent of the angle which the line makes with the axis 
of X? Upon which of the parameters does the direction of line (/) 
depend? 

2. If-d = 0, JBy + (7=0; if JB = 0, -4a; + O=:0. Whatlinesdo 
these equations represent? 

3. If « = 0, By-^- (7= ; if y = 0, Ax+C^O. What do these 
equations mean? 

4. If ^ = J5, what angle does line (/) make with the axis of X? 
What angle if ^ = - JB? 

6. If the normal axis passes through the point {A^ B) , then 

cos a = sin = - J sin a = — cos = 



■VA^ + B" VaFVS" 



C A C 

p^=a cos a = — - • 



^ V2F+B^ VA' + ff 

and equation (/) may be written in the normal form 

ABC 

« y = 



V^+ff V3^^^^ VA^+ff 

6. If^ = 0, 5=0, and (7 is finite, where will the line (/) lie? 

Where foi^-4 and B finite and C infinite ? 

C C 

Arts. The intercepts a = — -, 6=— -, both become infinite 

for both cases ; therefore the line lies at an infinite dis- 
tance from the origin ; that is, all points on the line are 
at infinity. 

Show the same from equation of Exercise 5. 



72 PLANE ANALYTIC GEOMETRY. 

7. What system of lines is represented by the eqaation 

Ax + By-^-C—L 

when the parameters {A^ -B, C) are constant and L variable? What 
relation do the lines of this system bear to (/) ? 

8. For what value of L will a line of this system pass through the 
origin ? Ans. L^C. 

9. What will the value of L be for the line which passes through 
the point (a:V') ? *°<^ what its equation ? 

Ans. Ax-^By+C — L'^Ax'+By'+C; 
or, A(x — x') + B (y — y') = is the required equation. 

10. Find the equation of the line of the system which passes through 
the two given points {x'y') , (a;"y") . 

Ans. L = L'^L"', 

or i-X'=X'-Z"=0; 

or A{x-x') ^Biy-y') =^(aj'- a") +-B(y'- y") = ; 

or = 2-IIJl = iJlJL is the required equation. 

B x^x' aj'-aj" ^ ^ 

11. If -4a: -h 3 y — 10 = 0, what will the value of A be when the 
line passes through the point (2, — 4) ? Ans. ^=11. 

12. If Ax + JBy — 14 = 0, what will the values of A and B be when 
the line passes through the points (2, 3), ( — 1,2)? 

Ans. -4 = —2, J5=6. 

VII. Numerical Equations of Straight Lines. 

1. 2a;- 7y- 2 = 0. 10. ia;-fy+ | = 0. 

2. a- 2y-f 6 = 0. 11. Sx+^y-^ 5 = 0. 
8. 3a;— 4y— 2 = 0. 12. 10a;-f 9y — 90 = 0. 

4. 4a;— 3y— 18 = 0. 13. 3a;-2y =0. 

5. 7x+ 5y — 35 = 0. 14. 2a;-f 3y =0. 

6. 3y — 20a;+ 1 = 0. 15. 3a;- 5^ + 30 = 0. 

7. 2y— ^a;— 8 = 0. 16. 7a; — 4^-8^ = 0. 

8. a;+ fy- 2 = 0. 17. 5a;-f 62/- 2 = 0. 

9. ^a;— |y- = 0. 18. 8a; + 2y— 10 = 0. 
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(1) Find the points in which each line intersects the axes^ and 
draw the line ; that is, find a and b. 

(2) Find the values of the parameters 9^ a, and p. 

(3) When (7=0, through what point does the line pass? 

Next let us find what changes the forms of the foregoing equations 
of the straight line, found in Art. 26, undergo when the axes are 
oblique. 

31. To find the relations which the parameters of a 
straight line bear to eaeh other when tJie axes are oblique. 




Fia. 20. 



Let OJT, OJT, OZ be the oblique and normal axes, and AB 
the straight line. Drop perpendiculars from A and B on the 
axes of Y and X, The distance parameters, as before, are 

OA=^a, OB = b, OD=:p; 
the dkection parameters are 



^05 = 0), XAB = e, OAB^iT'-e, OBA^e- 
AOD= ABB:= a, BOD = BAA'^ io-a. 

Then, by Trigonometry, 

AB = Va* 4- 6^ — 2 a6 cos <d = Z, for brevity ; 



o>. 



.d^'=asino>, 



0^'=acosa>9 
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BB' = b sin o>, 
AB' = a — 6 cos cd, 



OB'=b cos CO, 
^'J5 = 6 — a cos «• 



p » / A\ ' A BB b sin w 

^ = co8o = sm(w — tf) = sm^ =-— - = — ii-.. 



a 



^ = cos(o) — o) = — sin(o) — ^) = 



^^' a siD a> 



; 



6 
a 



sind 



cos a 



sin (<i) — tf ) cos (o) — a) 



/, AB* a — 6cos<tt 
sin a = — cos ^ = — — - = ; • 

AB I 

X ^4. a -^^' a — & COS 01 

tana ss — cot ^ = -—-, = — -—, • 

BB' b sin to 



p as a cos a = a sin tf =& cos(a)— a) = — 6 sin(o>— tf) = 



a&sin<o 
I 



32. 5V> >?m2 ^Zie equaticns of the straight line AB in terms 
of each pair of parameters. 




Fio. 21. 



Let P (X)N^ Pir)(x]f) be any point on the given line AB^ 
and draw PM parallel to the axis of X Then 

PN^y, PM=zx, BMz^b-y, NA^a — x. 

The similar triangles ANP, PMB, A OB, give 
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PN BM OB 



NA PM OA 

j y _^ h^y __b _ sing _^ cosa 

a — x X a BiD(tt) — ^) cos(tt) — a) 

I. £qtiati<m in terms of the parameters (a, &}. 

-1 ^Ji5l^ = _„», for brevity. 

.•. y=:m(aj — a) (a') 

is the required equation. 

II. Equation in terms of the parameters ((, &}. 

X Bin(ai — tf) 

.'. y = ma; + 6 (6') 

is the required equation. 

III. EqiuUion in terms of the parameters (a, b), 

y ^ ^ y a—x ^ X 
a—x aba a 

a b 
is the required equation. 

IV. Equation in terms of the parameters (jt?, a). 

a — a; cos(o> — a) 
or y eos(<i> — a) = (a — aj)eosa = a cosa — x cosa. 

.". «eOSa + y C08(o) — a)=J> (d') 

is the required equation. 
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V. Equation in terms of the parameters (/?, d). 

y __ sin ^ 

a — 05^ Bin(a) — &)' 

or —y Bin(a>— tf) = (a— oj) sin tf =a sin^— x sind. 

.•. ojsintf — y sm(a) — tf)=|) (e'5 

is the required equation. 

Equation (c') is independent of o>, and is identical with (c) 
for rectangular axes ; (a') and (4') are of tlie same form as the 
corresponding ones for rectangular axes, but the difference in 
the values of m must not be forgotten. If in all these equations 
we make © = 90"*, we shall get the corresponding ones for rect- 
angular axes. 

33. To determine tlie parameters a, 6, p, a, 0^ in terms of 
the parameters {A^ J5, (J) , a^ces oblique* 

As in Art. 28, we can at once put 

^ + % + = (/) 



in the forms 



.=-|-f. (6") 



_C ' _C 
A B 

which are those of (a'), (6'), (c'), Art. 32; .therefore 

^ BiaO ^ A a = -— b = -—- 

8in(o)-d) J3' ^' £* 

Also, by Art. 81, substituting the values of a and b just 
found, 
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by putting 



I = Va* + 6* — 2 ttd COB 0) 



V-4* + JB*— 2^Bcosq) = Z, for brevity; 

COBa =s sm^ = = — - — • » 

I Li 

COB(q) — a) = — 8m(a> — ^) = =s 1 

^ — r-= — zT- 

Substituting these values in equations (d') and (e'), they 
both become 

which is (/) multiplied by the factor — — • 

C and 2/ must liave opposite signs to make jp positive. 

We have thus found the values of a, 6, j>, a, ^, in terms of the 
parameters (A, J?, (7), when the axes are oblique. 

34, Relation of Parameters. — If we put equations («')» 
(&'), (f'), (ti'), (e'), Art. 32, and the general equation (/), in 
the form of (6'), they become 

I. y = wia? — ma. IV. y = ^^^^ a; H £ -• 

cos (cD — a) cos (o) — a) 

II. y = 7iM5 + 6. V. y= . ^^" 05 2 . 

sm (<i) — ^) sm (a> — ^) 

III. y = -^« + ft. (/) y = _4a!— g. 
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Since these equations represent the same line, they are iden- 
tical, and 

_^_6 cosa _ sin^ _ A 

a C08(a) — a) sin(a) — ^) B 

6 = — ma = ^ = ^ = — ^ ; 

COS (ai — a) sin (w — ^) B 

from which we also get 

. ^ msino) . &siD<i) ^sitiui 

tan^ = = — cota= — 



l+mco8<o a— 6co8<i> JB— -4co8« 

These relations are the same as found in Art. 33. 

EXERCISES ON THE STRAIGHT LINE, AXES OBLIQUE. 

1. Given the equation 8a;— 22/ — 5=s0, to find the intercepts on 
the coordinate axes, and the angle which the line makes with the 

axis of X. 

A 5 , 5 sind 3 . o SsiDco 

Am. a = -; 6 = — -; m = -:-- rr = -; tanfl = 



3 2 sin(a)-^) 2 2 + 3cos« 

2. Put the equation 3aj — 2y — 5=sOinthe forms of (d') and (e') , 
and determine the corresponding parametera. 

Ans. (3a:^2y-5)sino>^Q, 



. /) 3 sin^ii 
.•. cos g = sin^ = -3Tr; 

Vl3-f- 12 cosw 

.•. C08(o) — a) = — 8in(ai — ^) = — 



2 sincii 



V13-I-12 C08ci> 

5 sin 0) 
••• p = — « 

Vl3+ 12 coso) 
For other nunuMicul equations of straight lines sec p. 72. 

8. Given tln' triangle AOB and notation of Fig. 20. Find the 
equations of tho following lines : 

(1)^, - + ?=!• 

a 

(2) AA\ xco^m + y^aooBiA. 
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(3) BBfj ycoBu>-f-a:=:6co8a>- 

(4) OD^ x{a — h COB w) — y{b — a cos «) = 0. 

(5) ABfy 5 + 2f = co8a». 

& a 

(6) Medial through ^, 5 + ^=1. 

a 

(7) Medial through B, | + ?f = l . 

a 

(8) Medial through 0, - - ? = 0. 

a 

(9) A line cuts off the mth part of a and b ; its equation is 

? + ? = !. 
a b m' 

(10) Show that this line is parallel to AB. 

(11) The perpendiculars AA*^ BB\ OD meet in the point 

_^ (g •— 5 cos a>)cos CD __ (fi — a cos <o)c08 a> 

sm'a> sm^Q) 

(12) The medials meet in the point [ -, - )• 

(13) Show that the equations of the lines AA\ BB\ are already 
in the form of (d'). 

(14) Put tlie equation of AB^ in the form of (d'). 

a sin MX , b sin a> v ab sin 2 o) 

h • 



Va*+ 5*— 2 a6 cos ai Va*+t*— 2a& cosw 2Va*-f-^^— 2a& cosw 

(15) Show that this equation may be written 

a; sin ^ + ^ sin J3 = & sin ^ cos (■> = a sin B cos cu. 

4. Two opposite sides AA* and BB^ of a quadrilateral are pro- 
duced till they meet in 0. Take OA'y OB as axes of X and F, and 
let OA=^2a^OA'=2a\ 0B=2b, 0B'^2b'', then 

(1) The equations of the sides AB and A^B' are 
a a^ o' 
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(2) The equations of the diagonals AB^ AB are 

a V wo 

(3) The middle points of the diagonala are (a, &'), (a', V). 

(4) The diagonals meet iu the ix)int 

2 aa' (5 - //) 2 55' (a - a') 

db - aV ^ ab- a'b' 

(5) The sides AB^ A'B meet in the point 0', 

2aa'(^>-2>') 2&6'(a'-a) 

a'b -ab' ^ a'b - a6' 

(6) The equation of the line 00' is 

aa\b - b')y = &6'(a'- a)x. 

(7) The middle point of the line 00' is 

_ a'b -a— <ib'' a' _ a^& 'b' — cLb' 'b 

"* a'b-ab' ' ^" a'6-a6' 

(8) Divide the line passing through the points (a, 6') and (a', &) 
externally in the ratio a'b : a5', and show that it is the point found 
in (7). 

The Polar Equation of the Straight Line. 

» 

35. To find the polar equation of the straight line. 

Let the pole bo at the origin of rectangular axes, and the axis 
of X the initial direction from which the vectorial angle is 
measured. 

If the position of the line is determined by the parameters 
QPj a), then its equation is 

X cos a -I- y sin a =^p. (d) 

But for any point (r, ^) on the line, 

x = rcosOi y=srsintf. 



I 
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By substituting these values of z and y in ((2) it becomes 

r cos {0 — a) =2>, (a) 

the required polar equation of the line. 
If the equation of the given line is 

then r{Aco&e + B&inO)'^C=0 (b) 

is the required polar equation, which may be reduced to the 
form (a) by dividing each term by l/A^ + B^^ Art. 28. 

EXERCISES ON POLAR EQUATIONS OF THE STRAIGHT LINE. 

1. What is the polar equation of the straight line which is per- 
pcudicular to the axis of X ? Ans. r cos ^ =7;. 

2. What is the polar equation of the straight line which is parallel 
to the axis of X ? Ans, r sin ^ = p. 

3. If the normal axis is taken as tlie initial direction of the 
vectorial angle, what is the equation of the line? Ans. r cos^=p. 

4. If the parameters of the given line are (p, d'), what is its polar 
equation?. Ans. rB>m{d^—0)=p. 

5. If the given line passes through the point (x^y^) , and makes an 
angle 0^ with the axis of X, what is its polar equation ? 

Ans. r8in(d — 6') = y'co8^'— oj'sin^'. 

6. Find the polar equation of a straight line passing through tlio 
two given points (r', ^') , (r", d") . Suggestion : The area of the tri- 
angle made by these two points and any other point on the line must 
equal zero. See Art. 11. 

^715. r\r sin {& - d) + r" sin {$ ~ ^") ] = rV ' sin {ff - tf ") . 

7. Deduce this result from the equation 

{y - y') (« - «") - (^ - ^') (2/ - y") = o. 

8. Reduce the polar equation r = 2ascc[ ^-|- ^ j to rectangular 
coordinates. ^ ^ 
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9. Find the polar coordinates of the point of intersection of the 
lines r cos(d — ^)= 2a, rcosftf — ^j=a; and also the angle 

between them. ^_„ t^4.«««^..*:^ /o^ A. i ^ 

3* 



Ans. Intersection, [2a, ^ ) ; angle = - 



Lines Subject to Given Conditions. 

36. To find the equation of a straight line which passes 
through a given point and makes a given angle with tJie 
axis of X. 

In this case the parameters are the given point (a;'^') and 
the given angle 6. The equation 

y = Tna + h (a) 

already contains one of the given parameters, ^, and it only 
remains to eliminate 6, and replace it by the given point (a;'y'). 
The value of i is determined by the condition 

y'=?iix'+6, or 6 = y'-.maj', (6) 

since the required line must pass through (a;'y'). Substituting 
this value of 6 in (a), we get 

y — y=m(a; — a'), (c) 

which is the required equation. 

If 9n is variable, (c) represents a system of lines all passing 
through the same point (a;'y'). This equation is true both for 
rectangular and oblique axes, by using the proper value of m. 

Second Solution. — If — — = tan ^, then the line whose 
equation is 

Jte-|-By + O=Z=0 (a) 

makes the given angle with the axis of X, But the equation 

-4a; + ^y-|-(7=Ir, (6) 
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or, more briefly X, is any parallel to X =" 0, Art. 80, and the 
equation of the line which passes through the point (x'y^y is 

L = L\ or Zr-i'=0. 

If this equation is expressed directly in terms of x and y, then 

Az + By+C^ Z'= Ax'+By*+ O, 



or 



y-y'=-|(«-^). 



(c) 



Since, by Art. 29, 



A b 
=:m = — = — cota = tantf, 

B a 

this equation can be written in terms of either of the direction 
parameters. 

Third Solution. — Let P'(a;'y') be the given point, and OAB 
— PP^R = dy the given angle ; also let Pipoy) be any other point 
on the line. 

Y\ 




Then 

PR = y-y*, PB=:=x-x'y 
PR x^x' 

is the required equation for rectangular axes. 
This equation may be written 



(c) 



-«'= 



y-y 



sing 
cosO 



(x — 05') , or i—J^ = 



a; — «' 



sin $ cos 6 



= r, 
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ill which r = P'P. Therefore the coordinates of any point 
P(xy^y at a given distance r from P'(a;'y'), are 

y = y'-f ?* sin ^, a; = a;' -f r cos 0. (d) 

For oblique axes, the oblique triangle PP'H gives 

x — x' 8in(w — ^) 
.•. 2/ — y' = m (« — «') (c') 

is the required equation for oblique axes. 

37. From the oblique triangle PP'R we also get 

y--y' _ a; — x' _ r 
sin siu (oj — 0) sin <d 

If for brevity we put 

7 sin^ 6in(<o — ^) 

sm <i> Bin <i> 

then ^ , ^ = = r. 

2 n 

Z%6 constants I and n are not independent; find their relation. 
By ((?), Art. 4, and (ci') just found, 

(y-2^')'+(«-»')*+2(3^-yO(«-a:')coBa> 
= Pr* H- 7i*/^ H- 2 Znr* cos w = r*. 

.'. P-|-n*-f 2 Zn cos 01= 1 

is the required relation. 

By substituting the values of I and n, this relation becomes 
&vc?6 + sin* ((II — fl) + 2 sin fl sin (<i> — $) cos oi = sin' w ; 
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which might have been inferred, since the sines of the angles in 
any triangle are proportional to their opposite sides. 

Also, since, by Art. 31, 

sin = cos a, 8in(<i> — ^) = — cos(<d — a) ; 

.'. C08*a + COS*(w— a)— 2C0SaC08(ci)— a)cOS« = sin*to). 

38. To find the equoMon of a straight line passing 
through a given point parallel to a given line. 

The equation of any line passing through a given point (a?'y') 

is, by Art. 36, 

y-y'=m(a; — a') ; (a) 

and if this line must be parallel to the given line, 

y = m'x + 6', ' * (b) 

then it must have the same direction parameter m'; 

.'. y — y'=m'(a5 — re') (c) 

passes through (a;'yO and is parallel to (6). 

Second Solution. — Let the equation of 

Ax + By-^C=L = 0, 

then for the line L parallel to i = 0, which 
given point (aj'y')* ^^® equation is 

L = L', or i-i'=0; 

which may be expressed directly in terms of x and y, as in 
Art. 36. 

39. To find the equation of a straight line which passes 
through two given points. 

In this case the parameters m and i, in the equation 

yssmx + by (fl) 




y 
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must be so determined that the line shall pass through the two 

given points (a;'y')(a;"y"). 

The equations of condition for determining m and I are, 

therefore, 

y'=mx'-f-6, (a') 

y'=:ww;"+6; (a") 

from which, by elimination, we readily get 

m = - — ^-, o = — ^ ^j 

05'— a?" a;'— oj" 

and (a) becomes 

^ a:'- a?" ^ a'-x" 

which is the required equation. 
A more useful form of this equation is found as follows. 
By Art. 86, 

is the equation of any line passing through the point (a;'y'), 
and a second point (a?"y") gives m as above ; therefore, 

y-~u:=^- — ^— (a; — ar), or ^ — si- = , (c) 

is the required equation. 

Second Solution.— Let P'(a;'y') and P"(a;"y") be the two 
given points, and P(xy^ any other point on the line AB. Then 
from the similar triangles P^P'^Sf, P^^PT, PP^R, we get 

PS PT P'R 

x"—x^ x — x^'x — x' 

m 

which are three equivalent forms of the required equation. 
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The third of these forms, 

(y - y") {^ - ^) = (?/ - y') (^ - ^") , 

is not a quadratic as it appears to be, since the products xy 
found in both members cancel. 
All the forms reduce to 

(y'-y")x - («'- aj")y +a?y'- a'y= o. 

Third Solution. — Let it be required to so determine the 
parameters (A, J?, (7) that the line 

Ax-hBy+G=L^O (a) 

shall pass through the two given points (a?'yO and (a;"y"). 
The equations of the parallel Z, which passes through the 
two given points, are 

from which, by eliminating A^ By (7, we get 

A_ y-y' ^ y-y'^ ^ y'- y' \ 

B x — x' a — a;" x'—x'^ 

as before. These equations are the same for both rectangular 
and oblique axes. 

40. To find the condition that three given points shall lie 
on the same straight line. 
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If the line found in Art. 89 must also pass through the point 
(a;"'y'"), then the condition is 

a-M'-aj' «'"-«" x'-a"' 
which reduces to 

a form easily remembered from the symmetry of the notation. 

EXERCISES ON LINES PASSING THROUGH GIVEN POINTS. 

1. Find the equation of a straight line which passes through the 
given point (2, —5) and makes an angle of 45° with the axis of X. 

Ana. y + 5 = a5 — 2, ory — aj + 7 = 0. 

2. If the axes are oblique and q> = 75*^, what is the equation? 

Am. y = V2a5— 5 — 2V2 = 0. 

3. Find the equation of a line passing through the points (3, 5) 
and (-2,3). ^^ ^=,^=3 , or 5y-2a:-19 = 0. 

4. Find the equation of a line passing through the point (3, —5) 
parallel to a given line 4a — 7y + 2 = 0. 

Ans. For the given line m = ^. .•. y + 5 = ^{x — 3), 

or 4a;— 7y — 47 = 0. 
By Art. 38, second solution, 

4aj-72/-|-2 = i'=4.3-7(-5)+2, or 4a?-7y-47 = 0. 

6. Find the equations of the sides of a triangle the coordinates of 
whose vertices are (2, 1), (3, —2), (—4, —1). 

Ans. x-\-ly^\\^0, 3]/ — a?- 1=0, 3aj + y — 7 = 0. 

6. Given the vertices (2, 3), (4, —5), (—3, —6) of a triangle : 

(1) Find the equations of the opposite sides. 

(2) Find the equations of the medial lines. 

(3) Find the equations of the bisectors of the adjacent sides. 
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(4) Find the equations of the lines through the vertices parallel 
to the opposite sides. 

(5) Find the equations of the lines through the vertices parallel 
to the medial lines. 

(2,3) (4,-5) (-3,-6) 

(1) a?-7y-.39 = 0; 9a?-5y— 3 = 0; 4aj+ y-ll=0. 

(2) 17x-3y-25 = 0; 7aj + 9y-|- 17 = ; r>x-62^-. 21 =0. 

(3) x-7y-10==0] 9a;-53^-32 = 0; Sx-\-2y-^ 7 = 0. 

(4) a;-7y-fl9 = 0; 9a;-5y-61 = 0; 4x+ y+18 = 0. 

(5) 7a;-|-9y-41 = 0; 17x-32/-83 = 0; 17a;-3y + 33 = 0. 
5x— 6y+ 8 = 0; 5a;-6?/-50 = 0; 7a;+9y-f 75 = 0. 

7. Find the equation of the line passing through the points (x^) 
and (0,5). Ans. {b — y')X'^x'y = bx\ 

Find the same result by eliminating m from (a) and (a'), Art. 39. 

8. Given the vertices (a?'y'), (x^'y"), {x"y"); find the equation 
of the medial line passing through the vertex (x^) . 

-4n5. (y'+y"'-2y)a;- (a;"+aj'''-2«')y+a;Y-a?y'+«'Y-«y''=0. 

Write the equations of the remaining medials by increasing the 
primes by one for each successive medial, noting that '" becomes '. 

9. Find the equation of the line passing through the points {a, 0) 
and (0, b) . Ans, bx-\-ay=: ab. 

yiO. Find the equation of the line passing through the points ( — ae, 0) 
and foe, — j. Ans, 2 a^ey — b^x = a&'e. 

41. To find the condition that a given point and the 
origin shall lie on the same or opposite sides of a given 
straight line. 

Let the equation of the given line be 

JLx+%-|-(7 = Z = 0. (a) 
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Since i, the equation of any parallel to X = 0, is a continuous 
function of (xy)^ it follows that L must have opposite signs for 
points on opposite sides of the line 2/ = 0. But for the line 
passing through the origin (0, 0), X = (7, and for the line pass- 
ing through the given point (a;'y'), 

If, then, L^ and O have the same sign, the given point (a;'y') 
and the origin lie on the same side of Z = 0, and on opposite 
sides of i/ = if i' and C have opposite signs. Two given par- 
allel lines will lie on the same side of the origin if the signs of 
their corresponding intercepts on the coordinate axes are the 
same ; and on different sides of the origin if the signs of their 
corresponding intercepts are unlike. 

42. To find the length of the perpendicular dropped from 
a given poin^ to a given line. 

Let a5cosa + y sina— ^=sP=0 (a) 

be the equation of the given line AB^ and let N^{x^y^) be the 

given point ; then 

X cos a H- y sin a — p = P 

is the equation of any line parallel to AB^ in which P is the 
distance measured on the normal axis between any line P and 
the given line P = 0. For the line A^B\ passing through the 
given point i\r'(a;'y'), 

P'=a:' cos a -hy'sina—p, (5) 

which is the length B^B = iV'JVof the required perpendicular. 

It will be noticed that the length P' of the required perpen- 
dicular is obtained directly from the equation of the given line 
by simply substituting for x and y the coordinates x^ and y' of 
the given point. 
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We have taken the distance OD—p as positive; therefore 
DO = -~p^ and we may consider the origin as being on the 
negative side of the liue, if we measure from the line to the 
origin. It follows, then, that values of (a:'y') which make P' 
negative show that this point and the origin lie on the same 
side of the line, and on opposite sides if they make P' positive. 




If the equation of the given line is 

ajsind — yco8^--jp = 0, or Ax + By-^C^^Oy 



then 



P'=aj'8in^-.y'cosfl-p==^i5!±^l±^ 



for rectangular axes. If the axes are oblique, then 

t" = 05' COSa + y CO8(0) — a) — p =s > i .-/ ■ — /____. 

V^l- + ^-2^i5c08a> 

43. To find the locus of a point (xy) whose perpendicular 
distance from a given line is constant. 

Let the equation of the given line be 

^ + % + C7=Z = 0, (a) 

and let P denote the length of the constant perpendicular ; then 
P = a constant is the equation of the required locus. 



92 PLANE ANALYTIC GEOMETRY. 

To express P directly in terms of x and y we have 



or Ax + By + C=L:=^PVJFT^. {h) 

This equation may be written 

, By , G L P^/A^ -h B" ^ d /i 

a;-|--^ + ~ = - = — ^^^ — — ?- — = Pseca = Pcsc^, 

^3. .^ .^ ^ 



or y+ —-!--=- = ^ — = Pcsca = -Psoc^, 

in which — and --, or their equivalents, are the distances be- 
A B 

tween the parallels L and L = Q measured on the axes of -X" 
and Y, For oblique axes these distances are P sec a = P esc 
on the axis of JST, and P sec (ca — a) = — P esc (© — ff) on the 
axis of T, 



EXERCISES ON THE RELATIVE POSITIONS OF POINTS AND LINES. 

1. Do the origin and the point (2, 3) lie on the same or on oppo- 
site sides of the hne 3aj + y--5 = 0? Ans, Opposite. 

2. Does the origin lie in the acute or in the obtuse angle made by 
the lines a? — 2y+ 7 = 0, 3a; + 2/ — 4 = 0? Ans. Acute. 

3. Docs the origin he within or without the triangle formed by 
the lines 3a;-2y — 5 = 0, a;-f4y+7=0, 2a;-32/ + 6 = 0? 

Ans. Within. 

4. Find the length of the perpendicular from the origin on the 
line 3x4- 4y-h 20 = 0. Ans. 4. 

6. Find the length of the perpendicular from the point (2, 3) on 
the line 3« — 4y — 4 = 0. 

Ans. 2. Point and origin are on the same side of the line. 

6. Find the length of the perpendicular from the point (2, 8) on 

the line 2aj + y — 4 = 0. 

3 
Ans. . Point on opposite side from origin. 

V5 
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7. Find the length of the perpendicular from the point (3, —4) 
on the line 4 as + 2y = 7, when « = 60**. 

Ana. f . Point and origin are on the same side of the line. 

8. Find the lengths of the pei-pendicalars from each vertex (2, 1) , 
(3, —2), (—4, —1) of a triangle to the opposite side. 

Ans. 2 V2, VTO, 2VlO, and the origin is within the triangle. 

9. Find the perpendicular distance between the two lines which 
are parallel to the line 3a; + 4^ — 2 = 0, and pass respectively through 
the points (2,3), (-3,-4). Ans. 8f. 

10. Find the distance between two parallels to Zr = measured on 
the axis of X, one of which passes through the point (a;'y'), and the 

other through («"»")• ^^. I^, or x'-x"+^(y'-y"). 

U. Find the length of the perpendicular from the point {A^ B) on 
1i.eline^+B, + C=0. Ans. V^+B^^ ^ 



V-4* + IV 

12. Find the length of the perpendicular from the point {by a) on 

thelme - + ? = 2. Ans. i^ni?!'. 

a b Va^+b^ 

13. Given the vertices (x'y') , (a?"y") , (a?'"y'") of a triangle. 

(1) Find the length of the perpendicular from {x'y^) on the 
opposite side. 

(2) Find the length of the side opposite (x^). 

(3) Find the area of the triangle. 

Ans. (1) (y- y") (^'z^")-A''-j^) (y^- y"') 

(2) ^/{x"--x'"y-h{y"-y'"y. 

(3) ily'(^"-^'") + y'K'- x') + y"(x'- x")] • 

14. Find the length of the perpendicular from the point (j?, 0) on 

the line y = wa? H Ans. — V 1 + m^ = w esc 0. 

15. Find the length of the perpendicular from the origin on the 
line y = mx + rVl -f w*. Ans* r 
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16. Find the length of the perpendicular from the jwint {(ve^O) on 
the line y = mx -|- ^chv? + h^, Aii», ae sin -j- Va* siu*-^ -|- 6* cos* $. 

17. Find the length of the perpendicular from the point (rcosa, 
r sin a) on the line x cos a -\- y &m a — p = 0, Ans. r — j). 



Angles between Given Liines. 

44, To find the angle between two given straight lines. 




Fig. 25. 

First, when the noses are rectangular. 

Let the direction parameters of the two given lines AP and 
BP be denoted by 0' and ^, or a' and a, and let /9 denote the 
required angle APB; then fi = 0'—0 = a'—ay and, by Trigo- 
nometry, Art. 63, 

tan d'— tan ^ 



tauj8 = tan(d'-^) = 
But by Art. 29, 



1+tan^'tan^ 
A' 



tan ^'= m'= = — cot a's= — 

tan^ = m= = — cota = y 

a B 

and therefore the corresponding forms of the value of tan/3 
are 
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'^ 1 + m'm oa' + W ^ ^ A4'+iJ2i' ^^ 

46- Parallel Unes. — In this case, /9 = ^'— d = a'— a = 0, 
and tan /3 = ; therefore, 

m'— ms=0, or m'ssm; 

a'6-a6'*0, or ^=^; 

a' a 

tan(a'— a) = 0, or a'=o, or ssa+v; 

^-^'B = 0, or |=|; 

which shows that the direction parameters of parallel lines are 
either equal or proportional. The condition of the parallelism 
of two given lines may also be stated as follows : 

When two straight lines are parallel^ the ratios of the coefficients 
of X and y in their eqtiations are equal, 

46. Perpendlciilar Unes. — In this case, 

and tan fi = infinity ; therefore, 

l-|-m'm = 0, or m'=— — ; 

aa'+66' = 0, or ■^ = -?; 

a' 

tan(a'— a)=oo, or a' =a4--, or = o-|-— ; 

A4' + J55'=0, or :^' = -^- 

B^ A 

Hence, two lines are mutually perpendicular, if the ratio of 
the coefficients of x and y in the equation of one is minus the 
reciprocal of this ratio in the equation of the other. 
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The condition of perpendicularity may also be stated as 
follows : 

Two lines are mutualli/ perpendicular when the tangents of the 
angles which they make with the axis of x are each the minw 
reciprocal of the other. 

47. Second, when the axes are oblique. 
In this case, Art. 34, 

_ = m=-- = - — ; 



Bin(a>-.^') a' B! 



8in(a> — ^) a B 

tany=. m^sino) ^ tang= ^"^^ . 

l+^'cosa> l + ^C08a» 

.-. tan/8 = tan(y--g)= ^^°/'"^,^'^^ =taD(a>--a) 
"^ ^ ' 1 + tan^'tantf ^ ' 

_ (m^—m) sin ft) 



1 + 'mlm -I- (m'+ m)cos «> 

_ {a!h — ab^ sin a? 

oo' + &6' — (a'6 + a6') cos ft> 

^ M^-^>B)Binft> 

"^ AJUArBB-- (AB'+^'-B) cosa>' 

48. Parallel Lines. — In this case, /9 = ^'— ^ = a'— a = 0| 

and tan /9 = ; therefore, 

(m'— m) sin ft) = 0, or m's= m ; 

(a'6-a5')sinft) = 0, or ^ = 5; 

a' a 

(AB'-^'JB)smft) = 0, or ti' = :^; 
^ B B 

o'= a or = fr + a ; 

which are the same conditions as. for rectangular axes,^ Art. 45. 
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49. Perpendicular Idnes. — In this case, 

and tan fi = infinity ; therefore, 

1 + m'm + (m^+m) cos a* = 0, 
aa'+ 66'— (a'6 + a6') cos w = 0, 
AA'-\- BB'-- {AB'+A'B) cos « = 0, 

firom which we get for mutually perpendicular lines, 



m' 



1 + m cos ctf 

m + cos(o 



6^ g — 6coso> 

a' 6 — a cos <o 

^ B — A cos <o 

B' A — B cos 0) 

which reduce to the corresponding results for rectangular axes 
by making 6i = ^. 

60. To find the equatiofi of a straight line which passes 
through a given point, and is perpendicular to a given line. 

First, when the axes are rectangular. 

The equation of any line through the given point P (a;'y') 
is, Art. 86, 

y-y'=m'(aj-a:'), (a) 

and it only remains to so determine m' that this line shall be 
perpendicular to the given line. 

For the given line let the direction parameters be 

m^ = — COtas= — -rrJ 

a B 

according to the form of its equation. Therefore, for perpen- 
dicularity, Art. 46, 



98 PLANE ANALYTIC GEOMETRY. 

mo A 

and (a) becomes 

mo ^ 

according to the direction parameters of the given line. 



Second Solution. — If the given line is 

^ + -By -h (7= Zr = 0, (a) 

then Ba;--4y-|-(7=JJf=0 (6) 

is perpendicular to i = 0, Art. 46. 

But the equation of the line M passing through the given 
point (a?'y') is 

M^M\ 
or Bx-'Ay^C^ Jlf '= J5ic'-^y + C, 

or y — y'=-i (» — »')> 

which is the required equation. 

Second, when the axes are oblique. 

If the axes are oblique, then, by Art. 49, 



m' 



_ 1 + m cos o) ^ a — b cos m _ 5 — ^ cos <o 
m + cos<i> 5 — acoso> ^ — ^coso) 



and the required line is 

m + oos(i) 
and so for the other parameters of the given line. 
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51. To find the equations of the two straight lines which 
pass through a given point and make a given angle with a 
^iven line. 

Y 




Jlf^\ X 



Fig. 26. 



First, when the axes are rectangular. 

Let AB be the given line, P^x't/'^ the given point, and fi 
the given angle which the required lines ND and MJE make 
with the given line. 

For the line iV2>, 0^=0 + j5, and for the line ME, 0" -5+7r~/S; 
therefore, by Trigonometry, Art. 63, for NBy 

tan ff = tan(^+/3) = ^"^ + ^"^ - = m±t^ 
^ ^^ l-tan^tan/3 l-mtsmp 

for ME, tan tf"= tan(tf +^ - ^) = tantf-ta n^ ^ jm-tanj8 ^ 

^ ^^ 1+tantf tan/3 l+mtan)3 

But the equation of any line through P'(x'y') is 
y — y'= m\x — a?') ; 

therefore the equation of NB is 

, m-|-tan5 /^ .v 
^ ^ l-mtan)8^ ^ 

and of Jtfj^ is 

^ -^ l-hmtan^^ ^ 

If )8 = 90^ the equations of both NB and ME reduce to 
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as they should, since the hues coincide, and are then perpen- 
dicular to the given line AB. 

Second Solation. — If the equation of the given line AB is 
xsmO — y cos B — p = P= 0, (a) 

then X SID {e±p)-yco^{e± p) -i>'= P 

is the equation of two systems of parallels, each making the 
given angle /3 with the given line P = 0. 

For the line of each system passing through the given point 

a? Bin(^±)3)-y cos(d±)3) -p'=P'=a?'sin(tf ±)8) -y cos(^±)3)-jp', 
or, y - y= tan(d ±P){x^ x'), 

which are the equations of ND and ME as already found. 

Second, when the axes are oblique. 

In this case, we get from Art. 47, using ± tan)3, 

y_ m8iiitti ±(l-4-mco8(i)) tanff 
Bin (i> :f (m + cos a>)tan fi 

— _ & sin (oqp(a — b cos (ij)taD fi 
a sin u) ± {b — a cos a>)tanj3 

_ As\n<Mi^:(B — A cos <») tan ff 
£ sin 0) ± (^ — 2^ cos <ii)taD ft 

... y > m8ina)±(l+mcosa>)tanff . ^. 

sin ci> 7 (m + cos o)) tan )3 

are the equations of NJD and MHj and so for other values of the 
parameter m'. 

For CD = 90°, these equations reduce to those given for rect- 
angular axes. 



INTERSECTION OF LINES. 101 

For fi = 90% the lines ND and MH are perpendicular to AB^ 
and their equations reduce to 

m + cosoi 
as found in Art. 50. 

Intersection of Lines. 

62. To find the coordinates of the point of intersection of 
two given straight lines. 

Let the equations of the two given lines be 

Ax+By + C= 0, A*x+By + C= 0. 

Let (x^y'') be the point in which these lines intersect ; then 
(x'y^^ is on both lines and must satisfy both equations, and 
thfippfoire 

By solving these equations, we get 

AB'-A'B' ^ AB^-^A'b' 
the required coordinates. 

A A' 
If AB'—A^B = Oj or -=^=-77,, then x' and y' are both infinite, 

If H' 

and the lines intersect at infinity ; or, in other words, are par- 
allel, since their direction parameters are proportional (Art. 45). 
If A5'-^'fi = 0, and also -B (?'--»' (7=0, ^'(7-^(7'=0; 

A B G 

that is, if 2? = ;b? = ^' 

then the values of a;' and y' are both -, or indeterminate, and 

the two lines meet in all points on each, or are coincident 
lines. 

Therefore, two straight lines are coincident when their eorre' 
spending parameters have the same ratio. 
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EXERCISES ON ANGLES BETWEEN GIVEN LINES, AND ON THEIR 

INTERSECTIONS. 

1. Find the angle which the lines dx — y = 5, 23^ — a; = 8 make 
with each other. Ans. 45^. 

2. Show that the lines 4y — da;3=8,6a; + 8y=s25 make supple- 
mentary angles with the axis of x ; and the angle tan~^ ^ with each 
other. 

3. The sides of a triangle are a + 7y + 11 = 0, 8y — a? s= 1, 
3a; + ^ = 7 ; find the acute angles which they make with each other, 
and the coordinates of the vertices. 

Ans. 90% tan-* 2, tan"* ^ ; (2, 1), (3, -2), (-4, -1). 

4. Do the lines 2aj + 8y=18, bx — y^l^ aj — 4y + 10 = meet 
in a point? Find the acute angles which they make with each other. 

Ans. tan-' 4^, tan-*H» tan'^J^. 

6. Find the equations of the two lines which pass through (—8, 1) 
and each make an angle tan~' f with the line 2a$ — 32^ + 7 = 0. 

An8. 6y-17aj — 67 = 0, 18y + a-16 = 0. 

6. Find the equations of the lines passing through the point 
(8,-1), and making angles of 45** with 2y + 8a;s= 6. 

Ana. 5y + aj + 2=:0, y — 5«+16 = 0. 

7. Find the equations of the two straight lines which pass 
through the point (2, 8) and make angles of 80^ with the given line 
8aj + 6y-2=:0, when q> = 60°. 

Ana. 8y + a — 26 = 0, 7y + 8»— 87 = 0. 

8. Find the equation of a line passing through (8, — 1) parallel to 
2y + 8a? — 6 = 0. 

Ana. 2y + 8aj— 6 = Zr'=-2 + 9-6, or 2y + 8a;-7 = 0. 

9. Find the equation of a line passing through (—8,5) perpen- 
dicular to 8y — 2» — 2 = 0. 

Ana. 2y + 8aj — 2 = Zf'=2.6 — 8.8 — 2, or 2y+ 8a;— 1 =0. 
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10. When are the lines 

x-\-(a + b)y + cssO and a{x + ay) + b{x~'by)+ d=sO 
parallel? When perpendicular? Ana. For 6 = 0; for a'— 6"-|-l =0. 

11. A point xy so moves that its perpendicalar distance from the 
line 5x + 12y — 2 = is always ± 5 ; find the equations of the loci. 

An8. 5ajH-12y — 67 = 0, or5ajH-12y + 63 = 0. 

12. A point xy so moves that its perpendicular distances from the 
two lines 5a5+12y+ 6 = 0, 15a;— 8y — 3 = are always equal; find 
the equations of the loci. 

Ans. 110a; -308y- 124 = 0, 280a; + 100y -1-46 = 0. 

Show that these loci are perpendicular to each other. 

Show that these loci pass through the intersection of the given 
lines. 

I 

13. A point xy so moves that its perpendicular distances from the 
lines P= 0, Q = are always equal ; find the equations of the loci. 

Ans. P=Q, P = -Q, or P-Q = 0, P+Q^O. 

Show that these loci pass through the intersection of P = 0, Q = 0. 

14. Find the points on the line a;+2y— 15 = whose perpendicu- 
lar distances from the line 3a; — 4y-|-5 = are 2. 

Ans. (7,4), (3,6). 

16. Find the point equidistant from the three lines 

4»-f-3y — 7 = 0, 5a;-|-12y — 20 = 0, 3a;-f-4y — 8 = 0, 
and its distance from each. Ans. (2,3); 2. 

16. Given the vertices (2, 1), (—4,3), (6, —5) of a triangle. 

(1) Find the equations of the sides. 

(2) Find the equations of the medial lines. 

(3) Find the equations of the lines passing through the vertices 
perpendicular to the opposite sides. 

(4) Find the equations of the lines perpendicular to the three sides 
through their middle points. 
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(5/ Show that the lines of each set (2), (3), (4), meet in a point, 
and find the coordinates of these points. 



8y+ aj— 6 = 0. 
y+ 05— 1 = 0. 
y — 3aj + 23 = 0. 
y — 3a?— 5 = 0. 



(6) Show that the three points thus found lie on a straight line, 
and find its equation. 

Ana. (1) 5y + 4a5 + l = 0; 2y + 3a5— 8 = 

(2) y — 2aj + 8 = 0; 8y + 5aj— 4 = 

(3) 4y — 5a; + 6 = 0; 8y — 2aj — 17 = 

(4) 4y-6a; + 9 = 0; 3y-2aj + 14 = 

(5) a,~i); (¥>¥); (-¥.-¥)• 

(6) 805 y- 1043 a; + 1659 = 0. 

17. Given the vertices (a5'y') , (x'y) , (as^'y'") of a triangle. 

(1) Find the tangents of the angles which the sides make with the 
axis of X. 

(2) Find the condition that the angle at (xy) shall be a right 
angle. 

(3) Find the condition that the sides through (as'y') shall make 
supplementary angles with the axis of X. 

(4) Find the equations of the lines through the vertices parallel to 
the opposite sides. 

(5) Find the equations of the lines through the vertices perpen- 
dicular to the opposite sides. 

(6) Find the equations of the lines perpendicular to the sides 
through their middle points. 

Ana. 

(2) («'- a:" ) («'- aj'") + (y'- y") (y'- y"') = 0. 

(3) (a;'-a^'")(y'-y'0 +(a;'-a;")(y'-y'") = 0. 

(4) y (a?" - «'") - aj(y' - y"') - y' (x" - «"') + «' (y" - y"') = ; 
y(a;"'-a;' )-a;(y'"-y' )-y" (a;'"-a:' )-ha"(y'"-y' ) = 0; 
y(aj' -x")-a:(y' ^yff)^yf^\x^ -.a") + «"'(y' -y") = 0. 
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(5) y (y" - y") + a.(a?" - x"') ~ y (y" - y") - a?' («" - «"') = ; 
y(y"'-y' ) + «(«'"- a?' )-.y'(y'"-y )-x"(aj'"-a' ) = 0; 

y(y' -y") + «(fl5' -a?")-y'"(y' -y")-a?"'(«' -»"^=o. 
(6) y (y" - y'") + «(«" - »"') =K«"' - «'"0 +l(y"* - y"" 

y(y'"-y' ) + aj(aj'"-a?' )=i(aj'"»-a:'» )+i(y'"«-y« 
y{y' -y" ) + «(«?' -aj")=i(a:'« -aj"«)+i(y'« -y"« 

18. Take the side through {x'Y) » («'"y'") as the axis of X, and 
the perpendicular through (x'y') as the axis of F; then the coordi- 
nates of the vertex are (0,y'), and those of the base angles are 
(-a;",0) and («'",0). 

(1) Find the equations of the three sides. 

(2) Find the tangents of the three angles of the triangle. 

(3) Find the equations of the three medial lines, and the point in 
which they meet. 

(4) Find the equations of the three perpendiculars through the 
vertices on the opposite sides, and the point in which they meet. 

(5) Find the equations of the perpendiculars to the sides through 
their middle points, and the point in which they meet. 

(6) Show that the points found in (3), (4), (5) lie on the same 
straight line ; find its equation. 

Aiis. (1) ajy'+yaj'"-.yW'=0; ajy'-yaj"+y'a;'"=0; y = 0. 

(8) («'"- aj")y + 2y'a; - y'(a;'"- »") = ; 
(x"+ 2 a;"')y + y'a- y'«'" = ; 
(aj'"+2aj")y-y'«-yV'=0; (j^^^^ 

(4) y'y-x'"aj-x'W=0; y'y + «"« - «"a5"'= ; 
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(5) 2y'y-|-2aj"aj-f«"*-y'* = 0; 2yV- 2 «'"« + «"' »-2^'«=0; 



lilnes passing through the Intersection of Two Given 

liines. 

63. To find the equaMon of any straight line which parses 
through the point of intersection of two given straight lines. 

In Art. 52 we found the coordinates (a;'y') of the point in 
which the two given lines 

intersect ; then, by Art. 36, 

is the required equation of any line passing through the point 

Second Solution. — Let I and m be any two arbitrary factors; 

then 

IL + mM^ 0, (a) 

or l{Ax + By-\-C) + m{A^x + Sy + C") = 0, 

is the required equation ; first, because it is of the first degree, 
in X and y, and thus represents some straight line ; and second, 
because (L = 0, M= 0), or (a;'y') the coordinates of the point 
in which the two given lines intersect, reduce both of its terms 
to zero, and thus satisfy it. 

If we put m : I =-i, then equation (a) can be written 
L + hM — Q. Since k is arbitrary, we may find the line ful- 
filling one additional condition, such as passing through a given 
point, or making a given angle with the axis of X. 
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The lilies L = and M=0 make two angles with each other 
which are supplementarj ; the one in which the origin lies is 
called the internal angle^ and the other the external angle. If 
'Zr + AjJf = represents all lines lying in the external angle, 
then L — kM=0 will represent all lines lying in the internal 
angle, since for k=0 we have i = 0, and k must change signs 
in passing through zero. 

For example, if the line, besides passing through the point 
(i = 0, -3f=0), or (aj'y')» Hii^t also pass through the given 
point (a;"y"), then the condition for determining A: is 

^ ' 3f" A'xf'+BY+C 

and the required equation is 

M"L - L"M= 0, 



or 



j^+By+c- fJ+^:+^M '-+^y+c')^<>- 



If the line passing through the point (i = 0, i!f=0) must 
also pass through the origin, then (aj"y") becomes (0, 0), and 
the equation just found reduces to 

(^C- AV)x + (BC- BV)y = 0. 

64. To find the equoMons of the two lines which bisect the 
angles made by two given lines. 

Let the equations of the two given lines MC and M^ C be 

a;cosa +ysina — p =P=0, (a) 

X cos a'+ y sin a'-'p'= Q = 0. (b) 

The line BC which bisects the angle. MCM^ in which the 
origin lies is called the internal bisector; the line BO which 
bisects the angle NCN\ supplementary to MCM\ is called the 
external bisector. 
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The origin and any point B(xy) on the internal bisector 
always lie on the same or on opposite sides of both MC and 
M' (7, and therefore the perpendiculars BM and BM' always 
have the same sign (Art. 42) ; while the origin and any point 
B (xy) on the external bisector always lie on the same side of 
one of the lines and on the opposite sides of the other, and 
therefore the perpendiculars J?i\rand BN^ always have opposite 
signs. 




Fio. 27. 



The length of the perpendicular from any point B(xy) to 
the line MC = P^ and to the line MC'=Q, Art. 42. Since 
these perpendiculars are equal for all points B(xy^ on the 
bisectors, we have 

P=Q, or P-Q=:0, 
for the equation of the internal bisector, and 

P=-Q, or P+(2 = 0, 
for the equation of the external bisector. 

If the perpendiculars P and Q are not equal, but proportional 
to the two arbitrary constants p and ;, then 
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|^ = -|, orP-|(2=0, ori>-A:e = 0. 

is the equation of any line lying in the internal angle MCM\ 
and 

1^ = -- 1, or P+|(2 = 0, or P+A:(2 = 0, 

is the equation of any line lying in the external angle NONK 

Of the two lines P — kQ = and Q — kP = 0, which corre- 
spond to reciprocal values of Af, P^kQ = makes the same 
angle with P = that Q — kP = makes with ^ = 0, since 
their bisectors are 

P-kQ^:{Q^kP):=^PTQ^O, 

the same as the bisectors of P = 0, Q = 0. 

It the equations of the given lines are 

then the equations of the bisectors are 

Ax + By + C A^x + By + G^ ^^ 

If the axes are oblique, then 

Ax-hBy+C ^ Ax-hBy+C' ^^ 

V^* + JB*-2ulBco6c«i ■y/A^+B*-2A'Bco&<a 

or «cosa-|-y oos(q»— a) — |>q: [a? oosa'+y cos(o>— a') — iJ']= 0, 

are the equations of the bisectors. 

The equations of these bisectors may be written 

^cosaT-T;<5OSa'=0, Or ^sin^T— ;sind'=0, 
A A A A 

both for rectangular and oblique axes. 
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66* To construct the equcMons P if A;Q = and L ip kM=sO. 

I. The equations P ^ kQ = 0. Take the two lines OPq and 
CQo (Fig. 28), whose equations are 

X cos a -I- y sin a — p = P = 0, a? cos a'+ y cos a'— 1>'=5 Q = 0, 

as coordinate axes, and their intersections C7(P = 0, ^ = 0) as 
the origin, a point through which the required lines must pass. 





' Fio. 28. 



Fio. 20. 



The perpendicular coordinates of the point of intersection of 
any two lines P and Q^ respectively, parallel to the axes, are 
(P, ^), Art. 42. If k= ± p:q, the points t (/?, q) and t'(—pi q) 
are the intersections of the parallels/? and — /? to P = 0, by y 
the parallel to ^ = 0. Draw the required lines Ct and Ct', 

If (P, Q) are the corresponding coordinates of any other 
points on these lines, then, for Ct^ 

Q q Ct'Ct BintCoJ 

which shows that k is the ratio of the sines of the two angles 
into which the line Ct divides the internal angle PqCQq, 
For Ot^, 

J^ = -A;=:-£ = --^ . y _ sint^OPo 
Q q (X'CV sint'CQo 
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which shows that — A; is the ratio of the sines of the two angles 
into which the line Cit' divides the external angle PoC^CV If 
■ we suppose the line Ct to revolve into the position C%', we see 
that p equals zero and changes sign as Ct coincides with and 
passes P = 0, and that the angles iCPq and t^CP^ are measured 
in opposite directions. It also appears that U = %t\ and that 
P = bisects the portion of any parallel to ^ = 0, intercepted 
between Ct and CV. 

When Ct and CV are bisectors, q= ±p^ ft = ± 1, and their 
equations are P ^ ^ = 0. 

II. The equations L T kM= 0. Take the two lines CLq and 
CMq (Fig. 29), whose equations are 

as axes, and their intersection (7 (i == 0, itf = 0) as the origin, a 
point through which the lines must pass. Let ft = ± m : Z, 
« instead of ± Z : m, to conform to the notation of Art. 53. The 
ratio of the distances, measured on the axis of JT, of the par- 
allels L and m from i = 0, and of M and I from M= 0, are 
L : m and M : Z, Art. 48. To find the points (± m: Z). Draw 
through the origin a parallel rr^ to the axis of JT, on which lay 
off Cr'— ± m and Cr = I. Through the points r' draw parallels 
to i = 0, and through r a parallel to M= 0. The points t and 
t' thus found are on the required lines Ct and C%', whose equa- 
tions are 

-^ =^, or L:^kM=(^. 



±m I 

As before, the intercept tV on the parallel to M= is bisected 
by i = 0. These equations may be written 

4g8ineT^l>8ine'=0. 
A A 

When Ct and CV are bisectors, q=±p^ and their equations 
are 

4 Bine:F~8infl'=0. 
A A: 
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66. To find the condition that three given straight lines 
shall intersect in the same point. 

Let their equations be 

^ + -B^ + (7 = Z = 0, (a) 

Ax + By + C = M= 0, (&) 

A'x + B"y + C"= iV = 0. (c) 

The coordinates of the point of intersection of either two 
must satisfy the third, if all three pass through the same point. 
Substitute the coordinates (a:'y') of the point of intersection of 
(a) and (6), Art. 52, in ((?), and 

AHBG^-^BC) , B\A'G--AC^) ^,,^^ ,,. 

AB-AB "^ AB'-AB "^^ ' ^ ^ 

or A\BC'-B'C) +B'\A'C-AC') +G'\AB''-A'B)^Oy 

or AiBC-'B^C) +B{C'A"^ C"A') +C{A'B'-A'ff)=^ 0, 

or A{B'C^'-B^V')-\-A'{B"G -BO") +^"(-BC'-5'C7) = 0, 

are different forms of the required equation of condition. 

This is the relation which must exist between the nine par- 
ameters of the three given lines if they pass through the same 
point. 

Second Solution. — We already know, Art. 53, that 
ZZ + mif=0, 
or QA + mA')x + (IB + mB^)y + ?C + mC"= 0, 

represents any line passing through the point (iy = 0, -if=0). 
If now the third line 

is coincident with one of the lines IL + mM= 0, it will also pass 
through the point (i = 0, iff = 0). 
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« 

But for coincidence, Art. 52, 

lA 



+ mA' _ lB + mB' __ lC + mC* __ 
A" B'' C" ^' 



— n being any arbitrary constant. It follows then that if 
values of 2, tti, n can be found which satisfy the identity 
lL + inM+nN'=Oy or the equivalent equations of condition, 

lA + mA^+nA" = Oj 
IB + mB + nB" = 0, 

the three given lines will pass through the same point. 

If we eliminate 7, m, n from these equations of condition, the 
resulting equation will express the required relation (d!) already 
found between the nine parameters of the three given lines. 

If, however, values of Z, m, n cannot be found which satisfy 
the above equations of condition, then the line N= will not 
pass through the point (i/=0, Jf=0), but the three given lines 
i=0, Jlf=0, JV=0 will form a triangle. 

In this case the line lL + mM=0 passing through the ver- 
tex (iy = 0, Jf=0) will intersect the opposite side jy=0 in 
the point*(/2i + mM. -flT), and the equation 

lL + mM+nN:=0, 

instead of being indeterminate, will represent some straight line 
passing, through this point of intersection. 

But the symmetry of the equation shows that this line, which 
is called a transversal^ will also intersect the side ir = 0, in 
the point (mM+nN.L)^ and the side^iK"=0 in the point 
(nN+ IL. M^. If, then, we construct the triangle given by the 
lines i =0, Jlf=0, iV^=0, and then for given values of i, ?», n 
construct the lines IL + Mm = 0, mM+ nN = 0, nN+ IL = 0, 

* The point (/£+ mJf=0, 2V^=0). This notation is need for breyit^. 
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they will meet the opposite sides ; the three points thus found 
will lie on the transversal whose equation is 

IL + wif H- n^= 0. 

Assuming, as we may, that the origin of the xy coordinates is 
within the triangle, and its angles are internal, then for all pos- 
itive values of Z, ?n, n the corresponding lines 

ZX + mJlf=:0, mM'^nN=0, nN+lL = Oy 

through the vertices of the triangle will all lie in the external 
angles, and the transversal 

IL H- mM+ nN=: 

will cut all the sides produced, or externally ; while the 
transversals 

lL + mM—nN==0, lL — mM+nN=0, —lL + mM+nN==0, 

will each cut the respective sides i>r=0, iK"= 0, i = exter- 
nally, and the other two internally. 

If the equations of the sides of the triangle are given in their 
normal forms P = 0, Q = 0^ jB = 0, then the above transversal 
may be written 

IP-^mQ + nR^O, 

which is called the trilinear equation* of the straight line. In 
this case the three sides of the triangle are taken as axes, and 
(P, Q^ R) are the perpendicular coordinates of any point on 
the line, since, by Art. 42, P, Q^ R respectively represent the 
lengths of the perpendiculars from any point (xy') on the three 
axes whose equations are P = 0, ^ = 0, -B = 0. 



* Thd student who wishes to see a full discussion of the method of trilinear 
coordinates, with applications, may consult a work on '* Trilinear Coordinates/' 
by N. M. Ferrers; or "Trilinear Coordinates and Other Methods of Modem 
Analytic Geometry of Two Dimensions/' by William Allen Whitworth; or 
Salmon's "Conic Sections." 
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67. To find the ratio of tJie segments into which the line 
Ax + By + C=L = divides the line joining the two given 
points {x'y') and (a^'y"). 

The distances between the parallels to i = through the 
given points (a?'y')» (a^''^")' measured on the axis of -X, are 

—7- and -7-, Art. 48, Since Jv = divides the distance between 
A A 

the given points (a:'y'), (a;"y") into segments proportional to 

—r- and — T-, the required ratio is ± -zttt, according as the sec- 
A A Jj" 

tion is internal or external, Art. 5. 

68. A transversaZ cuts the sides of a triangle opposite to 
the angles A{id%f), B{xy*), C{x"Y') in the points A', B\ G\ 

C^B'AC'B'A 

Let 7=0 be the equation of the transversal; then, by 
Art. 57, 

4^^±TL, M'=4:^ ^^±T!1. 

C^B T"' AG T"'' BA T ' 

and since the number of external sections must be odd, we 
have 

• AG'BA'CB' T' T" T'" 



C'B'A'C'B'A T" T'" T' 



= -1. 



59- Lines passing through any assumed point O(ci^y^) 
and the vertices A{x'y'), B{xy), C{x"Y') of a triangle cut 
the opposite sides in the points A\ B\ C". Prove that 
AC'BA'CB' ^ . 
C'B'AO'B'A ' 

The line through OCaTy^^ and A(x^y^^ is, Art. 89, 
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and it cuts the opposite side BCin the ratio 

^^' =± (y'-y^)^' -{^-^)if^ -\-x'y'^-sry' 

AQ (y'-2r)iB"'-(ic'-«''')y"'+«'y'^-«'V 

^ . ^{r/'-r)+^'{r-y') + ^{y'-y') 
x\r- y'") + ^\y'"-y') + ^'\}f- yn 

In like manner, 

P^ ^ + <^'(y'''-7r) + a?^''(y'^- y") + ^(y"- y"') ^ 

BA x^iy"" y'^) + sd' (y"^- y') + aPCy*- y") 

^g^ ^ + ^(y^-y"') + g^(y"'- y') + a?^'^(y- y^) 

(7'J5 aj"(y'"- y^) + a:'"(y'^- y") + aj'^(y"- y'") 

Since the number of external s^tions is even, we have 
AG'- BA' CB 



GBACBA 



= + 1. 



60. In the following elementary propositions relating to the 
triangle, let 

A^ B^ Cj denote the angles ; 

a, by (?, the lengths of the opposite sides ; 

P = 0, ^ ^ 0, jB = 0, the normal equations of these sides ; 

(^PQB)y the trilinear coordinates of any point (a:y) in the 
plane of the triangle, all positive when the point is within the 
triangle; when the point, in moving from within to without 
the triangle crosses a side, the corresponding coordinate will 
change sign to minus. 

A, the area of the triangle. 

I. To find the area of the triangle ABC in terms of the 
trilinear coordina^tes {PQR) of any point in the plane of the 
triangle. 

Join the point with each vertex. The algebraic sum of 
the three triangles thus formed is equal to the given triangle. 
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The double areas of these triangles are aPy b Q^ cR^ and there- 
fore 

aP+6Q+0=2 A=2 V«(a-a) («-6) (s-c) (Trig., Art. 150) 

=y'(a"-a?"') +2^' («"'-»') +y"(»'~«"), (Art.7) 

which expresses the constant relation between the trilinear 
coordinates of any point. 

Since -^ = ^=: ^= *, (Trig., Art. 144) 

8in-4 smJJ sinC 

this relation may be written 

aP+ 6Q + ciJ= 2A = A;(P8in^ + Q Bin B + r sin (7). 

11. To find the radii and tlie centres of the inscribed, 
circumscribed, and escribed circles, in terms of trilinear 
coordinates. 

Let n and Re denote the radii of the inscribed and circum- 
scribed circles, and r^ rt, r^, the radii of the escribed circles 
which are tangents externally to the sides a, by Cy respectively. 

By Trigonometry, Arts. 151, 162, 153, 

8 4A s^a s—b « — c 

in which 2s = a + b + c. For the inscribed circle 

n == P, centre is \_P=Q=:R.'\ 
For the circumscribed circle the radius 

-Be=Psec^= QsecB=i2BecO. 
For the escribed circles 

r.= -P, centre is [-P==Q=2?]; 

rj = — Q, centre is [P= — Q = 1?] ; 

r^ = — iJ, centre is [P= Q = — JB]. 
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III. To find the equations of the internal and external 
bisectors of the angles -4, J5, C7. 

The required equations are 

P±Q = 0, Q±i? = 0, 2?±P=0. (Art. 54) 

A simple solution is as follows : 

By Geometry, the centre of the inscribed circle is at the 
intersection of the three internal bisectors of the angles ; and 
the centres of the escribed circles are at the intersections of the 
external bisectors of two of the angles and the internal bisector 
of the third angle. 

But by IL9 the coordinates of the centre of the inscribed 
circle are P = Q = R\ or 

are the equations of the internal bisectors, since each is satis- 
fied by the coordinates of a vertex and of this centre. 

The coordinates of the centre of the escribed circle r« are 
-P^Q-=By or 

are the equations of two external bisectors and an internal 
bisector, since each is satisfied by the coordinates of a vertex 
and of this centre. 

For the centres, r^ and Tc the equations are 

Q + JB = 0, ii + P = 0, P-.Q = 0. 

IV. Ea/!h intemaZ bisector bisects the angle between the 
other two external bisectors. 

The internal bisector of the angle between the external 
bisectors P+^ = and jB + P==0 is 

P+Q-(i2 + P)=Q-i2 = 0, 

the third internal bisector ; and so for the others, which proves 
the proposition. 



ELEMENTARY PROPOSITIONS ON TRIANGLE. 119 

V. To find the equoMons of the lines drawn through the 
vertices and the centre of the circumscribed circle. 

For the centre, P8ec-4. = Csec-B = -Bsec (7, by IL, and the 
required equations are 

P8ec-4— QsecJB^O, Qsec^ — B8ecC=0, iJsecC — P8ec-4 = 0, 
since each is also satisfied by the coordinates of a vertex. 

VI. To find the equations of the medial lines in trilinear 
coordinates. 

The medials divide the triangle into two equal parts. The co- 
ordinates of the middle points of the sides a, J, c are (0, Q^ i2), 
(P, 0, iZ), (P, C, 0), and the equality of the triangles give 

the required equations of the medials. 

These equations may be written (Trig., Art. 144) 
QsinJB-jRsinO^O, Bsin C-Psin^=0, P8in^-Q8in5=0. 

These medials pass through the same point, since the sum of 
their equations is zero (Art. 56). 

VII. To find the equations of the lines drawn through the 
vertices perpendicular to the opposite sides. 

By Art. 55, 

P^ 8inJ?(7(7 _ co8B 
Q sin ACCP cos A 

Therefore 

Pcos-4— Qcos jB = is the equation of CC; 

similarly 

QcosP— jBcos (7=0 is the equation of AA\ 

and iJcos C7— Pcos-4 = is the equation of BB\ 
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These lines pass through the same point since the sum of 
their equations is zero (Art. 56). 

Vin. To find equaMcns of the transversals which pass 
through the points in which the bisectors of the angles meet 
the opposite sides. 

First, the external bisectors. The external bisector P+(?=0 
meets the opposite side jR = in the point (P + Q^ R% and the 
equation 

P+Q+R^O 

represents a line passing through this point. 

But the symmetry of this equation shows that the line also 
passes through the points (^ + jB, P) and (B + P, ^), and is 
therefore the required equation. All three points are points of 
external section. 

Second, the internal bisectors. In this case the transversals 

are 

P-Q + i? = 0, Q-iJ + P=0, iJ-P+Q = 0, 

each of which passes through two points of internal and one 
of external section. 

IX. To find the equaMons of the transversals which pass 
through the points in which the lines drawn through the 
vertices and the centre of the circumscribed circle meet the 
opposite sides. 

The line QsecB-R sec <7= 0, through ^(^ = 0, B = 0) and 
the centre of the circumscribed circle meets the opposite side in 
the point (^ sec P — jB sec (7, P), and 

QBecB-jBsecC + Psec^sO (a) 

is the equation of some line passing through this point. But 
the equation shows that the line also passes through (P sec A 
— 12 sec (7, Q\ the point in which the line through B(^P = 0^ 
iZ = 0) and the centre meets the opposite side. Therefore (a) 
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is the equation of one of the transversals; the equations of 
the other two are readily found to be 

QsecB + i2sec(7 — Psec^sO, - Qsec^ + iZsecO+Psec-dsO. 

X. To find the equations of the transversals which pass 
through the points in which the mediaTs meet the opposite sides. 

The medial aP^bQ = meets the opposite side jB = in 
the point (aP — bQ^R)y and the equation 

aP-6Q + ci2 = 

represents a line passing through this point. But this equation 
shows that the line also passes through the point (cR — bQ^ P) 
of internal section, and through the point (aP + cBy Q^ of 
external section. Therefore 

is the required equation of the transversal 

The other two are 

aP+hQ-cR^iO, -aP+6Q + c5 = 0. 

These equations may be written (Trig., Art. 144) 

P sin ^ + Q sin J5 - U si n C = , 

Psin^-Qsin5 + ij8in(7=0, 

- P sin ^ + Q sin J5 + 5 sin (7 = 0. 

XI. To find the equoMons of the transversals which pa^s 
through the points in which the perpendiculars meet the 
opposite sides* 

By VII., the equation of the perpendicular through (P = 0, 
^ = 0) is P cos A— Q cos -8 = 0. This perpendicular meets 
the opposite side in the point (P cos A— Q cos J?, jB), and 

Pcos^- QcosP + -Bco8C=0 

is the equation of some line passing through this point. But 
this equation shows that the line also passes through the point 
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(J? COS C— Q cos B, P) in which the perpendicular through 
(^=0, J? = 0) intersects the opposite side, and is therefore 
the required equation of one of the transversals. 

The other two are 
Pco3A+QcosB-RcosC=0, -Poos ^+ Q cos B+-B cos (7=0. 

61 - Given the egioations of the sides of a complete qiuadri- 
liiteraZ, to find the equations of its three diagonals. 




Let ABCD be a quadrilateral; produce the opposite sides 
till they meet in the points 0' and O"; then the lines A0\ 
AO^' and B0\ DO'^ form the complete quadrilateral; A (7, BD, 
0' 0" are the three diagonals whose equations we are to find. 

Let the equations of A0\ AO", B0\ DO'* be K=Q, i = 0, 
M = 0^ N—Oy as in the figure. Since the diagonals pass 
through the intersections of the given sides, we must find values 
of the arbitrary factors k^ 2, m, n which will make the equa- 
tions 

kK+lL =0, and mM-\-nN:=Oy represent -4C ; 

IL -|-mJlf=0, and kK '\-nN=0^ represent JBD ; 

kK-^mM^O^ and IL +n^=0, represent O'O". 

By Art. 56, 

kK+ IL -f mM=^ 
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is the equation of the transveraal D0'\ which must be coinci- 
dent with N=0, Therefore, the values of A:, Z, w, n which 
satisfy the identity 

fciT-f IL + mM+ nN= 0, 

or the equivalent equations of condition, 

kA + lA' + mA" + 71^'" = 0, 
kB -f IB' + mB'' H- nB'*' = 0, 
kC + IC + mC" + nC" = 0, 

for coincidence, will, by substitution, give the required equations 
of the diagonals AC, BD, 0'0'\ 

These three equations of condition will determime any three 
of the four arbitraries, as A, Z, w, in terms of the fourth, n, to 
which we can assign such a value as will make h^ Z, m^ n the 
least integers. 

If, however, the transversal kK+ IL + mM=^Q is not coinci- 
dent with iV=0, then the equation 

kK-^ IL + mM+ nN= 

is not an identity, but represents a straight line passing through 
the point (kK+ IL^ mM+ nN^ in which the two lines drawn 
respectively through the opposite vertices -4.(^=0, i/ = 0) 
and C(^M=Oy i\r=0) intersect; also through the point 
(AjfiT+wiV, mM+lL)^ in which the two lines drawn respec- 
tively through the two opposite vertices D(^K = Oj JiV=0) 
and B(^M=Oy i/ = 0) intersect; and also through the point 
(^kK+mM^ nN+lL)^ in which the two lines diawn respec- 
tively through the two opposite vertices 0\K — O^M = Q^ 
and 0"(-ZV^= 0, Z = 0) intersect. 

If, then, we construct the quadrilateral given by the equa- 
tions ir= 0, i = 0, ilf = 0, iV= 0, and then for given values of 
i, Z, ?n, n construct the lines through the six vertices, we shall 
find that the intersections of the lines through opposite vertices 
all lie on the line kK+ IL + mM-V nN^ 0. 
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EXERCISES ON LINES THROUGH THE INTERSECTIONS 

OF LINES. 

1. Find the equation of any straight line passing through the 
intersection of 2a5 + 3y + 1 = 0, So? — 4y — 5 = 0. 

Ans. (2 + 3A;)aj + (3-4A;)y = 5A;-l. 

2. Find the equation of a straight line passing through the origin 
and the intersection of a? + 3y — 2 = 0, 2a?— 3y + l = 0. 

Ans. 5aj — 3y = 0. 

3. Find the equation of a straight line passing through the point 
(2, —6) and the intersection of 2a5 — y — 7 = 0, aj+3y + 2 = 0. 

Am. 24iB — 5y — 73 = 0. 

4. Find the equation of a straight line passing through the inter- 
section of 2a; — 3y + 1 = 0, a; + 2y — 5 = 0, and parallel to the line 
aj + 4y — 2 = 0. Am. 7a5i+28y — 57 = 0. 

6. Find the equation of a straight line passing through the inter- 
section of 3aj + 2y-|- 7 = 0, 2a; — 6y — 3 = 0, and perpendicular to 
the line a; — 3y - 2 = 0. Ans. 57a; + 19y + 110 = 0. 

6. Find the value of k in terms of the tangent of the angle which 
any line passing through the intersection of 3a; — 2y + 7 = 0, 
a + y — 5 = makes with the axis of X. ^ , _ 2 tang — 3 

tan^ + l ' 

7. Find the length of the perpendicular dropped from the origin 
on any line passing through the intersection of 

ascosa + ysina— 1> = 0, a;cos/? + y8in/3— 1)'=0. 

Ans. P + T^P* 

Vl -f A;«+ 2ifc cos (a — /?) 

8. Find the equations of the bisectors of the angles between. 
3aj + 4y — 9=0, 12a; + 5y — 3 = 0. 

Ans. 7a; — 9y + 34 = 0, 9a;+7y— 12 = 0. 

Show that these bisectors are perpendicular to each other. 

9. Find the equations of the bisectors of the angles between 
4y4-3a;-12 = 0, 3y + 4a;-24 = 0. 

Ans. y-a;-(-12 = 0, 7y+7x — 36 = 0- 
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Am. xeosh(a + p)^^+ysiuh(a + p)+ |] = 2^ 



10. Find the equations of the bisectors of the angles between 
a5cosa + y sina— j} = 0, a^cos/S + j^sin/?— j)'=0. 

sini(a — /3) 

XC0Si(a + i8)+y8ini(a + ff)= f +y' ■ 

11. Find the equations of the bisectors of the angles between 
yssmx+bj yssm'x + V. 

Am. y=.a^tanrKtf + y) + ;1 + ^^^"^r^''^>^ '' 
^ \J^ ' 2j^ costf-costf' 

y = «tani(e + (?')+^^^4±^^'. 
^ ^ costf + costf' 

12. Do the lines 5 a?+ 3 y- 7=0, Soj— 43^-10 = 0, 7aj+10y-4=0 
meet in the same point? Apply second solution of Art. 56. 

13. Do the following lines meet in a point? 

17aj — 3y — 25 = 0, 7a?+9y + 17 = 0, 5aj-6y-21=0. 

14. Do the sets of lines in Ex. 8, Art. 40, and Exs. 17, (4), (5), 
(6), Art. 52, meet in a point? 

15. For what values of A^ B, C will the line .^ + %+C7=0 
pass through the intersection of 2a: — 5y -1-7 = 0, 4y — 5a; — 2=0? 

Ans. J. = 3, -B=l, (7=-5. 

16. For what values of a and p will the line x cos a + ysina— 2>=0 

pass through the intersection of3a;-t-4y=12, 5a;— 12y=3? 

171 
Ans. a = tan~\— ^), p = 

8V65 

17. The equations of two straight lines APB and CPD are 
a; + 33^— a = 0, y — a; + a = 0. Find the equations of two straight 
lines passing through P, such that the ratio of the sines of their 
inclination to AB and CD may be as 1 : \/5. Ans. y = 0, y -}- a; = a. 

18. Given the equations of the sides of a triangle, 

8y-2aj-^6=Zf=0, 4y+3»-12=J»f=0, 5y-2a;-|-10=^=0. 

When Z=l, m = — 2, n = 3, find the equations of the lines pass- 
ing through the vertices of the triangle, and also the equation of the 
corresponding transversal. Ans. Transversal, 5y — 7a5 + 24s=»0. 
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19. Given the equations of the sides of a quadrilateral, 

2a; + 3y— 4a = ir=0, aj + 6y — 7a = Jf=0, 
2aj + y-a = Zf = 0, Sa;- 2y + 2a = -y=0. 

Find the equations of the three diagonals. 

Ans, 4aj + 4y — 6a = 0, a — 5y + 6a = 0, a — 3y + 3a = 0. 

Also show that for A; == 1 , 2 = 2, m = 3, n := 4, the pairs of lines 

6a?-|- by- 6a=0 ) 7aj+203^-23a=0 ) 8a;- 3y+ 3a=0) 
15a;+10y-13a=0 J * 14aj- by+ 4a=0 ) ' 5aj+2l3^-25a=0 J ' 

which pass through the external angles of each pair of opposite 
vertices, will intersect on the line 21 a$ + 15^ — 19 a == 0. 

20. If P=0, Q=:0, /i = 0, /S=:0, are the normal equations of 
the sides of a quadrilateral, then the intersection of the bisectors 
of the external angles of each pair of opposite vertices will lie on 
the line P+Q-f ^ + fi' = 0. 

21. Let Zrs=0, Jlf=0, iVssO be the equations of the sides of a 
triangle. Draw any parallel to the side 2i=>0, make r«s=dt, and 
rV=8't', and complete the construction as in the figure. Find the 
equations of the lines 00', CCy', B0\ BO"', 00\ (y'a'\ and show 
that 00* and O^'O''' pass through the vertex A. 
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Eiquations above the First I>egree which represent 

Straight Lines. 

62. We already know that an equation of the first degree 
represents a straight line. If, then, any equation above the first 
degree can be resolved into first degree factors, it will represent 
the straight lines determined by these factors. 

63. A homogeneous equation of the nth degree in x and y 
will represent n straight lines passing through the origin. 

Let the equation be 




Denote the roots of this equation by m^ nh, nh, ..., tn^ ; then, 
by the theory of equations, the equation 

is identical with the given equation, and is satisfied by the n 
equations of the first degree, 

and by no others. The given equation therefore represents n 
straight lines passing through the origin. 
For the given equation 

-4(y-6)* + 5(y-&)'*-*(aj-a)+ — +2i(aj-a)'* = 0, 

the n first degree equations are 

y — & = mjt(a;— a), y— 6=m,(a;— a), •••, y— 6=m«(a5— a), 
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and the given equation represents n straight lines passing 
through the point (a, J). 

64. To find the condition that the general equation of the 
second degree 

A]i?^2 Hxy + B2/« + 2G^ + 2i?V + C=0 (a) 

shall represent two straight lines. 

Suppose that the required first degree factors are Ix + my + n 
and Vx + m^y + n\ then 

(Ix + my -I- n) (Vx + m^y + n') = 0, 

or ri'a'-f (Zm'+Z'm)icy +mmy4- (ln^-{'Vn)x+ {mn^+m^fC^y+nv!^ 0. 

must be identical with the given equation (a). 

Therefore, by equating coefficients, 

2£r= Zm'-f^'m, 20 = ln''hl'n, 2J'=mn'+m'n. 
The product of the last three equations is 
SFQH^ 2lVmm'nn'+ lV(m^n'^ -\- m'W) 

which reduces to 

ABO''AF*-BGP-CH^ + 2FGH=:0, 
the required condition. 

A simple way of obtaining this condition is to solve the gen- 
eral quadratic (a) for x or y. Solving for y, we get 

By+Hx+F=±^l{H^-AB)af+2(HF--B0)x+F*^BG'], (b) 

which reduces to two equations of the first degree, if the quan- 
tity under the radical is a perfect square* 
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The condition for this is 

(IP - AB) (2^« - BG) = (HF - BGy, (c) 

which readily reduces to the required condition found above. 

The factors (JB}—AB) and (JF^—BC") must have the same 
sign, and if either is zero, HF—BQ- will be zero also. 

By introducing condition (js) into equation (i) it becomes 
B^Z + fiiB + F 



and now represents two straight lines which are 

Real and intersecting for H* — AB > ; 
Real and parallel for S^— AB = ; 
Imaginary and intersecting for B}—AB < 0. 

If S^--AB and F^ — BO are zero at the same time, then the 
two parallels are coincident. 

66. To find the equaMon of the two straight lines repre- 
sented by the equaMon Asf + 2^a^ + B^ = 0. 

Solving for y : a:, we get 



y_ H±^H^'^AB 
X B 

Therefore, 

y- — ^B ^' ^^ B ' 

or y — mx^Oy y — m'aj = 0, 

are the required equations. 

These lines are real if iP--4J5 > ; coincident if JP--AJ5=0; 
and imaginary if H^ — AB < 0, but pass through the real point 
(0, 0). 



\ " 
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66. To find the angle between the two straight lines given 
by the eqiuUion Ax? + 2Hxy + B^ = 0. 

Write the equation in the form 



(^) 



itY+fs^4_„. 



If 971 and m' are its roots, then, by Art. 20, 

from which we get 

, 2VIP-AB 
wi— wi ^ — • 

If fi denotes the required angle, then, by Art. 44, 



ta n^ m'-m _ 2VH^-AB 
'^ 1 + m'm A + B 



If the two lines are perpendicular to each other, then 
-4 + -B = 0, or the coefficients of a? and y* are equal with oppo- 
site signs. 

If the axes are oblique, then, by Art. 47, 



ta ft— (m'—m) sin ft> _ 2^/ IP— AB sin lo 

1+ m'm + (m'+m) cos w A+B-'2Hcoa(a 

and the lines are perpendicular to each other if 

^ + B-2fi'coso>=0. 

67. To find the eqiuitions of the bisectors of the angles 
between the lines represented by Aa? + 2 Hxy + Btf = 0. 

If the two lines given by this quadratic are 
y — nuc =s 0, y — m'o? = 0, 
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then, by Art 64, 

y — mx _ ^ y — m'x ^^ {y-^mxY _ (y^-m'xy ^ 

is the equation of the two bisectors, which reduces to 
Hy' + {A-B)xy-IIaP = 0, 

by substituting the values of m and m' found in Art. 65. 

Second Solution. — Suppose that 

ysstanyjc and y = tan[y + - Va? 

are the equations of the bisectors of the angles between 
y~mx = and y—in'x = 0. Then 

and in both cases 

tan2y = tan(fl'+fl), 

2tany tan0'+tan0 m*+m 

or - ' — ss ————^—^—. ss : , 

1 — tan^ 1 — tantf'tan^ 1 — m'm 

which reduces to 

Hy^ + {A^ B)xy - Ha? = 0, 

since tany = 2, w/+m=: — — , m^m=^- 

These bisectors are real lines, even when the lines y— 7na;=0, 
y — m^x = Q are imaginary. 
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EXERCISES ON EQUATIONS ABOVE THE FIRST DEGREE WHICH 

REPRESENT STRAIGHT LINES. 

1. What loci do the following eqaations represent ? 

(1) ajy = 0. (4) a?-6a:y + 6^ = 0. (7) y«-aj^ = 0. 

(2) y»-.a?=0. (5) a» + ay = 0. (8) y*-a?* = 0. 

(3) y' + s? = 0. (6) xy^ax=:0. 

Ans, (1) a;=0, ^=0, the coordinate axes. 

(2) y — a; = 0, ^ + a; = 0, the bisectors of the angles between 

the axes. 

(3) y=±ajV— 1, a pair of imaginary lines through the 

origin. 

(4) The lines a; — 8y = 0, » — 2y = 0. 

(7) The real line y — a; = 0, and the two imaginaries 

2. What loci are represented by the following equations? 

(1) (a;-a)(y-6)=:0. (4) (y-3a+8)(aj+3y-9) =0. 

(2) (a;-a)* + (y-6)" = 0. (5) y»-2a?ysec# + aj» = 0. 
(8) (aJ-y+a)*4-(aJ+y— a)'=0. (6) aj"-f 2a^oot2tf-^ = 0. 

Ans. (1) A parallel to each axis through (a, &) . 

(2) A pair of imaginaries through (a, b). 

(3) A pair of imaginaries through (0, a). 

(4) A pair of perpendiculars through (Ij-^)- 

(5) «-ytan^j±ifl^=0. 

(6) y = a;cot0; y = — ajtantf. 

8. Find the angles between the lines 

a' + icy — 6y*=0, and a" — 2a?ysecfl + y' = 0, 
and the equations of their bisectors. 

Ans. ^; fl; y"-f 14ajy-aj"«0; y"-aB^=sO. 
4 
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4. Find the equation of the bisectors between the pair of straight 
lines a*—5icy + 6y^ = 0. Ana. 5 aj*— lOicy — 52/^ = 0. 

5. Show that the pair 6a:' + 5ajy — 6y* = intersect at right 
angles. 

6. Show that 6 a? + 5«y — 6^*= is the equation of the bisectors 
of the angles between the pair 2a:'-|-12aj^-H7y* = 0. 

7. Find the lines represented by a?— 5 ajy + 4y^+ aj + 23^ — 2 = 0. 

Ans. ^ — x-|-l = 0, 43/ — a — 2 = 0. 

8. Show that 4a:»- 12a^ + 9/-4a:+ 63^- 12=0 represents 
a pair of parallel lines, and find their equations. 

Ans. 3y-2aj-|-l ±Vl3 = 0. 

9. Show that 4a?— 12a^-|-9y'-4a;+G2/-|-l = denotes two 
coincident straight lines, and find their equation. 

Ans. 3y-2a; + l = 0. 

10. For what value of C does the equation 

represent two straight lines? Ans. (7=2. 

Show that the angle between them is tan~^ ^. 

11. For what values of H does the equation 

12a? + Hxy + 2f + llx-5y + 2^0 
represent straight lines ? Find the lines. 

Ans. — 10 or — 4^. 

y-3iB-2 = 0, 2y-4a;-l = 0. 
y-.8aj-2 = 0, 4y-3a;-2 = 0. 

12. For what value of B does the equation 

12a? -h 36a^ + JBy» + 6a; + 6y -f 8 = 

represent two straight lines? Are they real or imaginary? 

Ans. 28. 
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13. For what valae of H does the equation Hxy + 5a; + dy+2=sO 
represent two straight lines? ^^^13. j^. 

14. For what valaes of H does the equation 

aj' + SSajy + y' — 5iB — 7y+6 = 
represent straight lines? Ana. { and f. 

Find the lines 
(a + 2y-2)(2a: + y-6) = 0, (aj + 8y-8)(8a? + y-6) = 0. 

PtfMema on Loci. Construct a figure in accordance with the given 
conditions ; choose a pair of coordinate axes, usually two principal 
lines in the figure ; denote the coordinates of the moving point by 
{xy)i then the required equation of the locus will be the algebraic 
relation between {xy) and the given data of the problem. 

In a triangle ABCy given the base AB = 2 c, to find the locus of 
the vertex G. 

1. When AC — B0^= my a constant. 

Solution. Take the base AB and a perpendicular through its 
middle point 0, for the coordinate axes of X and F; then the coor- 
dinates of C are (02V, CN) (a^y), of A are ( — c, 0), of B are (c, 0), 

and -40* = y" + (c-a?)«, 5C* = y" + (c + a?)«. 

.'. AC* — BC = 4caj s=s m is the equation of the required locus, a 
straight line perpendicular to the axis of X. 

2. When cot -4 + w cot 5 =p. 

j Solution, cot^ss i oot^s • 

y y 

••--— +^-^^-^ = j}, or i)y + (m-l)« = c(m+l), 

and the locus is a straight line. If m » 1, py » 2e, and the locus is 
parallel to the base. 

8. When JC' + So* = m*. Ana. aj^ + y» = im*-A 

4. When -40 : JBO = *. 

Ana. (l-.A:*)(aj» + y» + c*) + 2c(l+A:*)fl?=:0. 
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6. When tan ^ tan £sm. Am. y* + mV=:mV. 

6. When -4 + 5 is given. Arts, o' + y' — 2cy cotC7= A 

7. When -4 — -B = D. Ans. »" — y" + 2a^ cot2> = c*. 
a When -4 = 2-8. Am. 8aj^ — y' + 2c» = c». 

0. When tan C7s=m tan J3. Ana. m(a^ + y" — c*)=r2c(c — «). 

la When AC + BC— m. Ptodace the ordinate CN of the vertex 
C to a point P, anch that PN= AC^ or BC= m — AG= m — y; to 
find the loons of P. 

Solution. BjGeometrj, BC^=::Aff + Ad* ^2 AB' AN. 
.'. (m — y)*=4c* + y" — 4c(c + iB), or 2my — 4ca; = m*, 
and the locus is a straight line. 

11. Given the angle C, and CA + CBs=8 ; to find the locus of the 
point Py which divides the side AB^ such that PA : PB = m : n. 

Solution. Take C as the origin, and CA^ CB as the coordinate 
axes of X and F; then {PN^ PM) (xy) are the coordinates of P, 
and from the similar triangles CABj NAP^ MPB^ we get 

fi tn 

(m+n)a5 (m + n)y ay ^ « 

= *j or - + -- = 



n m ' n ' m m+n 

and the locus is a straight line. 

12. To find the locus of the points of intersection of the diagonals 
of the rectangles inscribed in a given triangle. Let b denote the 
base and h the altitude, which take for coordinate axes. 

h a 

13. Any line is drawn parallel to the base of a given triangle ; to 
find the locus of the intersections of the diagonals of the trapezoid 
thus formed. Take the vertex C as origin, and the sides CA = a, 
CB s 6 as coordinate axes. Ans. bx — ayssO. 

14 Let AB = a, -4(7= b be the adjacent sides of a parallelogram ; 
draw any line PP* parallel to -4B, and any line QQ' parallel to AC; 
to find the locus of 22, the intersection of PP' and QQ'. 

Ana. to — ay = 0. 
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16. Given an angle C and the area of the triangle ; the opposite 
Bide AB is cat in a given ratio at P ; to find the locus of P. 

Solution. Let C be the origin, and CA = x^ CB = y^ the coordi- 
nate axes. The coordinates of P(a^ P)y which cut the line 

TUX ny 

A{x^O) B(Oi y) in the ratio mm^ are a= — -p— , /? = 



m + n '^ m + n 

(Art. 5) . The area is 

(th 4- n)* 
iaw sin O = constant, or i — — -- — aB sin G = constant. 

.-. a)3 = a constant, and a)S can now be replaced by xy. 

16. If the base instead of the area is given. 

SolvMon. Then (^^a? + y'~-'2xy cos C. Substitute the values of 
X and y in terms of a and fi^ the coordinates of the required locus 
(Ex. 15). 

• g' jQ* 2affcosg ^ c» 
' ' m* «* mn ~ (m + n)* 

in which a/? can be replaced by xy. 

17. If the base AB pass through a fixed point (X, P) . 

Solution. If the current coordinates of udB are (X, F), its equa- 
tion is 

— — =sl, or ^.--5- = m + H (Ex. 15). 

X y ^ a p ^ ' 

7nS? nY^ 

• '• h— 5- = m + n is the locus of P(o, )3) when AB passes 

a p 

through a fixed point (X', Y') . 

18. Given the vertical angle (7, and the sum of the reciprocals 

- + - =s ~ of the sides OAj CB ; the base will pass through a fixed 

point. 
Solution. The equation of AB is 

XV 1 . .V 

- + T=1, or -(a;-y) + - — 1 = 0, 

since -r == • But - is indeterminate ; therefore, Art. 53, AB 

m a a ' ' 

passes through the intersection of a; — y = 0, y — m = 0. 
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CHAPTER IV. 



THE antoLR 



The Equation of the Circle. 

68. Definition. — A circle is the Iocub of a point which moves 
80 that its distance from a fixed pointy called the centre^ is always 
equal to a constant lengthy called the radius. 

It follows from this definition that the position of the circle 
depends upon the position of its centre, and its size upon the 
length of its radius. 

69. To find the equaMon of the circle when the cuces are 
rectangular. 




Fio. d2. 

Let P (xy) be any point on the locus, let C ( 02), CD') (i, e) 
be the coordinates of the centre, and let r be the constant 
length, or radius ; then 

and, by Geometry, 

(aj-d)« + (y-.e)« = r», (a) 

which is the required equation. 
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Special Cases. — L When the centre is at the origin. 
In this case cZ = 0, c = 0, and (a) becomes 

II. When the axis of Xis a diameter^ and the axis of Y is a 
tangent. 

In this case e = 0, i = r, and (a) becomes 

y' = 2ra; — a? = (2r — «)«; (c) 

which shows that the ordinate g of any point on the curve is a 
mean proportional between the segments into which its foot 
divides the diameter. 

70. The general equation of the second degree 
Ax? + 2Hxy + Bf + 2.Gx + 2Fy + C=0 
can be reduced to the form of the equation of the circle, 

or a? + y*-2da?-2ey + (P + 6'-r« =0, 

when A = B and JJ= ; for then it becomes 

«» + 2^ + 2-|aj + 2^y + ^ = 0; 
or, by completing the squares, 

in which o= 7> € = — -> r= ^i-- • 

A A A 

This radius is real when G^ + F^ — AC is positive, in which 
case the circle is real; it is zero when G^ + F^ — AO = 0^ in 
which case the circle is called the point-circle ; and it is imagi- 
nary when Gf^ + F^--AO is negative, in which case the circle 
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is imaginary, since no real values of x and tf will satisfy its 
equation. 

So long as J., O-^ F remain constant, the centre of the circle 
will remain fixed in position ; but as the radius contains O in 
addition to these constants, it will vary when O varies, and 
equation (d) will then represent a series of concentric circles 
corresponding to the different values of C. It follows, there- 
fore, that circles whose equations differ only in their independent 
terms are concentric. 

Since the circle is always completely determined b^ 
independent conditions, such as passing through thr< 
points, or being tangent to three given straight line; 
tion will only need the three arbitrary and indepem 
ters Q-yFy O to satisfy these conditions. We may ttfllfore make 
-4 = 1, and then the coordinates of the centre 5^(— 6r, —J^), 
the 'negatives of the halves of the coefficients of Jmnd y, and the 
radius isV Q^+F^~ (7, the square root of the sum of the squares 
of the coordinates of the centre diminished buythe independent 
term 0. fti^ 

7 1 . JV? find the egtioMofh of the circle in terms of its inter- 
cepts on the coordinate axes. 

For points on the axis of X, y = 0, and the general equation 
of the circle 

a? + f+2Ox + 2Fy+C:=:^0 ^ (d) 

becomes x^+2Gx+ C = 0^ a quadratic whose roots re' and a?" 
are the intercepts on the axis of X. For a: = 0, (i) becomes 
y^-\-2Fy+O--0, a quadratic whose roots y' and y" are the 
intercepts on the axis of T, But, by Art. 20, the sums and 
products of these roots are 

ic'+aj"=-2(?, aj'aj"=(7; y'+y''=-2F, yY^G. 

Therefore, by substitution, (cZ) becomes 

«• + y" ~ (»'+ «")a? - {y'+y'')y + i(a;V'+ yY) = o. 



> 
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or 



^;c-5:±»iy+(»-j^y=i(««+»'«+y«+r), 



which is the required equation. 

If the axes are tangents to the circle, a?' = a?" and y' = y^\ for 
which, by Art. 20, G^=0, F^-=a 

EXERCISES ON THE CIRCLE. 

Find the equations of the circles corresponding to the following 
data: 

1. Centre, (2,3); radius, 8. Ans. aj* + 2^-.4a: — 6y + 4s=0. 

2. Centre, (-1, 2) ; radius, 6. ^n«. a? + y" + 2aj-4y — 20 = 0. 

8. Centre, (—6, —8) ; radius, 4. 

Ana. a? + y* + 10aj + 6y + 18 = 0. 

4. Centre, (0, -8) ; radius, 2. Ans. a? + 2^ + 16y + 60 = 0. 
6. Centre, (a, 5) ; radius, Va* + V. Ans. a?+3^— 2aa5— 26y = 0. 

6. The centre in the first quadrant and both axes are tangents. 

Ans. a? + y*— 2«B-2ry + r" = 0. 

7. The axis of 7 is a diameter, and the axis of X a tangent. 

Ans. a? + f±2ry^0. 

8. The line joining the origin and point (a, h) is a diameter. 

Ans. os^ + j^ — oaj — 6^ = 0. 

9. The line joinmg the points (1, 2) and (8, —4) is a diameter. 

Ans. a^ + y* — 4aj+2y=B 5- 

10. The line joining the points (a, 0) and (0, h) is a diameter. 

Ans. ic' + y' — aa5 — 6y = 0. 

11. The line joining the points (3, 4) and (—8,— 4) is a diameter. 

Ans. «^ + 3^=25. 
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Find the centres, radii, and intercepts of the following circles : 

12. a? + y*-6jB-4y-12 = 0. 

Ana. (3,2), 5; on OX(3±V2i); on OF(6and-2). 

13. aj» + 3^-6a:-42^ = 0. 

Ans. (3, 2), Vl3 ; on OX (0 and 6) ; on OT{0 and 4). 

14. a? + 2^-|-10aj-2y + 17 = 0. 

Ans. (-5,1), 3; on OX (- 5 ± 2V2) ; on 0F(1±4V^). 

16. o^ + y" — X — y=sO. 

Ans. (i, ^), — ; on OX (0 and 1) ; on OY (0 and 1). 

V2 

16. 4a? + 43^ + 4aj-83^ + 3=0. 

Ans. (-J, 1), A.; onOX(-|±iV^; on OF (| and i). 

v2 

17. 36fl? + 36y*-48aj + 36y + l = 0. 

^^. (fi-i)>Vt; on OX (I ± t Vl5) ; on OF(-i ± jV2). 

18. Given the circles 

a?+y» + 2©aj + 2i?V+ C^=0, {»» + y» + 2O'aj + 2i?"y + O'=0. 
(1) When are they concentric? (2) When tangents to the axes? 

(3) What the distance between centres? (4) When tangents inter- 
nally? (5) When tangents externally? (6) When do they cut each 
other orthogonally, or cross at right angles? 

Ans. (1) (?'=(?, F'=zF\ 

(2) G»=0, i^*=0, G«=0', F»=:C'; 

(3) y/(G'^Gy + {F'^Fy; 

(4) and (5) V((?'-G)«+(F'-i^)*=V0'*+2^-C?T VCP+-F«--(7; 

(6) (?« + F«-0'+e» + i?^-(7=(0'-(?)'+(JP"-F)'; 
or 2 0©'+2JP7?"- O- C"=0. 

19. Find the equation of the circle whose diameter is the line join- 
ing the points (a, b) and (a', V) . 
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The form of this answer suggests the method of solution. Since 
the lines through (a, h) and {a\ b')j which meet in the point {xy) on 
the circle, are perpendicular to each other, we also have 

r^n — !^' ^"^ (y-&)(y-6') + («-o)(»-«')=o, 

the required equation. 

* 

20. Show that the two circles o^ + j^— 2aaj— 26y — 2a6=0 and 
«*4-y* + 26a5-f 2ay--2a6 = cross at right angles. 

21. Show that the cureless* + 2^ -f 2 (to + A:* = and a? + f + 2d*y 
— A:^ = intersect at right angles. 

72. To find the equation of the circle which passes through 
the three given points A{x'y'), B{x'Y), G{ix^'Y'). 

Since the required circle circumscribes the given triangle 
ABOy its centre (c2, e^ is equidistant from the vertices, and the 
equations 

(d-»')'+ («-yO*= (ci-aj")'+ (e -y'T^ (d-aj'")'+ (e-y'")'= »* 
will give the required values of d and e and r. 

The values of 6!^, F^ (7, derived from the equations of 
condition, 

«« -|-y« +2Gaj'+2i?V' +C=0, 

aj'« +y« -|-2C?a;"+2i?y' +C7 = 0, 
a."« + y'« + 2 G^a?"' + 2i?S/'" + C= 0, 

and substituted in 

a? + f + 2Gx + 2Fy + C==0 

will also give the required equation. 

In the same way we can find the values of (?, -F, (7, which 
satisfy any other given conditions which the circle must fulfiL 

73. To find the equation of the circle when the OfXes are 
oblique. 
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In this case, the triangle CPQ (Fig. 82) is oblique, and by 
(c), page 9, the required equation is 

or a? + 2a?y coscd + ^ — 2(d + e cos ii})x — 2(6 + d cos ut)y 

+ cP + e*-|-2decosG)-r" = 0, (a) 

which is of the form 

a? + 2Hxy+f'\-2Ox + 2Fy + C=^0. (b) 

By equating corresponding coeflScients in (a) and (ft), 

d + e cos « = — G, e + d cos o> = — 2^, 

f sBCOBw, cP + e*+2(fecos<o — r*= C7, 

from which we readily get 

d sin* tossF cos « — (?, 
esin'to= Gcosoi — JF*, 
i*sin»iu=G^ + i?^~2(?J?'co6ui-Csitfo>. 

These equations will give the values of ((2, e), r, and <i>, which 
correspond to given values of JJ, G^ F^ O. 

EXERCISES ON THE CIRCLE. 

Find the equations of the circles which pass through the foUowing 
given points : 

1. Points (0,0), (0,5), (3,0). Ana. a? + y'--Sx-5y=0. 

2. Pointe (1,2), (-3,0), (0, -2). 

Ans. 14a« + 142^+ 18iB-8y- 72 = 0. 

3. Points (0,1), (1,0), (2,1). Ans. a? + f'-2x-2y+1^0. 

4. Points (0,0), (a, 0), (0,6). Ana. «* + y* — aa; — 6y = 0. 

5. Points (a,0), (-a,0), (0,6). 

Ana. 6(aj» + 2^) + (a*-6')y-a*6=:0. 

9. Points (2,8), (4,5), (6,1). 

Ana. 3cB»+33^-26»-16y+ 61 = 0. 



>/ 
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7. Points (4, 5), (-2, 3) ; radius, 5. 

Arts. [a;-(l±^V6)]*+[2^ + (-4±fV6)]« = 25. 

8. Find the locus of the centres of all cu'cles which pass through 
tlie points (3, 4) and (— 5, 6). Ana. y — 4a;= 9. 

9. Find the locus of the centres of all the circles which pass 
through the points (x^) and (ic'V ') . 

Ana. 2(x'^x")G + 2{y'^y")F+x'^ + y'^--(x"^ + y'^) = 0, 

10. The centre of a circle is on the line y — a; + 4 = 0, and it 
passes through the points (1,5) and (4, 6) ; its equation is 

2a:*4-2/-17a:-y-30 = 0. 

11. The equation of the circle as^-f-ajy + y* — 4ic4-6y4-l =0 is 
referred to oblique axes ; find oi, (c2, e) , and r. | 

Ajis, CD = 60% (d,€),(J^, -:^),r = iV219J 

* 

12. The equation of the circle a? + y' + xr/ + 2x-\-2y=0 is re- 
ferred to oblique axes ; find «>, (d, e), and r. 

" ' Ans. <o = 60°, (d,e), (-|, -|) ; r= ^ 



V3 

13. The diameter of a circle is the line Joining the points (m^y*) 
and (x"y^') ; show that its equation, when the axes are oblique, is 

+ [(y - y') {^ - «") + (y - y") (« - a?')] cosoi = o. 

14. Show that the equation of the circle which passes through the 
three points A{x'y'), B{xy'), C{x'y") is 

(^ + y") [^'(y"- y"') + a:"(y"- y') + aj"'(y-y")] 
- (3^"+ y'O l^'\y'" -y)+ ^"\y - y") + ^(y- y"')] 

+ (a:'« + y"") [x'" (y - y') + a;(y'- y"') + a;'(y'"- y)] 
- (cc"«+ y'«) [a;(y- y") + x'(y"- y) + x%y - y')] = 0. 

Let D(xy) be any fourth point on the circle; then, since the 
expressions in the brackets [ ] are the double areas of the triangles 
ABO^ etc., this equation may be geometrically expressed by 

W • ABC-\r6^ . CDA = OJ^ • BCD + 00^- DAB. 
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The Polar Equation of the Circle. 

74. To find the polar equoMon of the circle. 

Let be the pole, aud OX the iDitial line ; also let C(jp\ a) 
and P (/>, 0) be the polar coordinates of the centre and of any 
point on the curve, and let r equal the radius OP. 




Fio. 83. 

Then in the triangle OOP we have, Trigonometry, Art. 146, 

aP«4. oc^ _ 2 OP . OC cos COP = CP, 

or p"-2p/>'cos(tf-a)-t-f)''-r* = 0, (a) 

the required equation. 

This quadratic shows that for a given value of there are 
two values of p, OP and OP'. ^ 

The sum of these roots is, Art. 20, 

0P+ 0P'=: 2p'co8(tf - a) = 2 OQ ; 
their product is 

OP^OP'^p'^-r^^OT^; 

and they are equal, that is, 0P= 0P'=^ OT^ when 

p«cos«(tf-a) = p«-r«, 

or fl = a ± sin~^ ^5 

are the limits within which must lie for real values of p. 
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These results are readily verified by the figure. Special cases 
of the polar equation of the circle are given in the exercises on 
page 23. 

EXERCISES ON THE POLAR EQUATION OF THE CIRCLE. 

Find the polar equations of the circle which correspond to the fol- 
lowing rectangular equations, the pole at the origin 0, and the axis 
of X the polar axis : 

1. aj» + y* = r*. Ana. p = r. 

2. (a? - dy+ {y - e)« = r». Am. p» - 2pp' cos(fl - a) + p'»- r«= 0. 

3. ^ + aj*=2ra. Ans. p = 2rcoB$. 

4. a?^f^2Ghi+2Fy + C-0. 

Ana. p^+2(QcoBe + F8ine)p+C=^0. 

5. If through any fixed point any secant be drawn cutting the 
circle in Pand P', show that the product OP^ OP* is constant and 
equal to the square of the tangent through the same point. 

6. If through a fixed point any secant be drawn to the circle, 
and OQ is the arithmetic mean between OP and OP'^ Fig. 33, to find 
the locus of Q. 

Ana. p^p* cos 0, a circle having OC as a diameter. (See Ex. 3.) 

7. If OQ is a harmonic mean between OP and OP', that is, if 

2 OP 'OP* D^—r^ 

OQ = -— — -— , then the locus of Q is p cos(tf — a) = ^ — j — , the equa- 
tion of a straight line perpendicular to OC^ Art. 35, at a distance 
^ — T— from the pole. 

8. Any straight line is drawn from a fixed point 0, meeting a fixed 
circle in P, and a point Q is taken on this line, such that the rectan- 
gle OQ* OP^ ky a constant ; show that the locus of Q is the circle 

pt(p« - r*) - 2 V/> 008(0 - a) + A; = 0. 



• •• 
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The Straight Line and the Circle. 

76. To find the coardinaies of the points in which a chord 
intersects a circle. 




Fio. S4. 



Let 



ic" + 3^ = r* and a;cosa + 2^sina=:j9 



be the equations of the circle and of the chord aSP". Since the 
required points P* and P" are on both loci, their coordinates 
will be found by eliminating x and y between their equations. 
Equating values of y, we get 



or 



j)-gC0Sa^y^53p^ 

sin a 
X =p cos a ± sin aVr* — jj'. 



(a) 



Eliminating x between this equation and that of the chord, 
we get 

y =1? sin a T cos aVr*— |)* (6) 

There are two different real points of intersection when 
p2 < r^ ; two real but coincident points when p^ = f^\ and two 
imaginary points when j^ > A 

If y = ?7w: + 6 is the chord, then the coordinates of P' and P" 

are 

■-m&±V(l-fm')r'-6^ & ± mV(l-|-m')r'-y .. 
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These roots are real if (l+m^^r^> V^i equal if (l+w^)i^=6*; 
and imaginary if (l+iw^) r^ < J^. 

76- To find the equation of the locus of the middle points 
of a system of parallel chords of the circle si? + y^ = 7^. 

Let P'P", Fig. 34, be any one of a system of parallel chords. 
The values of the coordinates P'(a;'y') and P'X^^^V^') found 
in Art. 75, and (<?), Art. 5, give 

y = «__L_2_=sj5ama, aj = — ^ — =|)cosa, 

the coordinates of the middle point of the chord P'P". By 
division, 

^=tana, or y = x; 

X w, 

and since this equation is true for the middle point of any chord 
of the system, it is the equation of the required locus, and 
shows that the locus is a straight line perpendicular to the 
system of chords, that it passes through the centre of the circle, 
and is therefore a diameter of the circle. 

77. To find the equation of the chord which intersects a 
given circle in the given points (a?V') i (^"y") • 

Let x^ + y^ = r^ and y'-y^=z^— — 2~(a;— x'), Art. 39, be the 

X — X 

equation of the circle and of a straight line passing through 
any two given points. Since these points are to be on the 
circle, these equations must be combined subject to this 
condition. 

For the points P^a^'y') and P"(a;"y")' Fig- 34, we have 

By subtraction, 

a?'— a?" v'4-y" 



EQUATIONS OP CHORbS OF THE CIRCLES, 149 

Substituting this value of ^ "^ , in the equation of the 

x'—x'' 

line, it becomes 






or y (y'+ y") -f x{x'+ a?") = r« + y'3/"+ a;V, (a) 

the required equation of the chord SP^P'K 

78. To find tJie equation of the chord which pcisses through 
the points of intersection of the two given circles 

We may find the coordinates of the points of intersection of 
these two circles, as in Art. 19, and then find the equation 
of the chord which passes through these points; or we may 
proceed as follows : 

By Art. 63, the equation L + TcM = represents all straight 
lines which pass through the point of intersection (ii=0, -M =0) 
of the two given straight lines i = and iff = 0. ^ 

In the same way the equation 

S+k8'=^{\+k){a?+f)+^{G+m')x+2{F^'kF')y+C+kC=^0{a) 

represents a system of circles all of which pass through the two 
points (/S' = 0, /S"= 0), in which the given circles 8 — Q and /S"= 
intersect. In the single case, however, in which the arbitrary 
constant i = — 1, this equation reduces to 

^->S'= 2((? -©')« + 2(F-i?'0y 4- C-O'=0, (&) 

which is of the first degree, and is therefore the required equa- 
tion of the chord which passes through the intersections of the 
two given circles. 

This common chord is also called the radical axis of the two 
circles. 

To find the equation of the radical axis of two given circles, 
we have the following simple rule : * 
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Make the coefficients of a? and y^ the %ame in their equations^ 
and then sitbtract one equation from the other* 

The radical axis is always a real line whether the two circles 
meet in two real points or in two imaginary points ; and becomes 
a common tangent when they meet in two coincident points. 

EXERCISES ON THE CHORDS OF CIRCLES. 

For examples on the intersections of loci, see Art. 20. 
Find the locus of the middle points of a system of parallel chords 
for the circle : 

1. 35* + y" = r*, for chords making 45® with the axis of X. 

Ana. y = — «. 

2. (x - ay + (y - ey= r*, for chords parallel to ? + ? = 1- 

a 

Ans, cwj — 6y = ad — 6e. 

3. OS? -f ^ -f- 2 G^a? + 2 1?V 4- C = 0, for chords perpendicular to 
Ax-^-By+C^^O. Ans. Ax-^By'\'BF+AQ=zO. 

Find the equations and lengths of the following chords for the 
circle a* + y" = 25 : 

4. Whose middle point is (1,2). Ans, 2^^ + a;s= 5 ; 4V5. 

5. Through ( — 1, —3) parallel to 3x + 4y=^3. 

Ans. 3aj + 43^ + 15 = 0; 8. 

6. Through (2, 1) perpendicular tx)Sx + 4y = S. 

Ans. 3y — 4a;H-5 = 0; 4V6. 

Find the equation of the radical axis and of the line through the 
centres for each of the following pairs of circles, and show that they 
are perpendicular to each other : 

7. o^ + f-5x + Sy-12 = 0, aj2 + y« + 3a?-4y + 5 = 0. 

Ans. 7y-8a:= 17; 16y+14aj = ll. 

8. aa?-t-ay" — 6aj + cy4-d = 0, a5* + y* + ca5— 6y + d'=0. 

Ans. (aC'\-h)x^(ab'\'C)y = d — ad'; 
(oft + c)x '\'lac + h)y = \{V - c^). 
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9. 5«*+52^-8aj + 7y-15 = 0, Sa? + Sy^ + ex-6y + 5==0. 

Ans. 39a; — 46y+ 70 = 0; 460a;4-390y + 135 = 0. 

Find the length of the chords which each of the following circles 
cuts from the corresponding line, and also the equation of the circle 
described on the chord as a diameter : 



10 I ^ + y* ~ ^ > chord, 2Vr*— p*. 

I a;co8a+ysina=|) ; circle, a^+y*— 22)(a;cosa-|-y8ina)=r*— 2p^ 

11 ( a^ + y* = 25 ; chord, 7 V2. 

' 1 a? — y = 1 ; circle, (a? + y') — (x — y) — 24 = 0. 

12 I «* + y* = 65 ; chord, VlO. 

' 1 3aj + y = 25 ; circle, «* + f- 5(3aj + y) + 60 = 0. 

13 |»*+2/*— 6aj-|-2y— 15=0; chord, 6. 

' I3y-4aj=5; circle, 5 (ar^+y») + 2 (a?- 7 y)- 35 = 0. 

(^yz=zmx + b', circle, (l+m')(a5*+y*)— 26(y— ?»«) 
fx. + j^ = ^; chord, 2[(^1^1^^ 



= (l+m*)r»-26'. 

15. 

(^+-By+C = 0; circle, {A^+B'){a?+f)+2C(Ax + By) 

= (^« + B*)r2-2C*. 
2r 



(y = WM5; 



= 2ra;; chord. 



16. -( VT+m« 

circle, (l-f m') (aj* + y") — 2r(a5 -f my) = 0. 



r»* + y' = r"; chord, V4r* — ((P + e*). 

^^- 1 (a; - d)*+ (y - c)« = r» ; circle, 2(0* + y") - 2(daj + ey) 

=2r*-((? + e»). 

Find the equations of the circles which are tangents 

18. To the lines a = 0, y = 0, x = c. 

Ans. 4(a?+y*) — 4c(ajq:y) + c* = 0. 

19. To the lines a; = 0, a;=a, and 3a;+4y+5a = 0. 

Ans, a?+i^—ax+2ay+a^=0y o^+y*— aa?+|ay+fia*=0. 
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20. To the lines y=0, 3y — 4aj = 0, 3y + 4aj = a. 

Ana. 9(iB*+y*)- ^a{2x + y) + a^ — 
64(a? + 2^)-16a(aj-2y) + a' = 
64(a? + 3^)-. 8a(2aj + y) + a» = 
U4(a? + y«) + 24a(a; - 2y) + a* = 0. 

21. Circnmscribing the triangle ^ = 0, 3^ — 4a; = 0, 3^^ + 4a; = a. 

79. To find the equdtion of a straight line tangent to the 
circle 7? + x^^7^. 

Definition. — A straight line is tangent to a curve when it 
passes through any two coincident points on the curve. 

Since for the coincidence of the points P' and P", or for 
tangency, jo = ± r, that is, OB = ± 0P\ Fig. 34, then the equar 
tion of the secant, Art. 75, becomes 

oj cosa + y sin a = ± r, (a) 

the equation of two parallel lines both tangent to the circle 
^ + y^ = T^'i the one at the point P\ and the other at the end of 
the diameter through P', since the distance between the par- 
allels is 2 r. 

Equation (a) can be readily expressed in terms of the direc- 
tion parameter m ; for cot a = — tan tf = — wi, and (a) becomes 

y^^ cot a • x±r CSC o, 



or y = rax ± r V 1 + m*, (6) 

in which m is the tangent of the angle STP\ 

Since m is arbitrary, (5) represents all possible pairs of par- 
allel tangents to the circle a? +y^ = r^. 

Instead of expressing the equation of the tangent in terms of 
the direction parameter m, we may express it in terms of the 
coordinates ( OiV, P'iV), (a^'y') of P\ the point of tangency; 
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x' 



for, since cot rOP'= ^ = - tan STP^= - m, equation (6) be- 
comes 

which represents the pair of parallel tangents at the point 
-P'C^'yOi ^^d *^® point (— a;', —y'), the opposite end of the 
diameter from P^ 

80. To find the eqtMibion of the tangent to a given circle 
at the point P'(ay). 

The secant SP'P^\ Fig. 84, will become a tangent when the 
points of intersection P' and P" are made coincident. If the 
secant is supposed to revolve about the point P\ it is plain that 
the point P" may be made to approach P', and the two points 
will be coincident when a:"=a?' and y"=y', for which equation 
(a) of the secant, Art. 77, becomes 

the same equation of the tangent TP^ as found in Art. 79. 
This equation of the tangent^ may also be found as follows: 

The equation of the circle 

aj^ + ^=r*, or aa + yyasr*, 

shows that each point P(axr, yy) on the curve is doubly repre- 
sented, or may be regarded as two coincident points. If one of 
these points is (x'y^j then xx + yy = r^ becomes a»'+ yy'= r^, 
an equation of the first degree, and therefore of a straight line, 
passing through the two coincident points (xy^ and (a;'y') on 
the circle, which by definition is a tangent. 
If the equation of the circle is 

(a;-d)*+ (y-e)«=:r», or (a;-d)(a:-d) + (y-c)(y-6)=r^, 

then (a? — (?, y — e), (x — d^y — e) are the coordinates of two 
coincident points on the circle, origin at the centre, and 
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(a: - d) (x'- d) + (3^ - e) (y'- e) = r» 

is the equation of a straight line passing through the two coin- 
cident points (x — dj y"~09 (ip'—^i y'~0 o^ *^6 circle, and is 
therefore a tangent at the point (x'y')t referred to the origin. 
The coordinates (xy) in the general equation of the second 

degree, 

^da:* -h 2 Sojy + -By ^ + 2 to + 2 Fy + <? = , 

or Axx-^H{xy+xy) -^Byy+Gix+x) +F(y+y)+C^ 0, 

« 

doubly represent each point on the curve, and if one of them is 
(a?'y'), then 

Ax'x+H{x'y-j-xy') +By'y+ 0{x+x') +F(y+y') + (7=0 

is an equation of the first degree, and therefore of a straight line, 
which passes through the two coincident points (a:y) and (a?'y') 
on the curve, and is therefore a tangent at the point (a?'y')- 

81 . To find the equation of a normal to a given circle at 
the given point P* (x'y'). 

Definition. — A normal to a curve at any point on the curve 
18 the straight line which is perpendicular to the tangent to the 
curve at this point. 

The equation of the tangent to the circle 7? +1/^=^1/^ at the 
point PXx'y% Fig. 84, is 

yy'+aa'=r*, or y = — iLaj^ . 

y' y' 

The equation of a line through P\x^y^) perpendicular to the 
tangent, is, Art. 46, 

y-y=^ («—«')» or yaj'-ajy'=0, 

X 

which is the required equation, and shows that the normal to a 
circle always passes through the centre. 

The equations of the normal and tangent to a circle ^t a 
given point P'(«'y') may be found as follows; 
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I 



AssumiDg that the normal P^ passes through the centre, as 
wc may from Geometry, then its equation is y = ^ a?, and the 

equation of the tangent TP' is 



X' 



y — y'— j-(a; — «'), or ^'+aa'=r*, 

as already found. 

82. To find the lengths of the tangent, subtangent, nor- 
mal, and subnormal for a given point P{x^y') on the circle 
x« + y» = r*. 

Definition. — The lenffths of the tangent and normal to a 
curve are the distances measured on these lines from the point of 
tangency to the points in which they respectively cut the axis of X. 
The subtangent and subnormal are the respective projections of the 
tangent and normal on the axis of X, 

In the case of the circle 3r^+y^ = r^, P'T, P'O, NT, ON, 
Fig. 84, are the tangent, normal, subtangent, and subnormal 
for the point P'(»'y')* 

We have at once the 



normal 0P'= r = -y/x" + y^, subnormal 0N=^ x\ 
The intercept OT oi the tangent yy'-V xx'=r^ is, for y = 0, 

and the subtangent 

NT^ OT- ON^ 5_±iL - a?'= 2-. 

The tangent is a mean proportional between its intercept on 
the axis of X and the subtangent ; 



\ 

I 

0. 



.-. tangent = P2'=V0r:irr=.^|^ = ^'- ^, 



166 
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83. Tangents are drawn through a given point T{h^lc) to 
the circle a^ + y* = r*/ to find the coordinates of the points of 
contact. 




Fio. 86. 



If the tangent xx'+yy^=r^ to the circle ofl + 1/^^11^ at the 
point P\x^y'^ passes through the point T(A, A), then 

to'+A;y'=:r*, and T^-^y^z^r^, 

both contain the required coordinates (x'y') of the point of 
contact. 
Solving these equations, we get 



h^ + ie ^ W + T^ 

tlie required coordinates of the points of contact ; from which 
it follows that two tangents can be drawn to the circle through 
the given point T(A, A). 

These tangents are real for A^+A2>r*; that is, when T(h,lc) 
is outside the circle ; they are real and coincident when 
A2 + P = ?^, that is, when the point T(h^Jc) is on the circle; 
and they are imaginary when A^ + A^ < r^, that is, when the 
point T(hyk) is within the circle, 
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84. To find the length of the tangent drawn from a given 
point T (/i, k) to a given circle «* + y* = r*. 

Let T (ON, TIT), (A, A), Fig. 36, be the given point; then 
0F = A2 + i3, OW^^^r^, and 



IB the length required. 

If the centre of the circle is at the point (c?, e), then 
OT^ = (h — d)^ + (i — e)^ and the required length is 



These expressions for TP^* are obtained from the correspond- 
ing equations of the circle 

a? + 2^-r« = 0, (a) 

by simply putting (A, A) in place of (2;, y) and extracting the 
square root. 

Since the general equation 

can be put in the form of (6), it follows that 



TP"= VF+Fh-2^H-2^^+C. 



86. To find the equoMon of the straight line passing 
through the points P* and ^P" of tangency of the two tan- 
gents drawn through the given point T{h^k). This line 
PP" is called the chard of contact. 

In Art. 83, the values of the coordinates P\x^y% P"(a;"y") 
of the points of contact were found. Their differences are 

h^+T^ ' ^ ^ h^ + Jc" 
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Therefore ^, — ^, = "~ 71 which shows that the chord of con- 



''-y" - _^ 

x'- x" A' 
tact P'P" is perpendicular to OT. Fig. 86. 

''-y" 



The general equation y — y'=*^7 — ^, (x — x'^ becomes 



^ h' + k^ k\ V + k^ / 

which readily reduces to 

hx + kyssf^^ (a) 

the required equation of the chord of contact 

Second Solution. — The equations of the tangents at the 
points P' and P" are 

xx'+ yy'= r*, a»"+ yy"== r*. 

But since both of these tangents pass through the point 
T(hj A), we have the two equations of condition, 

which show that the points (a;'y') and (a:"y") are both on the 
line whose equation is hx + kf/ = 7^j since they both satisfy it. 
Therefore fix + kt/ = i^ is the equation of the chord of contact 
as before found. 

This chord of contact will be a real line for all real values of 
(hj A) and r^, the parameters of its equation hx+ki/ = r^; that 
is, for any real circle and for any real point in the plane of thi^i 
circle. 

But when the point (h, A;) is within the circle, the tangents 
ZP' and 2P", as well as (a;'y') and (a:"y") the coordinates of 
their points of contact are imaginary, and we have the remark- 
able proposition that a real line can be drawn through the 
imaginary points of c6ntact of two imaginary tangents drawn 
from a real point within the circle. 
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EXERCISES ON TANGENTS, NORMALS, AND CHORDS. 

To find the equations of tangents to given circles which make 
given angles with the axis of X: 



GiBCLB. 


AXGLB. 


Tahgsxt. 


1. xa + ya = 26, 


IT 

i' 


y — xt6\/2 = 0. 


2. xa + ya=100. 


IT 

3' 


y — a;VS±20 = 0. 



3. (x-cOH(y-«)«=r«, 

4. x«+y«+2Ga:+2Fy+C=0, 

6. xa + y« = 2rx, 

6. x« + y2-6x+10y-2 = 0, 

7. a^ + y^ + Sx — 6y — 24 = 0, 



tf=ten~ini, y— « = m(x— rf)±rVl + m*. 

tf=tan-im, y+J'=m(x+G) 

±[(^+^«-C)(l+m«)]*. 

^ = tan-im, y = m(x — r) ± rVl + m*, 
tf=tan-i(-}), 4y + 3x= 19 or = -41. 
tf=tan-i(-}), 2y + x=2±7>/5. 



To find the conditions that the following loci shall be tangents : 

8, (x-cO«+(y-0*='^. 

9. (x-rf)«+(y-0*='^. 



xco8a + y Bina = ;>, r= </ cosa + ^ sina— p* 

e — mcf — 6 



ilx+By+C = 0, 
y = iRX+^ 



r = 



vr+ 



fiv 



10. (x-rf)»+(y--«)*='^. 

11. x« + y« = 2rx, 

12. x«+y2+2G^x+21^+C=0, ax+6y=l, 

13. x« + ya = ra, 

14. x^+y«-.4x + 6y+C=0, 8x + 4y=2, 
16. xa+yH20x+2Fy+C=0, y=zmx. 



Ad-^Be-^ C 

Va^T^ 

r« = 2nn6 + 6«. 



^ + By+C=0, ra = 



C2 



42+ jB" 



•» = ^;r^ — ^^t:;: • 

16. xa+y«+2Gx+2J?V+C=0, xa+yH2Fx+2Gty+C=0, r=— (F-flt). 

\/2 

To find the equations of tangents and normals to the following 
circles, in terms of the coordinates of the points of tangency : 
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ClBClM. POIXT. TiJfCIElIT. NORMAL. 

17. x« + j^« = 25, (4,8), 4a:+3y = 25, 4y-3* = 0. 

18. («-2)«+(y-S)«=10, (6,4), 3x+ y = 19, 8y- x = 7. 

19. (ar-c)«+(y-2c)«=:26ca, (6c, 6c), 4a? + Sy = 86c, 4y-Sx = 6c. 

20. xa+y«-14x-4y-6=0, (10,9), 3x + 7y = 98, 3y-7x+48=0. 

21. xa+y« + 2to+2Fy+C=:0, (x'/), 

x(x'+ 6?)+ y(y'+ i^)+Gx'+ /y+ C= 0, tangent ; 
y (x'+ Cr)- x(y'+ 2'')+ -Rr'— %'= 0, normal. 

To find the length of the tangent drawn from a given point to a 
given circle, and also the equation of the chord of contact : 

OiBOLB« Ponrr. Lxnoth. Equatiom ov Chobd. 

22. xa + y8=80, (12,6), 10, 6x+ 8y = 40. 

28. (x-8)«+(y + 6)«=50, (-5,3), V96. 8x- 9y = 28. 

24. xa+y» + 4x-6y + 12 = 0, (9,10), 13, llx+ 7y= 0. 

26. 4(xa + y«)-3x+6y-67 = 0, (6,8), 9, 37x + 69y = 89. 

26. x« + y» + 2ffx + 2Fy+C=0, (0,0), VC, (7x+J^+C = 0. 

27. The length of the tangent from (G, F) to the circle a? + 3/* -6 
ssS^O is twice the length of the tangent from {G^F) to the circle 
«' + y' + 3(aj + y) = 5' = 0. Show that G» + i^* + 4G + 42?'+2 = 0. 

28. The length of the tangent from the point (xy) to the circle 
a? + ^ + 2x = S=iO is three times its length from the circle 
a^ + 3/* — 4:as/S' = 0. Show that the point must be on the circle 
6'-9iS' = 0, or4aj* + 4y*-»-18=:0. 

29. Find the equation of the circle through the intersections of the 
circles «*+3^ + 2aj + 8y-7=i8^ = and a? + y*+8aj-2y-l=iS'=0, 
and through the point (1,2). Ana. iB* + y' + 4a?— 7y + 6 = 0. 

80. Find the equation of a circle through the points of intersection 
of«* + y*-4 = ^=0 and o'+y*- 2aj-4y + 5=fi"=0 and tangent 
to thelin^ a + y — 3 = 0. Am, Q^^y»^2x + 4tf -13=^0. 
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Poles and Polars with respect to a Circle. 

86. Since the parameters (A, A) and r^ of the equation 
hx + ky = r^ of the chord of contact show that the position of 
this chord depends upon the point (A, Tc) and the radius r of the 
given circle Qfi + y^ = r^^ it follows that there is a fixed relation 
between the point (A,*), the line hx + ky = r^^ and the circle 
x^ + y^ = r^'i which is called the polar relation of the point and 
line with respect to the circle. The point is called the pole of 
the line with respect to the circle, and the line is called the 
polar of the point with respect to the circle. 

The principal properties of poles and polars with respect to 
the circle are contained in the following elementary propo- 
sitions : 

I. The polar is perpendicular to the line which joins the 
pole and centre of the circle. 

Y 




Fio. 36. 

Let P (A, k) be the pole ; the equation of OP, the line join- 
ing the pole and centre of the circle a;^ + y^ = r^, is Ay — ia: = 0, 
to which the polar /w; + Ary = r^ is perpendicular, by Art. 46. 

n. To construct the polar of the point P{hjk) with respect 
to the circle o^ + y* = r*. 

The distance of the given pole P(A, i) from the centre of the 
circle is Vh^ + A*, and the distance of the polar from the centre 
of the circle is 



} 



162 PLANE ANALYTIC GEOMETRY. 



0D = 



VAq:]? OP 

Therefore, OiJ^ = OB • OF ; that is, the radius of the circle 
is a mean proportional between the distances of the pole and 
polar from the centre of the circle. Therefore, when the pole 
F (A, A?), or the distance OF = Vh^+lfi^ is given, the distance 
OD is known ; and conversely. 

The relation OF? = OD • OF involves the following properties : 

III. When tlie pole is outside the circle, the polar cuts the 
circle, 

IV. When the pole is on the circle, the polar is the tangent 
at tJie pole. 

V. WJien the pole is witfdn the circle, tJie polar is without 
the circle. 

VI. When the pole approaches indefinitely near tjie centre, 
the polar recedes indefinitely from the centre. 

VII. The locus of the poles of a system of parallel polar s 
is a straight line passing through the centre perpendicular 
to tJie polars. 

Vin. If the polar of the point P (A, Ic) passes through the 
point Q (/*', A;'), then wUl the polar of Q {h\ Aj') pa:ss through 

If hx -\- hy = r^, the polar of the point F (A, A), passes through 
the point Q (A', A'), then 

the condition that the polar of P(A, A?) passes through Q(h\k'^ 
is also the condition that the polar Vx+Vy=^r^ of Q(Ji\V^ 
passes through F (A, A), as was to be proved. 

IX. If the polar of P(h^ k) revolves about any fi^xed point 
Q (A', A:') in the plane of the circle, giving a. system of polars, 
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then the locus ofP(hy k) , tJie pole of this system, is a straight 
line which is the polar of Q {h\ k') . 

Since the polar hx + ky = r^ of P (A, A) passes through the 
fixed point Q (A', A'), the equation 

is the locus of P (A, A), which is a straight line and the polar 
of C(A',A'). 

X, If a point Q{h\k*) moves along the polar of P(h^k)^ 
then the polar of Q will revolve about P. 

Because the polar of Q in each new position will pass 
through P. 

Propositions IX. and X. may be stated as follows : 

If through any fixed point in the plane of a circle chords are 
drawn^ and throvyh the extremities of each iaufjents are drawn^ 
then the intersection of each pair of tangents will lie on the same 
straight line* 

If from any points in a given straight line pairs of tangents 
are drawn to a circle^ the chords of contact will all pass through a 
fixed point. 

XI. If in any triangle A(xy), B{xy^), C(x"V'")i f^^V *^o 
vertices, as A and B, are the poles of their opposite sides, 
then the third vertex C is also the pole of its opposite side. 

Since the polars xx'+ yy'=r^y xx"+yy"=7^ oi A(x'y'^ and 
•^(^"y") l^oth pass through (7(aj'"y"'), we have the equations 
of condition aj"V+y'"y'=r2, a;"V+y"'y"— r^, wliich show 
that xx^^^+ yy'"=r^^ the polar of (7(a:'"i/'") passes through A 
and JS, and is therefore the equation of the side AB opposite (7. 

XIL Given a circle a^ + y^ = r^i and the vertices A (a;'y'), 
5(2;"y"), (7(a;'"y'") of a triangle. The polars of A, B, C are 
the sides of a second triangle A'B'C^ called the conjugate of 
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ABC^ the polars of A\ B\ C being respectively the sides BO^ 
AC^ AB ol the given triangle, by XL 

When the polars of -4., JB, C are respectively their opposite 
sides JB(7, AC^ AB^ the two triangles coincide, and the given 
triangle is called a self-conjugate triangle. 

Tfie lines AA\ BB'y CC, which Join the corresponding ver- 
tices of a triangle and of its conjugate, meet in a point. 

The equation of the line joining A (^x'y'^ to A\ the intersec- 
tion of the polars xx'^+r/y^^=t^^ aa;'"+ yy'"= r^, is, Art. 63, 

- {x'x" +yY- i"") {xx'" + yy^'^ - r«) = 0. 
In like manner, the equations of BB' and (7(7' are 

(ica;'"-h3/y"- r^) (x''x'-j-yy- r») 

- (x"x'"-^y'Y'^ r«) (XX' + yrf-- 7^) , 

(a»'+ yy'- ?•*) (»" V'+ 2/"'y"- r") 

and these lines pass through the same point, since the sum of 
their equations is zero. 

EXERCISES ON POLES AND POLARS. 

Given the following circles and poles, to find the corresponding 
polars : 

CiBCLB. Folks. Polabs. 

1. a;a + ya = 9; (8,3), (-5,4) ; 8x+ 3y=9, 4y- 5a: = 9. 

2. (x- 1)2+ (y- 2)2 = 13; (4,4), (8,-6); 3x+ 2y = 20, 7x- 7y=6. 

3. xa + y2-3ar-4y-8 = 0; (-2,-3),(l,-4) ; 7ar + 10i( = 2, ar + 12y + 3=0. 

4. a:a+y2+2(?x+2Fjr+C=0; (/i,A:), (0,0); Ax+ii^+G(x+A)+F(5r+Jt)+C=0, 

6. 4(x8+y2)-4x+6y-2^0; (6,7), (-8,5); 22x+31y+7 = 0, 23y-34x+29=0. 
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Given the following circles and polars, to find the corresponding 
poles: 

ClBCLBS. POLABB. POLBS. 

8. a:a + y«=14; 3x + 4y = 7, x-2y = 2; (6,8), (7,-14). 

( Ai^ Bt^\ 

8. (x-l)«+(y-2)«=12; 2jr+3y = 6, 3x-y = 2; (-11,-16), (37,-10). 

9. (x+3)2+(y-6)^15; 2x-3y+18 = 0, x+2y = 2; (7,-10), (-6,-1). 

Given points of contact on a given circle, to find the equation of 
the chord of contact and the pole of this chord : 

ClBCLlS. FOIHTS. E^UATIOH OV ChOBD. POLB. 

10. x« + y« = 66; (7,4),(8,1); y + 3x = 26; (V,V). 

11. *a + ya=26; (4, 3), (-3, -4) ; x-y = l; (25,-26). 

12. xa + ya-5x-3y + 6 = 0; (1,1), (2,3); y-2x+l = 0; (i,|). 

13. Given the polars of A (a'y') ^^^ ^ {'^"y") with respect to the 
circle a? -|- y* = r*. If AP is the perpendicular from A on the polar 
of B^ and BQ the perpendicular from B on the polar of A^ then * 

AP BQ 

14. Show that the polar hx + kysszr* will touch the circle a? + j^ 
= 2rx, if 7c» + 2r^ = r*. 

16. The distances of two points from the centre of a circle are pro- 
portional to the distances of each from the polar of the other. 

16. If a circle pass through the three given points A(Qc!y'), 
B{a^Y)y 0{{c^'Y^), then the polars of A, B, (7 with respect to this 
circle will form a second triangle A'B'C. If -4, A\ B, By C, C 
are corresponding angles in the two tiiangles, show that the lines, 
AA\ BB\ C(7 will meet in a point. 

17. If any four points A(x'y'), B^x'Y), C(a'"y'"), DipiTy^) lie 
on the circle 0^ + ^=7^; if the tangents at A and B meet in P, and 
the tangents at C and D meet in Q, and the chords through Ay B 
and Cy D meet in 12 ; then 12 is the pole of PQ* 
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la Given the circle a?+y* + 2(?aj-f22?V+C=0. Through the 
origin draw two secants, one cutting the circle in the points A and 
A\ and the other in B, ^'. Suppose that the chords AB and AB 
meet in P, and the chords AB^ and BA^ meet in Q ; show that the 
origin is the pole of P^. 

19. If the four points in Ex. 17 are so taken that the tangents at 
A and B and the secant CD meet in a point, then will the tangents 
at C and D and the secant AB also meet in a point. 



£lementary Propositions on Systems of Circles.* 

87. To find tlie equdtion of a system of circles concentric 
with the circle /S = 0. 

In Art. 80 we found that the equation 

Az + By + C-P 

represents a jsystem of lines parallel to the line P = so long 
as the parameters A^ By O are constant, P being a variable 
function of x and y for different lines of the system, but a con- 
stant function of x and y for each separate line of the system. 
In the same way, we shall find that the equation 

a? + y^+2Gx + 2Fy + C=S (a) 

represents a system of circles concentric with the given circle 
>y = 0, whose fi xed centre is (7(— ff, — jP) and radius CT= 
l/Q^ + F^-O. Fig. 37. 

For S is such a function of x and y that it will be a constant 
for the locus of any point P(xy^ in the plane of the circle /S = 
which moves so that its distance from the fixed point (7(— fl^,— P) 
remains constant ; but will be a variable function of x and y 

* The student who wishes a fuller treatment of this subject will find it in 
Salmon's "Conic Sections," or in Pliicker's "Analytisch-Geometrische Entwick' 
lungen." 
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when the point P(xy) moves from one concentric circle to 
another of the system. 
By writing (a) in the form 

{x+Oy + iy + FY^CP + F'-'C+S, 

we see at once that it represents a series of circles haying the 
same centre 0(— G^—F^ 2a the given circle S = Oj and radii 
depending upon the varying values of S. 

S is positive for all concentrics external to S = 0, and nega- 
tive for all concentrics internal to iS' = 0. 

88. To shcfw that S is the square of the tajigent to the 
given circle S = drawn from any point P{xy) in any one 
of its concentric circles. 




Fig. 37. 



If C(-ay-F) is the centre of ^ = 0, CT its radius, and 
P(xy) any point on any circle concentric with S=Oy then 
PT=CP^-W^. But 

CP' = (aJ + (?)*+(y + 2^)*and CT^^CP + F^-C. 
.-. PT' = {x+Gy+{y+Fy^{GP+F^-'C) = S^PL'PL\ 

(Art. 74) ; and 8 is the square of the required tangent. 

For all points P(xy)^ on external concentrics, Si& positive, 
and the tangents to iS = are real ; and for all points P (xy), 
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on internal concentrics, S is negative, and the tangents to S=^ 
are imaginary. But in this case —S — PL • PL-^ the segments 
PL and PL' being measured in opposite directions from P. 

89, If S = and aS'=0 are the equoMons of two given 
circles, centres at C and C, then kS ±IS^^0 is the equation 
of a system of circles all parsing through the two points of 
intersection of the two given circles, k and I being arbi' 
trary constants. 

First, the equation 



kS ± IS'= (k ±l){a^ + f) + 2(kG ± I0')x 

+ 2{kF± lF')y + kC±lC= 



(a) 



represents circles referred to rectangular axes, since (Art. 70) 
it does not contain the product xy of the coordinates, and the 
coeflBcients of a^ and y^ are equal; and second, they all pass 
through the points of intersection oi S = and S'= 0, since the 
coordinates (aS = 0, /S'=0) of these points satisfy the equation 
kS ± IS'= 0. 




Fio. 38. 



The coordinates of the centres of the two systems of circles, 
kS+lS'=0 and kS-W==^0, are 



(_kG 
\ A: 



kG + lG' kF+lF 



+ 1 



k + l 



'\ ( kO - 1& kF-lF^ 

7 (^ ^TT"' ^37^/ 
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which, by Art. 5, are the points found by dividing the distance 
between the centres CQ-Q, -F) and C"(-6?', -jP')» called the 
central line^ internally and externally in the ratio k iL It 
follows then that all the centres of the system hS+lS*=Q are 
on the central line, and all the centres of the system kS—lS^—0 
are on the central line produced. 

If we denote the radii of the circles of these two systems by 
lt±^ and also put 

then ^^^{lc±V)(lcr^±lr^^)^lclD^^ 

{k± ly 

The circle of each of these systems for which A = Z is the 
limiting circle of the system. 

As k and I approach equality, the centre of kS+lS = 

approaches CJ— — ^ — , — — ^^ — ), the middle point of the 
central line, as the limit, its radius becomes 

E^^-^ — :^ — ' 

and its equation is 

S+8'=2{a? + y') + 2{G+&)x + 2(F+F')y + C+C'=0. 

As k and / approach equality, the centre of AaS'—Z^=0 recedes 
from Co, its radius increases indefinitely ; at the limit the circle 
becomes the straight line PQ^ the common chord, or radical 
axis of all the circles of the system, and its equation is 

S-'S'=2{G-&)x + 2(F''P)y+C-a=0. 

The equation (a) may be written in a simple form by taking 
the central line (7(7' and the radical axis PQ oa the axes of 
coordinates. 

I^t the constant length BQ = d or dV—l according as ^^ 0, 
jS'=0 intersect in two real or in two imaginary points; let the 
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coordinates of the centre of the system of circles be (± A, 0), 
h being a variable distance from the origin Q. Then 

(ic±70' + 3^ = A'±cP, 

or aj*-h2/'±2Aa;:f (P=0, ^ 

is the equation of the system of circles all passing through the 
two points of intersection oi S — Q and S^ = 0, 

90. To find the locus of a point P(xy) which moves so that 
the tangents drawn from it to the given circles /S = and 
aS'= are always equal. 

By Art. 88, S and /S" are the squares of the tangents drawn 
from the point P(xy) to the circles ^5 = and aS"==0. Since 
these tangents are equal, we have at once 

S = S' or ^-/S'=0, 

the equation of the required locus, which, by Art. 89, is the 
radical axis of the two given circles. 

It is obvious also that kS— IS^= is the equation of the 
locus of a point which moves so that the lengths of the tangents 
drawn from the point P(xy) to the circles S = and S'=0 are 
.in the ratio of VT: Vk ; and that the locus is a circle passing 
through the intersections of S=0 and S^= 0. 

91 . To show that the radical ajces of the three given circles 
S = 0. fi" = 0, S'^ = 0, taken two and two meet in a point. 

The equations of the three radical axes are 

and their sum is zero. Therefore the radical axes meet in a 
point. This point is called the radical centre of the three 
circles. 
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92. To find the coordinates of the internal and external 
points of section of the central line of the two given circles 
aS' = and S' = in which the two pairs of common tangents 
intersect. 

Definitions. — These points are called the centres of simili- 
tude of the two circles. 

A direct tangent touches the two circles on the same side of 
the central line, and meets the central line produced in the 
direct centre of similitude. 

An inverse tangent touches the two circles on opposite sides 
of the central line which it meets in the inverse centre of simil- 
itude. 

The centres of similitude Pi(xy) and P^(xy)^ together with 
the centres C^ O and the points of tangency T, T^ are the ver- 
tices of similar right triangles whose homologous sides are in 
the ratio r : r' of the radii of the two circles. Therefore, by 
Art. 5, 

/r^O±rG[ r'F-\-rF* \ / r'G - rG' r'F'-rF' \ 
\ r-^r' ^ r + r' J \ r — r'^ r-^r') 

are the required coordinates of the centres of similitude. 

It is also obvious that lines drawn through the ends of any 
two parallel radii both lying on the same side of the central 
line, or lying on opposite sides of the central line, will pass 
through a centre of similitude. 

Or, if these parallel radii are divided both internally or exter- 
nally in the ratio of r : r', the lines drawn through these points 
will also pass through a centre of similitude. 

93. To find the equations of the two circles which have 
their centres at the centres of similitude of the circles S=0 
and S'=0 and pass through the intersections of these circles. 

If r and r' are the radii o{ S = and *S" — 0, then 

r'/S-rS' = 0, r'S + rS'=0 
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are the required equations, since their centres are the same as 
the centres of similitude, and they pass through the intersec- 
tions of /S = and aS"= 0, by Art. 89. 

94. To find the four common tangents to two given circles 
S = OandS'-0. 

The tangent to /$'= in terms of m is of the form 

y=:mx± rVl + m', or (y — c) =: m{x — d) ± rVl + *»S 

according as the centre is at the origin (0, 0) or at the point 
(i, «). Since the required tangents must pass through the 
centres of similitude, put the coordinates of these centres for x 
and y in the equations of the tangents, and then find the values 
of m. Since the equations of the tangents to S = and S'= 
are quadratics in m, we shall find four values of m, which will 
give the four common tangents required. 

96. To find the condition that the two circles S^sQ and 
;S'= 0, shaU cut each other ai} right angles^ or orthogonally. 

Definition. — The direction of a curve at any point is the 
same as the direction of the tangent at this point. 

It follows then that the angle made by two curves at a point 
of intersection is the same as the angle made by their tangents 
at this point. If two circles cross at right angles, their tan- 
gents, and therefore their radii at the point of crossing, are 
perpendicular to each other. Therefore 

or -2G(?'+2Fi?^=(7+C, 

is the required condition. 

96. To find the equation of the circle having its centre at 
the radical centre of three given circles, >S = 0, /S'= 0, 5"=0, 
and cutting them^ orthogonally. 
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Let (xj/c^ be the coordinates of the radical centre, and (xy) 
any point on the required circle ; then 

is its equation in which S^ denotes the square of the tangent 
from the radical centre to the circle S=0, 

97. Let P(7i,k)y Fig. 37, he any point in the plane of tlve 
circle 8 = 0; to find the the equation of the circle orthogonal 
to S = 0, having P(h^ k) as its centre. 

Let (a:y) be any point on the orthogonal circle ; then 

{x-hy+{y'-'ky=CT^=S=h^+l^+2hG'\-2kF+G, 
or aj* + y«-27i(aj+G)-2A:(y + jP')-C7=0, 

is the required equation. 

98. To find the equation of the system of circles which 
cut the two given circles /S'= and aS"= artJwgonally. 

If the circle S = Q cuts both /S"=0 and aS'"=0 orthogonally, 
then the two equations of condition 

2 G&+ 2FF''- C- (7= 0, 
2 0G"+ 2FF''- C- (7"= 0, 

will give the values of any two of the three parameters ff, -F, 
C in terms of the third; and by substituting these values in 
^S' = 0, we shall have the required equation. Since this equation 
still contains one arbitrary parameter, the circle can be made 
to fulfil one additional condition, such as passing through a 
given point or cutting a third circle aS""= orthogonally. 
The values of G^, -F, found by solving the equations 

2G&+2FF'^C-C=0, 
20G''+2FF''- C- C"=0, 
2 G^(?"'+ 2FF'"'' C- C"'= 0, 

will make the circle S=0 orthogonal to the three given circles. 
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EXERCISES ON SYSTEMS OF CIRCLES. 

Given the circle a^-h^ — 2a; + 4y+l = 0, to find the equation of 
the concenti'ic circle — 

1. Through (8, 2). ^tw. aj* + j^-2a;+ 4y- 15 = 0. 

2. Through (-5,7). Ana. fB« + 3^«-.2aj + 4y- 112 = 0. 
8. Through (-3, -5). Ana. n^-^-f-^x + ^y^ 20 = 0. 

To find the length of the tangent to the circle a? + y* + 6a; — 4y 
+ 4=0 frarn — 

4. The point (3,4). Ana. Vsl. 

6. The point (—5, 6). -4?w. VU. 

6. The point (3, -7). Ans. 6V3. 

7. The point (-3, -5). Am. 2ViO. 

To find the equation of the circle orthogonal to a^ + ^ — 6« + 4y 
— 12 = having its centre at — 

8. The point (5, 3). Ana. ^f + f-lOx- 6y + 30 = 0. 

9. The point (-8, 7). -4n«. aj* + y«+ 6«- 14y-84 =0. 

10. The point (-2, -5). Ajis.o^ + f-^' 4aj + 10y+ 20 = 0. 

Given the circles 8 =a^ + y* — 2x — 4y — 2 = 0, 

S' =aj* + y«-6a;-4 =0, 

^"=a^ + 3^ + 8aj + 2y + 8 = 0, 
to find their — 

11. Radical axes. 

Ana. 2a; — 2y + l = 0, 7a; + y + 6 = 0, 5aj+3y + 5 = 0. 

12. Central lines. 

Ana. y + aj— 3 = 0, 7y-a; + 3 = 0, 5y — 3aj— 7 = 0. 

18. Radical centre and common orthogonal circle. 
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14. Given aj* + 2^-4aj-2y + 4 = 0, aj» + ^ + 4aj+2y-4 = 0, 
to find the centimes of similltade and the four common tangents. 

Ans. Direct centre, (4, 2) ; tangents, 3y~4aj+10=0, y=s2. 

Inverse centre, (l,i); tangents, 4y+3a;— 5=0, aj=l. 

16. Given aj* + y*- 10aj-4y+20 = 0, 0?* + ^- 2y -3 = 0, to 
find the centres of similitude and the four common tangents. 

Ana. Direct centre, ( — 10, —1) ; tangents, 12y— 5a;=38, ^+1=0. 

Inverse centre, (2, {) ; tangents, ^+2.4a?= 6.2, 2 = 2. 

16. Determine the circle ;8 = aj»-|-y* + 2 Gaj + 2 i?V + C7=0 so that 
it shall cut the circles 

iS'=aj* + 3^~4aj-2y + 4 = 0, /S"=a^ + y» + 4aj + 2j^- 1 = 

orthogonally, and show that the resulting equation represents a system 
of circles having a common radical axis. 

17. If a circle cuts S^= 0, /S"= 0, /S'"= orthogonaUy,.it will cut 
any circle A:/S'+L8''+ mfif"'= orthogonally. 

18. If AB be the diameter of a given circle, the polar of A with 
respect to any circle which cuts the given circle orthogonally will 
pass through B. 

19. The square of the tangent from any point of one circle to 
another is proportional to the perpendicular from that point upon 
their radical axis. 

20. Find the equation of the circle which passes through the inter- 
sections of the circles «' + y'=25, a^-hy* — 2a;-h4y = 31, and the 
point (-8, 9). 

21. Show that the length of the common chord of the two circles 

(aj-a)» + (y-6)» = c«, (»-6)* + (y-a)« = c*, 

is [4c»-2(a-.6)*]*. 

22. If — = — , show that the circles 

7? + 'f + 2Qx + 2Fy^0, aj* + y» + 2(?'aj+2jF"y = 0, 
touch at the origin. 
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PROBLEMS ON THE CIRCLE. 

K A point so moves that the square of its distance from a fixed 
point varies as its perpendicular distance from a fixed straight line ; 
show that the locus is a circle. 

2. A point so moves that the sum of the squares of its distances 
from the four sides of a given square is constant ; show that the locus 
is a circle. 

3. The locus of a point, the sum of the squares of whose distances 
from n fixed points is constant, is a circle. 

4. Find the locus of a point whose distances from two fixed points 
have a given ratio. 

5. Show that the circle whose equation is 

aj»4.y« + (2 G + ^C)a; + (2i^-h 5C)y = 
passes through the oiigin and the points of intersection of 

Ax + By^\ and »^-f 2^+ 2 6?aj + 2i?V + C=0. 

6. What is the locus of the middle point of a straight line whose 
length is Z, and whose ends move on a pair of rectangular coordinate 
axes? 

7. Find the equation of the circle which passes through the origin 
and cuts off the pobitive intercepts a and h from the coordinate axes 
X and r, respectively. 

8. Find the equation of a straight line passing through the point 
(a/'V) from which the circle 7? •■\- y^ = i^ cuts a chord whose length 
is d. 

9. Find the equation of the chord of the circle aj^H-2/* = r^ whose 
middle point is (a'y') . 

10. A and B are two fixed points, and P so moves that PA==k • PB. 
Show that the locus of P is a circle, and that all the circles for differ- 
ent values of k have a common radical axis* 
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11. Find the locus of a point which so moves that the square of its 
distance from the base of an isosceles triangle is equal to the product 
of its distances from the other sides. 

12. Find the locus of a point whose polars with respect to two 
given circles make a given angle with one another. 

13. Show that the radical axis of two circles bisects their four 
common tangents. 

14. If a circle be described on the line joining the centres of simil- 
itude of two given circles as a diameter, show that tlie tangents 
drawn from any point on this circle to the two given circles ai*e in 
the ratio of the corresponding radii. 

15. Find the locus of a point such that tangents from it to two 
concentric circles are inversely as their radii. 

16. A^ By (7, X>, are four fixed points on a straight line, and P a 
moving point such that the angles APB and GPD are equal ; show 
that the locus of P is a circle. 

17. Find the equation for determining the values of r for the 
points of interaection of the circle and the straight line whose equa- 
tions are 

r=s2acos0 and rcos(tf — a)=p. 

Show that p = 2a cos'- when the straight line becomes a tangent. 

It 

18. The polar equation of the circle on (a, a) and (6, /?) as a 
diameter is 

r^ — la cos (^ — a) + ft cos (^ — /5) ] 4- aft cos (a — /3) = 0. 

19. A circle passes through the origin and cuts the rectangular co- 
ordinate axes X and Y in points P and Q, such that the line PQ, 
always passes through a fixed point (A, ft) ; show that the locus of 

the centre of the circle is ^ + ^ = 2* 

A ft 



\ 
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CHAPTER V. 
THE OONIO SEOTIONS. 

The Equations of the Conic Sections. 

99. The sections of a right cone made by a plane may be 
designated by the general term " the conic," and are included 
in the following simple definition. 

A conic is the locus of a pomt which moves so that its distance 
from a fixed point is in a constant ratio to its distance from a 
fixed straight line. 

The fixed point is called the focus of the conic ; the fixed 
straight line is called its directrix; and the constant ratio, which 
is denoted by e, is called the eccentricity of the -conic. 
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Let ShQ the focus, and the line 03/ the directrix. Through 
the focus draw SO perpendicular to OM^ and take OX^ OM as 
tlie rectangular axes of the conic. Put the given distance 
0S^2p. Let P{ON, PN^, (xy) be any point on the 

conic, and let PS=^r\ then, by definition, 



PS 
PM 



— e^ or r = ex. 
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When e = 1, the conic is called the parabola. 
When e < 1, the conic is called the ellipse. 
When e > 1, the conic is called the hyperbola. 

1 00. To find the eqiuatian of tJie conic referred to the rec- 
tangular axes OX:, OM. 











F 
B 












^^y^^ 


^ 


P 




•mm-t 


M 


A 


y 


^^^ 


^ 


M 





\ 


s 

< 




C JV S' 

J 


r 


0' 






N 

I 


k 




y 


• 










B' 


1 



Fig. 40. 



From the definition we get 
PS't=e'PM\ 



But FS' = PN' + SN'^f + (X'-2py, PM'=^a?. 

is the required equation. ^ 

To find tJie points 'in which tJie conic cuts tJie.axis of X^ 
mbMimmme failed its vertices.. 

For points on the axis of X, y = 0, for which (a) becomes 






^JP_^OA, x,= ^ = OA\ 



l-he 1—e 

are the required distances from the directrix to the vertices A 
and A' of the conic. 

For points on the axis OM^ or directrix, a; — 0, for which 
(a) becomes y^ + 4;?2 — q, which shows that y is imaginary, 
or that the conic does not cut the directrix. 
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For the parabola (Fig. 39), 

1 +e 
For the ellipse (Fig. 40), 

1 + e 



x^ = 



1 — e 



1 — e 




Fig. 41. 



For the hyperbola (Fig. 41), 

e>l, x, = ^<p^OA, aj,= -l£-<0 

1 +e 1 — € 



= - Ow4'. 



101. The following properties of the conic are already 
apparent or are readily deduced. 

I. The conic is symmetrical with reference to the axis of as, 
since the definition PS •= ePM for any point P above the axis 
of X holds equally for the corresponding point P' below this 
axis (Fig. 39). 

II. The conic does not cut the directrix. 

III. The point C midway between the vertices A and A^ is 
called the centre of the conic. 

IV. The parabola is said to have but one vertex, since the 
other lies at an infinite distance from the directrix. The 
parabola is a non-central curve. 
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Since, from the definition, the fixed point S might have been 
taken to the left of the directrix, it follows : 

y. That if jE? is minus, the parabola lies to the left of the 
directrix. 

VI. That the ellipse has two vertices A^ A\ and two foci 
aS, S\ lying between the two directrices OM and OJiT. 

VII. That the hyperbola has two vertices A^ A' and two 
foci aS, S^ lying outside of the directrices OM and OM'. 

Definitions. — The distance AA' between the vertices is 
called the major or transverse axis of the conic. 

The middle point of the major axis is called the centre of 
the conic. 

The distance BB' which the conic cuts from the perpendicular 
to the major axis drawn through the centre is called the 
minor or conjugate axis. 

The distance LL' which the conic cuts from the perpendicular 
to the major axis drawn through the focus S is called the lotus- 
rectum. It is the double ordinate through the focus. 

VIII. To find the length AA of the major cuds of the conic, 
which denote hy 2a^ and the distance of its centre C from 
the directrix. (Figs. 40, 4^-) 

Length A4'=0^'- 0^ = -?£ ?£-. = J£l. = ± 2a. 

^ 1-e 1+e l-e^ 

Distance 0C= OJ +^(7 = -?^ +^^, = -^,= ±-; 

1 4-e 1 — e* 1 — e* e 

in which the signs simply indicate the direction of the vertex 
A' from the vertex A^ + for the ellipse and — for the hyperbola. 

IX. To find the length BB^ of the minor axis of the 
conic, denoted hy 2b for the ellipse, and hy 2&V— 1 for tJie 
hyperbola^ 
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The abscissa of the centre C is -, and 2p — -^ ^, by VIII., 

e e 

which substituted for x and 2p in equation (a), Art. 100, give 

the plus sign corresponding to the ellipse and the minus sign 
to the hyperbola ; 

.•. 5J5'= 26 for the ellipse, and 26V^^ for the hyperbola. 

X. To find the length LV of the Icubus-rectum of the conio. 

The abscissa of the focus SiB2p^ which substituted for x in 
equation (a) gives j/^ = ip^e\ The double ordinate 

LV^ 2y = 4pe = 2a(l-e«), by Vin., = — , by IX. 

a 

XI. To find the eccentricity e in terms of a and 6, the 
semi-axes. 

From IX. 

a'(l-6«) = ±y. ... e = :^^^iE^ 

a 

XII. To find the distance SO between the focus and the 
centre, which denote by c. This distance is called the linear 
eccentricity of the conic, 

;8C=0G-05=--2p = ae, by VIII. .-. ae = c, or- = e; 

e a 

that is, the ratio of the linear eccentricity to the semi-major 
axis is the eccentricity e. 

XIII. For any point P(xy) on the ellipse or hyperbola the 
lines PS and PS^ are called the focal distances of this point. 
Figs. 40, 41. 
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For the ellipse tJie %%im^ and for the hyperbola the difference^ 
of the focal distances of any point F(xy^ on the curve is equal to 
the major axis AA^= 2 a. 

By definition 

PS = ePM, PS'=: ePM\ and 00 = - , by VIH. 

e 

For the ellipse 

For the hyperbola 

P/S'- P/S = e(P3f'- PJIf) = e . 2 00= 2a. 

XrV. To express tJie focal distances of any point P{xy) on 
tJie ellipse or hyperbola in terms of the abscissa of this point. 



PS=ePM=ze(00 -{'CN) = ef^-{'x\:=a + ex^ 

) N >- ellipse. 

PiS'=:ePJlf'=e(0'0-Oi»') = e(--a?J=a-eaj3 

PS^ePM ^e{CN^ 00) = e/'aj-?'\=eaj-a ^ 

/ J\ r hyperbola. 

P/S"= ePM'^ e{ON + O'C) = efx +■ 5 J= ex + a) 

These equations are called the linear equations of the ellipse 
and hyperbola, the origin being at the centre C. 

1 02. To find the equoMon of the conic when the origin is 
at the vertex A. (Fig. 39.) 

Since the new origin A is on the axis of X, the ordinate y 

will remain the same, but we must put a; = a:'+r— 2_. Art. 

L + e 

21, Case I. Substituting this value of x in equation (a) and 
dropping the prime, it becomes 

f 4-(l - e2)iB« = 4jpeaj, (&) 

the required equation of the conic having its origin at the 
vertex A, 
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For e = 1, (J) reduces to y^ = ^px^ which is the simplest form 
of the equation of the parabola. 

For the ellipse and hyperbola, (6) may be written 

since 1 - e«= ± -. by IX., and -^, = 2a, by VTH., 

the origin for both curves being at the left-hand vertex, A for 
the ellipse and A^ for the hyperbola (Figs. 40, 41). . 

If we put the semi-latus-rectum, Art. 101, X., 2pe = P, then 
by VIII. (6) may be written 

^ = ^pex — (1 — ^)^ = ^pex ± J^T? = Apex 1= —a?, 

a a 

which shows that when e = 1, the semi-transverse axis becomes 
infinite, and both the ellipse and hyperbola become the parabola 

1 03. To find the equations of the conic when the origin is 
cut the focus S. (Fig. 38.) 

In this case y — y* and x = x' + 2p^ since the origin is 
changed from to aS', a distance equal to 2p. Substituting this 
value of X in equation (a). Art. 100, we get at once 

3^ 4. o^ = e«(» +■ 2py = {ex +■ 2pe)*, 
or y»-|-(l-e')a:'-2Peaj-P*=0, (c) 

in which the eccentricity and semi-latus-rectum are the given 
parameters. For the parabola e = 1, and its equation becomes 
y^^^pCx+py 

104. To find the equations of the ellipse and hyperbola 
wlien the origin is at the centre C. (Figs. 40f -^-Z J 

In this case, y = y ' and x = x* + a if we remove the origin 
from the left-hand vertex to the centre (7. 

Substituting this value of x in (6'), Art. 102, we get 

a Qi 
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... J^=l^?; or ^, + -^.= 1 (c) 

are the required equations of the ellipse and hyperbola when 
the origin is at the centre (7. 

We may also find these equations as follows : 

PN^ -i- SN^ =z PS\ or P2f^'-^{SC+CNy=:PS^, Fig. 40. 

But by XII. and XIV., Art. 101, 

PN=: y, SC+ CN=ae + Xj PS = a + ex. 
.-. y* + {ae + xy=:{a + exyj 

or ^+ .^ y' ^^ =1, or ^-|--^,= 1, by IX., Art. 101. 

These equations may be written 

since from VIII. and IX., Art. 101, we readily get 



2^S 



If the coordinates of the vertex are (A, A), and the new axes 
are parallel to the old, the equation y^ = 4px of the parabola 
referred to this new origin and axes is 

(y — A;)* = 4|>(aj — A) ; 

and when (A, i) are the coordinates of the centre of the ellipse 
and hyperbola, then their equations become 

The Ellipse. — When 5 > a, BB^ becomes the major axis on 
which the foci lie. 

When 5= a, the ellipse becomes the circle 3^+i/^ = a^^ hav- 
ing the major axis as a diameter, and is called the major axixiliary 
circle. 
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When a = A, the ellipse becomes the circle x^+y^ = h\ having 
the minor axis as a diameter, and is called the minor auxiliary 
circle, 

Tlie Hyperbola. — When the axis A A* becomes imaginary, 

and i?fi' real, the hyperbola -+^ = 1 is called the conju- 

— a^ b^ 

gate of - + JL-- = 1, 
a^ — (r 

When 6 = a, the conjugate hyperbolas become y^'-j? = cfi 
and x^—y^ = a\ and are called equilateral conjugates. 

1 05. To find the equation of the conic wlien the focus S 
is on tJie directrix. 

In this case 2p =0, and equation (5), Art. 102, becomes 

y*-f(l-O«' = or ?/ = ±aV?^, 

two straight lines which are real for e > 1, coincident for e = 1, 
and imaginary for e < 1, and must be classed among the conic 
sections. 

1 06. Definitions. — A diameter of an ellipse or hyperbola 
is any line drawn through the centre O and terminating in the 
curve. 

The axes are called the principal diameters. In the parabola 
a diameter is any line parallel to the axis of the curve. 

107. A diameter of the ellipse or hyperbola is bisected at 
the centre C. 

If P(xy) is any point on the curve, 

then the point (—a?, —y) is also on the curve, for its coordinates 
satisfy the equations of the curve. 

But the line joining the points (xy) and (— a:, — y) is bisected 
at the centre C 
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108. To trace the general form of the conic from its 
equation. 

For this purpose let us take 7/^ = 4:px, the equation of the 
parabola, and -2"l"""^2 ~"^» ^^® equations of the ellipse and 

hyperbola, as the simplest forms, and for this reason the ones 
to be mainly used hereafter in deducing the more important 
properties of these curves. 

First, let us examine the parabola (Fig. 39) : 

I. The equation y -^ ± l 4joa; shows that for every value of x 
there are two equal values of y with opposite signs. The curve 
is therefore symmetrical with respect to the axis of X. 

II. As there is no limit to the positive values of x^ there is 
no limit to the corresponding plus and minus values of y. 
Therefore the halves of the curve above and below the axis of 
JST extend to infinity. 

III. For any negative value of x, y is imaginary. Therefore 
no part of tlie curve lies to the left of the axis of Y through the 
vertex A. 

Second, the ellipse (Fig, 40) : 

rV. The equation y = ± - V a^—:)fi shows that y is imaginary 

a 

for values of x numerically greater than + a or — a. Therefore 

the curve lies between the parallels x— ± a^ through A and J.', 

and is symmetrical with respect to the major axis AA\ 

V. The equation of the ellipse can also be written 

which shows that the curve lies between the parallels y = ± J, 
through B and B', and that the curve is symmetrical with 
respect to the minor axis BB\ 
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VI. The curve lies wholly within the rectangle whose area is 
\ab to which it is tangent at the points A^ A\ B^ B\ 

Third, the hyperbola (Fig. 41) ; 

VII. The equation y = ± - -y/^ — c? show that y is imagi- 

nary for all values of x numerically less than + a or — a. 
Therefore the curve lies outside of the parallels 2; = ± a, through 
the vertices A and AK 

VIII. The curve is symmetrical with respect to the axis of 
x^ and as y is real for all values of x numerically greater than 
± a, both branches of the curve extend to infinity. 

IX. The curve is also symmetrical with reference to the 
minor axis BB\ 

1 09. To construct a conic, having given its equcution. 

This method has been given in Art. 18 on the construction 
of loci. 

110. To trace a conic hy points determined from known 
properties of the curve. 

The Parabola (Fig. 39). — Having given OS the distance 
between the focus and directrix, which lay down on any as- 
sumed line OX. The point A midway between and S is the 
vertex of the* curve. At any point N on the axis draw a line 
perpendicular to the axis. With aS' as a centre and ON as a 
radius, find the points P and P' on this perpendicular, which 
are points on the curve, since SP =0N~ PM^ by definition. 
In this way find as many points as are needed, through which 
to trace a sufficiently near approximation to the true curve. 

The Ellipse (Fig. 40). — Having given SO = Cy the linear 
eccentricity, and AA^ — 2 a, the major axis. On any assumed 
line 00' lay off 2SC = SS', and from (7, the middle of SS', 
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lay off CA = ± a, and find the major axis AA'. Now since for 
any point P on the locus, FS+FS' = 2 a, by Art. 101, XIIL, 
we have this simple rule for finding points on the curve. 
Divide AA' into any two parts. With these parts as radii 
and the foci as centres, describe arcs of circles. These circles 
will meet on the ellipse since the sum of their radii equals AA', 
In this way find as many points as are needed to trace the 
curve with sufficient accuracy. 

The Hyperbola (Fig. 41). — Having given SC=c the 
linear eccentricity, and A A' =2a the major axis. As in the 
ellipse find the points /S, S\ A^ A' on any assumed line. Since 
for any point F on the locus FS' ~~ FS — 2a^ we have the 
following simple rule for finding points on the curve. On A' A 
produced take any point X, then A'X—AX = A'A. With 
A'X and AX as radii, describe circles with the foci S^ S' as 
centres; these circles will intersect on the curve since the 
difference of their radii equals A' A. In this way find as many 
points as are needed to trace the curve. 

111. To trace a conic by motion with the data given in 
the last article. 

The Parabola (Fig. 39). — Let the right-hand edge of a 
ruler coincide with the directrix OM. Place the altitude of a 
triangular ruler against the directrix ruler, and let its base 
coincide with MF. Take a string equal to the base MB of the 
triangular ruler, fasten one end of it at the focus aS, and the 
other end at the end B of the base of the triangular ruler. A 
pencil tightly pressed against the string will touch the base at 
P, a point on the curve, since SF = FM. As the triangular 
ruler slides along the directrix ruler, the point F of the pencil 
will move along and trace the curve. 

The Ellipse (Fig. 40). — Find the points S, S\ as in the last 
article. Take a string equal in length to AA'=2a; fasten an 
end at each focus, press a pencil tightly against the string; 
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then its point F is on the curve, since PS+ PS^= 2a = the, 
length of the string. The point of the pencil will move along 
and trace the curve, since PS+PiS^ is equal to 2 a for all 
points on the curve. 

The Hyperbola (Fig. 41). — Find the points S^ S\ as in the 
last article. Let the length r of a ruler exceed AA'= 2ahy d. 
and take a string equal to d in length ; then r — d = 2a. Fasten 
one end of the ruler at the focus /S" about which it can turn ; at 
the other or movable end of the ruler fasten one end of the 
string, and the other end of the string at the focus S'. Now 
press the string tightly with a pencil against the ruler at the 
point P, which is also on the curve, since PS^—PS = 2a. 
The point P of the pencil will move along and trace the right- 
liand branch of the hyperbola. The left-hand branch can be 
traced in the same way by fastening the ruler at S and the 
string at S'. 

112. To find the equation of the conic referred to a new 
pair of axes respectively parallel to OX and OM (^Fig. 39), 
when the coordinates of the old origin are (/^, A;). 

The equations for transformation of coordinates are 

x=^h + x\ y^k + y\ (Art. 21) 

The Parabola. — If we take the equation y* = 4j!?a;, the coor- 
dinates of the vertex are (A, i), and we get 

(y-A:)«=4i)(aj-7t), 
or j^—2ky — ipx-j-J(?+^hp=iOj 

for the transformed equation. 
This equation is of the general form 

and if we suppose that the two are identical, then we find by 
comparing coefficients that 
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Therefore, the latus-rectum = — 2Q-; the vertex is 
C^2a^ ' --y) ; the focus is (^'^og^^ > --*') 5 the equation 
of the axis is y = — J*; the equation of the directrix is 



X = 



2a 



The Ellipse and Hyperbola. — Since the equations of the 
ellipse and hyperbola, when the centre is the origin, are of the 
simple forms 



4+g=l, and4+-4i=l, 
or V a? —V 



it will be easier to proceed, as in Art. 70, to determine under 
what conditions the equation 

-4a? + ^ + 26te+21?V + C=0 (a) 

will represent the one or the other of these curves, for which 
neither A nor B is zero. 

By completing the squares (a) becomes 

in which ( — -7> — r;r j are the coordinates of the centre. 
\ A BJ 

If we take the centre as the origin, then (a) reduces to the 
simple form 

A^ + By'^K, (6) 

and the axes of the conic coincide with the coordinate axes. 
Now let us find the major and minor axes. By making y and 
X equal zero in succession, we get the intercepts on the coordi- 
nate axes, which are 



'< « 



I 
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or 2a=2^^, 26 = 2 

the required axes of the conic. 

If K is minus, we can make it plus by changing all the signs 
in equation (6). 

It follows then, assuming that ^'is always plus, that 
I. If A and B are plus, (5) represents an ellipse. 
II. If ^ < j8, then 2 a is the major axis. 

III. If A and B are both minus, (5) represents an imaginary 
^llipse. 

IV. If A and B have opposite signs, (&) repsesents an hyper- 
bola. 

The following results are readily found : 

V. The semi-axes are a = -v-ji i = \-n- M^ 

VI. The eccentricity is «=-*l^ — ^ — ^. 

VII. The linear eccentricity 80 = ae = J ^^"^"^) . 

Vm. The distance 0S = 2p = -yj- ^^ 



B(B-A) 



2 /— 
IX. The latus-rectum is 4 jog = -^ vKA. 

B 

X. The distance Qg=g=J , ^^ , . 

XI. The coordinates of the centi-e are ( — -?, — — \ 

\ A BJ 





i 



t 



i 
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] 1 1 3. 5b find the polar equoMon of the conic, the pole being 

r at the focus /S, and the axis of X the polar aa>is. CFig. 39.) 

The rectangular equation of the conic, when the origin is at 
the focus S^ is 

2^ + a? = e«(aj + 2i>)« (Art. 103) • (c) 

If (r, ff) are the polar coordinates of any point P(xy) on the 
curve, then a; = r cos ^, y = r sin ^, and (c) becomes 

r« = 6*(rcos^ + 22))% 

or r==±e(rco8tf + 22>), 

1— 60060 1 + eoostf 

in which the positive root r = SP is one segment of the focal 
^b^ chord PSP", and the negative root r* = SP^\ the other seg-^ 
pent measured in the opposite direction from the focus S. 

If the vectorial angle is measured from the line SA^ that is, 
from the vertex A to the right, then these values of r become 




'# 



(a) 



2pe _ 2pe 

1 — eco8(ir — ^) 1+ccostf' 

l+cco8(ir — fl) 1 — eoos© 

the best forms for use. 
If the polar axis makes an angle a with SA, then 

r = ?£? , r'= ^^ 

1 + ecOS (fl — a) 1 — €COS (^ — a) 

If the semi-latus-rectum is denoted by P, as in Art. 102, 
then by X., Art. 101, 

2p6 = a(l-6»)=^ = P, 

a 

and equations (a) become 

l+eoostf' 1 — ecostf 



> 
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We can deduce a positive value of r' from the value of r by 
increasing by tt ; then 

P P 



7^= 



l+eC08(^ + ir) 1 — ecoB0 



114. To find the polar equation of the ellipse and hyper- 
bola when the pole is cut the centre. 

The equation -—+ -^=1 becomes 

a^ '^ ±V ' a«8m*tf±yco6»tf' 

which may readily be reduced to 

^^ ±V 
l-c^cosV 

the required equation. 

EXERCISES ON EQUATIONS OF THE CONIC. 

Given the values of (p, e) , the axis of the cm've, and the origin ; 
to find the lengths of the semi-axes a, b ; the linear eccentricity c ; 
the latus-rectum LV ; and the equation of the curve. (See Figs. 39, 
40, 41.) 

Given p =» 2, e = ^, for the ellipse : 

1. a = l, 6 = |V3, c = |, ii' = 4. 

2. 4^ + Sa:* -82 a; + 64 = 0, origin on axis at 0. 
8. 4^ + 8aB^ — 16a;=:0, origin on axis at A 

4. 4^^+ 8fls^— So? — 16 = 0, origin on axis at 8. 
6. 12^+ 90^* = 64, origin on axis at C. 

6. 12y* + 9»»- 96y- 64a?+ 209 = 0, coordinates of (8, 4). 

Given p = 5, e = f , for the hyperbola : 

7. a=12, 6 = 6V^, c=18, iZr'=:80. 

8. 6«^ - 4y" + 80a? - 400 = 0, origin ou axis at 0. 
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9. 5a? — 4^ + 120aj = 0, origin on axis at A. 

10. Sa* - 4y* + 180a; + 900 = 0, origin on axis at S. 

11. 6 ai^ — 4^ = 720, origin on axis at C. 

12. 5«* - 43/" + 200« - 8y +1276 = 0, coordinates of iS (-2,-1). 

Given p = 3, e = 1, for the parabola : 

13. LL' =12, 2^ = 12 a;, origin on axis at A. 

14. 2^ — 12 a; + 36 = 0, origin on axis at 0. 
16.. 2^ — 12 as — 36 = 0, origin on axis at S. 

16. y" - 6y - 12a; - 57 = 0, coordinates of -4 (— 5, 3). 

17. ^+2y-12aj-ll=0, coordinates of 5 (2,-1). 

To find the equations of the following lines when the axis of X is 
the axis of the conic, and the origin is (Fig. 39) : 

18. At 0. The equation of LL* is a; = 2p ; of OL i&y^exi 
of SQ is y -f ea: = 2pe ; of AQ is y + e(l + e)a;= 2pe ; 

ot AL is y — (1 +e)x + 2p = 0, 

19. At -4. Of 03/isa; = --^; of -LIr' is a; =-?£^; 

1+e 1 + e' 

of OL is y — ea; = ^ ; of SQ is y + ea; = —2— ; 

1 +e 1 -f-e 

of -4Zf is y = (l +e)x\ of AQ is y + e(l -f-e)a; = 0. 

30. AtiS. Of Oi*f is x = -2p; of ^Fis aj = --?£L; 

1+fl 

of OL is y — €a? = 2pe. 

21. At C. Of ^IB is ay - 6a; = a6 (Fig. 40) ; 
of LB' is aey + {2pe + b)x + abe = 0. 

Take a new pair of axes (Fig. 40) respectively parallel to the axis 
of the conic and its directrix. Let (^, k) be the coordinates of the 
vertex A ; then the following lines and points are expressed by : 

22. 0(»-i£-,»), sa^f^^.i\: oh+J^^i): 



s'(h+^^,iy, L(h+^^,k+i„y 
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B 












the equation of OMSax^h — ^; of ZIr'is« = * + -^; 

of 00' is y = A;; of -B5' is « = A+-?£i.. 

Find the latus-rectum, vertex, focus, axis, and directrix of eadi of 
the following parabolas : 



28. 3/"-6y-8a:-7 = 0. 
24. iB»+10a?-2y + 4=:0. 
26. 6y*-10y-9a;-10 = 0. 

26. 8a? + 12a?-.8y = 0. 

27. ^ — 4y-5aj-16 = 0. 



28. 6«* — 3aj + 2y — 4 = 0. 

29. 8^ + 9y-8aj-2 = 0. 

30. aj"-.4aj — 2y + 3 = 0. 

81. 3/" + 8y-12aj + 2=:0. 

82. aj» + 2(?a;-t-2J?V + C'=0. 



I<ATDf' 
BlCTUM. 


Vbbtiz. 


FoofUfl. 


Squatiox 
or Axis. 


SqUATIOH 
or DiBIOTBIX. 


(23) 8; 


(-2,8); 


(0,8); 


y = 3; 


« = -4. 


(24) 2; 


(-6.-V); 


(-6,-10); 


x=-6; 


y = -ll. 


(26) li 


(-1.1); 


(-*§,!); 


3r=i; 


' — w. 


(26) Is 


(-2.-I); 


(-2,-i); 


« = -2; 


3r = -V- 


(27) 6; 


(-*.2); 


(-V.2); 


3r=2; 


x = -v. 


(28) -1; 


(A.H); 


(A.V); 


« = A! 


y=H 


(28) »; 


(-«.-!)! 


(-«.-«); 


y=-l; 


x=-W- 


(80) 2; 


(2,-}); 


(2,0); 


«=2; 


y^ — 1. 


(31) 12; 


(-1.-4); 


(+¥,-•*); 


y=-4; 


«=-¥• 


(82) -2F; 


(-"•^n 


• I • 2/" i 


;« = -»; 





Find the semi-axes, eccentricity, latus-rectum, centre, and foci of 
each of the following ellipses and hyperbolas : 

83. 9«* + 25y"-36aj-.160y + 86 = 0. 
34. 16a? + 25y" + 82aj-100y- 284 = 0. 
86. 4ir» + 93^-8aj + 18y-23=0. 



i 
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36. 20x^ + 24tf+S0x + U4y + 2Sl 

37. 3ix? + 4:f'-6x + 8y + l=:0. 

38. 3a;*-23^ + 6aj-4y+2 = 0. 

39. 5aj'-82/* + 3aj-22( + l = 0. 

40. 4a»-12y«+6a; + 8y-2 = 0. 



= 0. 



SiMI-AZBB. BCCXHTBICITT. 

(33) 5,3; I; 

(34) 5,4; I; 

(35) 8,2; iVE; 

(36) iV3,JvlO; iV6; 
(87) ^/2,i^/Q; i; 

(38) JvC:3;jV2; jVl6; 

(39) Av'^^AvlS; iV^; 

(40) A VlOS; AV=^85 ; JVI2; 



i\/2 



GmTBas. Fool 

(2,3); (2±4.8). 

(-1,2); (-1±8,2). 

(1,-1); (1±V6,-1). 

(-2,-8); (-2±iV5,-8). 

(1,-1); (1±JV5;-1). 

(-1,-1); (-l,-l±iV80). 



Avl5; (-A.-i); (-A7-i±AV39). 
f; (-i,i); (-i±iV86,J). 



41. For what value of p will the parabola y^ = ipx pass through 

the point (aj'i/') ? ^^^ p = -2^ . 

4a;' 

42. The focal distance of any point (xy) on the parabola ^ = 4:px 
iBp + x. 

43. When the axis of the parabola and its directrix are coordinate 
axes, its equation is y* — 4 jm; + ^p^ = 0. 

44. With the same axis of X, and the focus at the origin, the 
equation is ^ — 4 j%c — 4p^ = 0. 

46. In the parabola t^^^px the squares of the ordinates of any 
two points on the curve have the same ratio as the abscissae of these 
points. 

46. A parabola has the point J^ as its vertex, and passes through 
the points B^ B (Fig. 40) ; find its equation. Ans. y^=:2pex. 



^-( 
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47. If >S^ is the vertex, and the parabola passes through the points 
B^ B^ what is its equation? Ans. f^=:2px. 

48. If £' is the vertex of a parabola and it passes through the foci 
S, S\ what is its equation ? A a^ = of — V ^^ 

b 
48. If the parabola has its vertex at N and passes through A^ *A\ 

its equation is a^ = — y. 

b 

60. How are the four parabolas y* = ± ipxj a? = ± 4py situated? 
They meet in the four points ( ±4p, ±4j9). The circle through these 
points is a? + j^s=S2j^ (l),and the circle through the four foci is 
a? + ^ =1^(2) . The length of the tangent from any point in (1) to 
(2) ispV31. 

4^61. For what point on the parabola is the ordinate n times the 
abscissa? ^^^ /4p^ ip\ 

\n* n / 

62. If the focal distance of a point on a parabola is n times the 
latus-rectum, what is the abscissa of the point? Ans, a; = (4n — l)j). 

63. What are equations of the focal chords for a; = 4(n — l)jp? 

Ans. 2(n — l)yT V4.n — 1 (a — p) = 0. 

^ 64. In the ellipse or hyperbola the semi-conjugate axis is a mean 
proportional between the focal segments SA and SA^ of the trans- 
verse axis. (Figs. 40, 41.) 

NoTB. — In the ellipse the focus is a point of internal section ; while in the 
hyperbola the focus is a point of external section. 

66. In the eUipse and hyperbola the semi-latus-rectum is a har- 
monic mean between the focal segments of the transverse axis. 

66. In any conic the semi-latus-rectum is a harmonic mean between 
the segments r and r' of any focal chord. 

67. In any conic the sum of the reciprocals of any two perpendicu- 

2 — e* 
lar focal chords is • 

Ape 



4 
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68. If the segments of any two perpendicular focal chords of a 
conic are SPj SP'j and SQ, SQ', show that 

1 1 ^ g-e' 

59. If in any conic r', r, r" are the radius vectors which correspond 

to e - 60% tf , tf + 60% then JL + JL i = J-. 

r r' r 2pe 

60. If r and r' are the lengths of any two perpendicular radius 
vectors drawn from the vertex of the parabola ^ = djxc, show that 
(rr')* = 16i>*(r* + r'*). 

J^j-^l, In the ellipse or hyperbola the squares of the ordinates of any 
'two points on the curve are in the same ratio as the products of the 
segments of the transverse axis made by the feet of these ordinates. 

^2. If through a fixed point on the axis of a parabola any chord 
POP be drawn, show that the product of the ordinates of P and P 
will be constant ; as will also the product of the absciss® of these 
points. 

<^3. Two straight lines are drawn through the vertex of a parabola, 
at right angles to each other, meeting the curve in P and Q ; show 
that the line PQ cuts the axis in a fixed point. 

64. If the circle ix? + f + 2€fx + 2Fy-\'C^0 cuts the parabola 
^ — 4cpx = in four points, the algebraic sum of the ordinates of 
these points will be zero. 

65. Show that the area of the triangle inscribed in the parabola 

y* = ^px is -— (y'—y") (y" — y") (y'"— y') in which j^', y", y"' are the 
8p 

ordinates of the angular points. 

466. Find the equation of the circle which passes through the vertex 
and the ends of the latus-rectum of the parabola y* = 4:px. 

Ana. ^ = (6p — «)». 

67. If PSQ be a focal chord of a parabola, and PA meets the 
directrix in JKf, then MQ is parallel to the axis of the parabola. 
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68. Circles are described on any two perpendicular focal chords of 
a parabola as diameters ; show that their common chord passes through 
the vertex of the parabola. 

69. The equation of the ellipse which has the point (—1, 1) for its 
focus, the line 4^; — 3^ = for its directrix, and f for its eccentricity 
is 20a?» + 24ccy + 272/*+72(aj-y + l) = 0. 

70. Show that the circle described on 8P as a diameter (Fig. 40) 
touches the circle described on the transverse axis as a diameter. 

71. If the ordinate MP of an hyperbola be produced to Q, so that 
MQ = SP, find the locus of Q. 

72. A chord PQ of an eUipse is perpendicular to Ihe major axis 
AA^ ; PAy QA are produced to meet at R ; show that the locus of R 
is an hyperbola having the same axis as the ellipse. 

73. In an ellipse, if PP and QQ' be focal chords at right angles 
to each other, then 

1-e^ l-e* ^ 1 1 



spsp ' sqsq ag* bg^ 

74. Find the equation of the ellipse referred to coordinate axes 
passing through the ends of the minor axis, and meeting at one end 
of the major axis. 



CHAPTER VI. 



THE FASABOLA f^^^px. 

The Parabola is Concaye towards the Axis. 

116. Prove thai the parabola t^ =* 4ipx is concave towards its 
axis AX. (Fig. 42.) 




8 N N* 



Fio. 42. 

Let P'(x'if'^ be any point on the curve ; draw AP'^ and at 
any point N between A and IP erect a perpendicular to the 
axis AX. Let P(xy) and Q(x1c) be corresponding points on 
the curve and line. 

For the point C(a:i), on the line AP\ k = ^Xy and 

**=5^»" = -~a?, since y'* = 4|w?'. 

For the point P(pnf)y on the curve, ff^=^4pz; and by divis- 
ion r5 = '~' But x' > rr, and therefore y>k; that is, the 

it* X 

oorve is concave towards AX^ as was to be proved. 
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The ellipse and hyperbola, origin at left-hand vertex, 

y» = ^(2aB-»») cs^^/'^-lV* {V) Art. 102 
a" c? \x J 

are also concave towards the axis of x. 
For the point Q(xk)^ on the line AP', 

k^tx^ and A? = ga?=^f2a^iy ^^ 

and dividing (6') by (c), 



?! = 



2a_j 



A? 2a_j 
a;' 

But for a;' > a:, --?-l>-^ -1, and .\y>k\ that is, the 

a? a? 

curve is concave towards the axis of X. 

116. To find when the paint (A, k) is mUhout, on, or udthi^ 
the parabola y* = ^px. (Fig, 4^.) 

The three points Q\ P, Q have the same abscissa AIf'=x=h^ 
and 4ph is the same for each ; but for the ordinates, Q^N> PN 
> QN (Art. 115). Therefore 

For the point Q\hJc) without the curve, A? — ^ph > 0. 
For the point PQik) on the curve. A? — 4|?A = 0. 
For the point Q(hTc) within the curve, A? — 4|?A < 0. 

In the same way it can be shown that for the ellipse and 
hyperbola, -^ + ^^ = 1, we have 

a3f±W:^dfV>0, =0, <0, 
for points without, on, or within the curves. 



THE PARABOLA AND THE SECANT LINE. 



The Parabola and tbe Secant Line. 

117. Tofimdtheequationof the secant which intersects the 
■parahf^a ^ = ipx in t?ie two given points F'{x'y') and P"{x"y") . 
(Fig. 43.) 



Fio. 43. 

For these given poiDta y^ = 4px becomee 
y" = ipx', y"* = ipaf', 
from which, hj subtraction and diTision, we get 
y'-y"_ ip 



, „_ , „_.,., v"!::-- (a) 

x' — x" y' + y" '^ — " 

which is the tangent of the angle $, which the secant P'P" 
makes with tlie axis of X (Att. 4). 

This value of m, substituted in the equation of the straight 
line through two given points, 

or (y' + y")y — 4pa!-y'y"=0, (6) 

tbe required et^uation of the secant P'P". 
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The Tangent and Normal. 

1 18. To find the eqtcoMons of the tangent and normal to 
the parabola y' = 4:px a;t the point P{Q^y^). (Fig. 43.) 

I. The. Tangent. — The secant P'P" will become a tangent 
at the point P\x^y') by revolving it about P' until P" and P' 
coincide, when a:" —x' and y" =y'. Introducing these condi- 
tions into (5), the equation of the secant (Art. 117), it becomes 

or yy' = 2p(aj + a;'), (a) 

the required equation of the tangent P^T* 

II. The Normal. — The equation of a line through the point 
P^(x'y'^j perpendicular to the tangent (a), is (Art. 60) 

or {y-y')2p + {x-x')y'^0, (b) 

the required equation of the normal P^N. 

119. To find the equoMons of the tangent and normal in 
terms of the direction parameter m. 

I. The Tangent. -^ The equation yy ' = 2j? (a; + x) of the tan- 
gent may be written 

2j%c , 2pa5' 2px . y' 

2p y' p 

But -T = wi, and -h = £» and therefore 
y ^ w 

yz::^mx+^ (a) 

is the required equation. 

Since m is arbitrary, this is the equation of any tangent to 
the parabola y^ = 4px. 



% 
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\\ . " If the coordinates of the vertex A are (A, A), then the equa- 

tion of the tangent is 

3( — A; = m(a; — A)+— . (b) 

II. Hie Normal. — The equation of the normal may be 
written 

yf 

But —&-=m^ from which we get 

*/« 
y' = — 2j>m, and ^ = — 2>?ft'. 

.• . y = mx — 2pm --pm^ (c) 

is the required equation. 

fll. To find the subtangent TW and the subnormal IPN. 
(Fig. 43.) 

(1) The Svitanffent. — ^ For y = 0, the tangent yy ' = 2p(x+ x') 

gives 

2p(x + x*) = 0y orx=z—x' = -AT; 

that is, TA = AN^, or the subtangent 2!2\r' is bisected by the 
vertex A Therefore TN^ = 2x'. 

(2) The Subnormal. — For y = 0, the normal 

(y-y')2i> + («-aj')y' = 

gives aj=2j> + 2B' = AN'; 

or x-'7f=^2p=:AN'-A2rr=2rN'; 

which shows that the subnormal WN is constant and equal to 
OS, the distance from the focus to the directrix. 
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IV. To find the value of m for the tangent to the parabolc 
f^zs4:pz^ which passes through the point (h^ k). 

P 
If the tangent y='fnz + ^ passes through (A, A), then 

p 
from which we readily get 



m = ^j^, 

which shows that two real tangents can be drawn to the paraboli 
when the point (A, Tc) is without the curve ; two real and coin 
cident ones when (A, Tc) is on the curve ; and two imaginary 
ones when (A, A) is within the curve (Art. 116). 

120. A pair of perpendieuZar tangents to the paraboli 
intersect on the directrix. 

P 
If the equation of one tangent is y = ww? + —, the perpendicu 

lar one is y = *~ IJ "" ^i'* Eliminating y, by subtraction, wi 



. get 

(m + — ja5 + (m + — 1» = 0, 



or » = — i?, 

which is the equation of the directrix, the locus of the inter- 
sections of all perpendicular tangents. 

121. The tangent PT makes equal angles with the focal 
distance P'S and the Ojxis of X; the normal P^N makes equal 
angles with the focal distance P'S and the diameter P'X'. 
(Fig. 43.) 

I. The Tangent. — Since TA = AN^ and A8 = OA^ we get 

by addition 

TA + AS^AIP + OA, 

or TS=^02^=^SP'; 

or the triangle rSTis isosceles, and TF'S = P'TS= TP^K 
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thepsri^ Ij^ 2%eJyi>maZ. — The angles JVP'^ and ^y'X' each equals 

a right angle diminished by the equal angles 

l,tliefl TPS^^TJPS. r.NFS=^NPS. 

This shows that a ray of light, or a wave of sound, which is 
parallel to the axis AX^ and strikes the curve at any internal 
point P\ will be reflected to the focus ; or if originating at the 
focus, will be reflected in lines parallel to the axis. 

le panboJ 1 22. A line drawn through the focus S{p^ 0) perpendie- 

and m ^^^ ^ *^ tangent at I^(x'y') meets it on AT^ the tangent 
ai the vertex A; and meets the diameter PX! correspond^ 
ing to this tangent on the directrix a>t M. (Fig. 43,) 



imagisn? 



^wfflWfl 



Jget 



The line through S(jp^ 0) perpendicular to the tangent 
y^ = 2|? (a? + a?0 is (Art. 60) 



•pendicn- y=-^(a5-p). 

* The point of intersection of these two lines is £[0, %\ which 

is on the line a? = 0, or -4 F. 

Since OS = 2 AS^ OM = 2 RA = y ', the ordinate of any point 

on P'X', and Jf is on the diameter P'JT'. 

Also, since the tangent P'2^ is perpendicular to SM Q,t its 

^^^' middle point, all points on this tangent are equidistant from 

the focvLs S^ and the point Min which its diameter P'X! meets 

^ « the directrix. 

focd 

j^X'. 1 23. A line drown through the focus S(pj 0) perpendicu- 

lar to the focaZ distance SP' meets the tangent PT on the 
^directrix OM. (Fig. 43.) 



M. 



The equation of the line SP', through S^p^ 0) and P'(a:'y')» 
is (Art. 89) 

y=5rz:^(«-i>); 
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and the equation of the line SM! perpendicular to 8P' is 
(Art 46) 

if 

The point of intersection of SM! and the tangent 

a point on the directrix OJf whose equation is a; = — 17. 

124. T(9 draw a tangent to the parabola y^=i4tpx at the 
point P(xy). (Fig. 43.) 

Draw a perpendicular to the focal distance SP\ and the line 
drawn through the points If and P' will be the required tan- 
gent* 

Or, take lPN=2p, and draw the normal P'iVl Through P', 
perpendicular to the normal, draw the required tangent. 

126. Through any point P without the parabola to draw 
two tangents. 

With P as a centre, and PS as a radius, describe a circle 
cutting the directrix in the points M and W. The diameters 
of the parabola drawn through these points will intersect the 
curve in the required points of tangency. 

For the point P on each tangent will be equidistant from S 
and the point in which its diameter meets the directrix (Art. 
122). 

1 26. 4^ tangent is drawn to the parabola y^ = ^px through 
a given point P(hyk)y to find the coordinates of the point 
of toingency. (Fig. 44') 

The tangent to the parabola at the point P^x't/^^ is 

f/y^^2p{x + x'); 



> * 
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and since the tangent is drawn through the point P(A, Ar), we 
have 

But for the point of contact y^ = ^px\ and by combining these 
equations, we readily get 

y' = fc±V*»-4i)^, (a) 

^__ y -• 2p^ ± A; VA:* - 4jp^ 

the required coordinates of the point of tangency. 



(P) 




Fio. 44. 



These values show that there are two real tangents for 
A? — 4j>A>0, a point without the curve; two real and coin- 
cident tangents for A? — 4j9A = 0, a point on the curve; and 
two imaginary tangents for A:^ — 4ph < 0, a point within the 



curve. 



127. To find the equoHon of PP\ the chord of conictct, 
of two tangents dranvn to the paraibola from any point P(hj k). 

The differences of the roots in (a) and (6) (Art. 126) are 
y'-y"«2VA?-4i)^ and g^ - a?" = ^^^ " ^i^^ ; 
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and the equation of P'P" is therefore 

which readily reduces to 

the required equation. 

Second Solution. — Since the tangents at P\x^y*) and 
P"(a?"y") both pass through the point P(A,A), we have the 
two equations of condition 

lcy'^2p(x; + h), ky" = 2p{x^ + h), 

which show that Ay = 2|?(a? + A) is the required equation of 
the chord P^P'\ since it is satisfied by the coordinates (a?'y') 
and (jr"y") of the points of tangency. 

As in the circle (Art. 86), this chord is also called the polar 
of the point P(h^ Jc) with respect to the parabola y^ = 4|w. 

EXERCISES AND PROBLEMS ON CHORDS, TANGENTS, AND 

NORMALS. 

1. Are the points (3, 6), (2, 4), (4, 5), without, on, or within the 
parabola 2^ = 80;? 

2. What is the equation of the secant which intersects the parabola 
^ = 4a; in the points (1, 2) and (2, 4)? Ans, 3^ — 2a?s=4. 

Find the points in which the following parabolas and straight lines 
meet: 

3. y»=:8a;, 3y-9a; = 2. Touchat(|,f). 

4. s^ = 4p«, ,=8x-p. Intersectin (p, 2p). (|, -fp)- 

5. y'=5 4iXB, 2/ = 2a5+^« Touch at f^, pj- 

6. y»— 7aj~8y + 14 = 0, 7a? + 6y=13. Touch at (1, 1). 

7. For what value of p will the parabola y* = 4paj pass through 
the point (4, — 8) ? Ans, p = 4. 



% 
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•'*' 8. Find the equations of the tangent and normal to the parabola 

( ^s9a; at the point (1, 3). 

Ana, Tangent, 22^ — 3a;= 3; normal, 3^ + 2a;s=U. 



/ 



9. Find the lengths of the tangent, normal, subtangent, and sub- 
normal of the last example. Ana. Vl3 ; f Vl3 ; 2 ; 4^. 

10. For what value of p will the parabola y*=s4:px touch the line 
2y — 8a;=l? Ana. pss^. 



f* U. Show that y — oj— J9 = 0, y + x+p^sO are the tangents at 

the ends of the latus-rectum of the parabola ^s=4jxc, and that 
y + ic — 3p = 0, y — a; + 3^ = are the normals at the same points* 

12. The equation of the line through the vertex A and the upper 
f^ end L of the latus-rectum of the parabola y* s= 4rpx is y*s= 2x. (Fig. 

39, Art. 99.) 

13. What angle does the line AL make with the tangent at Zr? 

Ana. tan~^J. 

14. Find the point in which the normal at L again meets the 
r "^ parabola y' =s 4|xr, and also the length of the intercepted chord. 

A7ta. {9p, -6p) ; 8pV2. 

. — 15. The tangents at the ends L and L^ of the latus-rectum are 
perpendicular to each other. 

' 16. The tangents to the parabola y* = ^px at the points (x'y*) and 

f?l^ — ^ J are perpendicular to each other. 

p 

17. Show that for all values of m the line y = m (a; +p) + — 

lift 

is tangent to the parabola j^=ip{x+p). 

18. Tangents to the parabolas y'= 4p(x+p) and y*= 4p'(aj+jj'), 
which are perpendicular to each other, meet on the straight line 
x+p+p'=0. 

19. What angles do the tangents to the parabola y'sSa;, which 
pass through the point (3, 7), make with the axis of a;? 

^ Ana. tf = tan~*2, or =tan~*J. 
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20. Tangents to the parabola ^ = 90; pass through the point 
(4, 10) ; find the coordinates of the points of tangency. 

Ans. (36,18); (f 2). 

21. Find the coordinates of the point of tangency when the tan- 
gent makes an angle of Z(f with the axis of x. Ana. (8p, 2pV3). 

22. The length of the perpendicular from (Fig. 43) on the tan- 
gent at P*{x*y') is .M^T^. 

Vi>(a?'+i>) 

23. The perpendicular from the focus S on the tangent at P{x*y^) 
is a mean proportional between p and P'/S, the focal distance of the 
point of tangency. 

24. Show that the length of a focal chord of the parabola ^ =s 4jxc, 

which makes an angle B with the axis of a;, is -r^. 

sm'^ 

26. Show that the product of the segments of any focal chord of 
the parabola y^ =s Apx equals p times the length of this chord. 

26. Show that the sum of the subtangent and subnormal for any 
point P'ixy) on the parabola y* = 4px equals one-half of the focal 
chord parallel to the tangent. 

27. Find the equations of the tangents to the parabola j^ = 4jxc, 

X y 
which are respectively parallel and perpendicular to the line - + 1 as 1. 

Ans, aJby + Vx + ofp^O\ aby^a^ — Vp^O. 

p 

28. The locus of the intersection of the tiugents yssmx + f-- 

p 
and y = m*x + Z7 is & straight line when mm* is constant ; and when 

mm^ = ~ 1) this line is the directrix. 

29. Find the points of contact of the tangents the perpendiculars 
on which from (Fig. 43) are equal to one-fourth of the iatus- 
rectum. Ana. (0, 0) ; (3jp, 2pVS) . 

30. A circle has its centre at A (Fig. 43) , and its diameter is SAS ; 
show that the common chord of the circle and parabola bisects AJS. 

81. The tangent at any point P'ix'y') of the parabola y^^Apx 
will meet the directrix and latus-rectum produced in two points equi- 
distant from the focus. 
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Poles and Polars of the Parabola. 

1 28. If the polar of the point P(hy k) passes through the 
point Q{h\k')y then mill the polar of Q{h'^k^) pa^s through 
P{h,k). 

If kj/ = 2p(x + K), the polar of PQ^k)^ passes through 
Q(h\k% then 

the condition that the polar of P(A, A) passes through Q(h\ i') 
is also the condition that the polar k^y = 2p(x + h/) of Q(h\k'^ 
passes through P(A, i), as was to be proved. 

1 29. The polar of the focus S{py 0) is the directrix. 

For the polar of S(^p,0^ is a? = — j:>, the equation of the' 
directrix. 

# 

130. The polar of any point Q, on the directrix, parses 
through the focus S{py 0) . 

This follows from Arts. 128, 129. It follows, then, that if 
tangents be drawn to the parabola from any point on the direc- 
trix, the chords of contact will all pass through the focus. 



Diameters of the Parabola. 

1 31 . The locus of the middle points of a system of parallel 
chords of a parabola is a straight line parallel to the ajois of 
the parabola. (Fig. J^Jf.) 

In Art. 117 we found that 

4jj 



is the tangent of the angle d, which the chord P'P'' makes 
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with the axis of x. But for B, the middle point of this chord, 
2y = tf' + y", by (c), Art. 6, and (a) becomes 

y = ^=:2pcotfl. (6) 

But since P^P^' is any chord of the system, (6) is the equa- 
tion of the required locus, which is a straight line A'JT, parallel 
to AX^ the axis of the parabola, and is therefore a diameter of 
the curve. 

1 32. To find the equcutum of the locus of the intersections 
of the pairs of tangents to the parabola drawn through the 
ends of a system of parallel chords. (Fig. 44*) 

The equations of the tangents through the ends -P'(2;'y'), 
P''(aj"y"), of any chord P^P^* of the system are ' 

^' =2p(a;-haj'), 

which by subtraction give ^ 

1 
y(y' - y")=: 2i)(a' - «") = i(y« - y'«). 

.•.y = ^^--^ = 22>cotfl I 

is the required equation of the locus, which by Art. 131 is also \ 

the equation of the locus of the middle points of the system of 
parallel chords. 

133. The tangent to the parabola at the vertex A* of the 
diameter AX! is parallel to the chords bisected by this diam- 
eter. (Fig. 44.) 

2p 
The ordinate A^N of -4' is y = -^ (Art. 131) ; therefore 

4©^ - p 

-^ = ^px^ and aj = "S = AN is the abscissa of A'. The line 

through A\—^^ — )» parallel to the chord P^P^\ is 
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w^* 



-■y 



^ m \ my m 



or y=maj + --» 

which is the equation of a tangent (Art. 119). 

I 

The Parabola referred to Oblique Axes. 

134. To find the egTAoticn of the parabola referred to 
any diameter AX^ and the tangent AIY^ ait the vertex A! 
of this diameter as coordinate axes, (Fig. 44-) 

Let the rectangular coordinates of P' be (AB^ P'-B)i (ay)j 
and its oblique coordinates be (^A'B^ P'B)^ (^'yO- 

Then AR^AN+A!B + JBQ, FB = AN+ PQ. 

But A'N^ 2p cot fl, AN:=p cot» fl, (Arts. 131, 133) 

and ' BQ =y'cosfl, P'Q = ysinfl. 

.-. x=:pcot*d + x^ + y'coa$j y = 2jJcot fl+y'sinfl. 

Substituting these values of'a; and ^ in ^^ = 4px^ we have 

(2pcotfl + ysinfl)» = 4p(pcot»fl + aj'+y'cosfl), 

which readily reduces to 

p 

B^t -2/1 =^^^ =p' = the focal distance of the vertex A' ; for 
sm^ u ^ 

SA'=ON-AS + AN-p+pco^e=:-^=^p'. 

Therefore, omitting primes on x and y, we have 

^ = 4tp% 

the required equation of the parabola referred to a diameter 
and to the tangent at its vertex as coordinate axes. 
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1 36. As the equations of the parabola y^=4^a; and y*=4^'a:, 
referred to rectangular and oblique coordinates, do not differ in 
form, but only in the value of the parameters p and p\ it follows 

that y = mx H — is a tangent for all values of m ; the tangent at •. 

P'(a:'y') is yy' = 2p' (x + aj') ; for y = 0, a: = - re', that is, the 1 

subtangent is bisected by the vertex A' ; the polar of the point 
P (A, k) is ky ^ 2p' (a; + A) ; and the locus of the middle points 
of' a system of chords, whose direction parameter is m, is «» 

2»' 

PROBLEMS AND EXERCISES ON THE PARABOLA. 

1. When the axis of the parabola and its directrix are coordinate ^j 
axes, the tangent at the point P*{x'y') is yy' =2p{x + x^ — 2p) . | 

2. When the origin is at the focus Sj the tangent at P{x^y^) is 
yy' = 2p(aj + a' + 2jp). 

The general equation of the parabola, whoso axis is parallel to the ^^i 

axis of Xy\Bf + 2Fy + 2Ghc+C=0 (Art. 112) . Find the equation i 

of the parabola whose axis is parallel to the axis of x^ when it passes ^ 

a. 

through three given points. 

8. The points (3, 1), (2, -2), (-1, 5). 

Ans. 4y»-3y + 21a;-64 = 0- , 

4. The points (2, - 1), (1, 0), (3, 2). ' 

Ans. 2y*-y — 3« + 3s=0. 

6. The points (1,1), (0,0), (-1,5). 

Ans. 3y"-13y + 10aj = 0. 

6. What is the polar of the point (1, 2) with respect to the para- a,^ 
bola y' + 2a; — 6y + 15 = 0? Ans. x — y + 10 =:0. 

7. In what points does this polar intersect the parabola? 

Ans. (-5,5), (-.11,-1). 

8. What are the tangents at these points? 

Ans. 2y + a5=5, 4y — a;s=7. %^> 
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9. Show that these tangents intersect in the point (1)2). 

10. The polars of all points on the latus-rectum, or latus-rectam 
produced, pass through the point (Fig. 39). 

11. Tangents are drawn at the ends of two togal radii of the para- 
bola y^ = ^px ; show that the angle between these radii is double the 
angle between the tangents. 

12. What is the equation of the diameter of the parabola ^ = 4px 
which corresponds to the system of chords parallel to x cos a + 
yBina=sp? Ans. 2/^— ^jptana. 

13. In the parabola j^ = 4jxe the chord bisected at the point (A, k) 
is lc{y — A:) as 2jp(a5 --h) . 

14. Show that the parameter of any diameter of the parabola 
y^ssip'x is the double ordinate through the focus. 

16. The equation of the parabola referred to the tangents at the 
ends of the latus-rectum as coordinate axes is -y/x + -y/y = v 2|j V2. 

16. The equation of the parabola referred to the tangent and nor- 
mal at the upper end of the latus-rectum is (tf--xy = Spx-\/2. 

17. Find the equation of the circle whose diameter is SP'i the focal 
distance of P'{x^y^) on the parabola y^ = 4jxc. 

Ans. ix? + ^'-x{p + x') —yy^+px'^0. 

18. Find the equation of the tangent which is parallel to the polar 
of (—1,2) with respect to the parabola ^s=12a;; also find the 
coordinates of the points of tangency. Ans. y-^3x=sl^ (i) 2) . 

19. find the equation of the locus of the middle points of a system 
of chords parallel to the polar of the point (5, 3) with respect to the 
parabola ^ ss 8 a;. Ans. y^^S. 

20. Show that the tangents through the ends of any one of these 
chords intersect on the diameter yssS. 

21. The line y=smx + b intersects the parabola ^ = ipx in two 
points ; find the ordinate of the point midway between them. 
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22. If the normal at any point P'^a^y') on the parabola ^=s4tpx 
again meets the curve in Q, and P'S = r, and I is the length of the 

perpendicular from ^9 to the tangent at P' ; then P'Q a= • 

23. Show that the circle described on SP^ as a diameter touches 
the tangent at the vertex ^ of ^ = 4px. 

24. If the straight line y = m{x—p) meets the parabola in 
(xy), (x'Y), show that 

aj' + aj"=2i) + i^; ajV^p*; y' + y' = !^; yY^-^^t^. 

26. A circle is described on a focal chord of ^ = 4px as a diameter ; 
if m is the tangent of the angle which this chord makes with the 
axis of a?, the equation of the circle is 

26. Any circle described on a focal chord as diameter touches the 
directrix of the parabola. 

27. If a chord of the parabola y^ =s 4px is a tangent to the para- 
bola ^r=8jp(fl; — c)} show that the straight line xzsc bisects that 
chord. 

28. Find the length of the perpendicular from an external point 
(A, k) on the chord of contact of the tangents to ^ = 4jpa; drawn 
through {h, k). j^ k^-4:ph 

29. From an external point (hy k) tangents are drawn to the para- 
bola y^ ss 4px ; the length of the chord of contact is 

{W + i.f)^ {li? - 4.ph)^ 
P 

80. From an external point (^, k) two tangents are drawn to the 
parabola ^ = 4px ; the area of the triangle formed by the tangents 

and chord of contact is ^^ ^ • 

2p 
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31. The normal at X, the upper end of the latus-rectum, meets 
f^ = 4jxe again in a point P. Show that the diameter on which the 
tangents at L and P intersect passes through the other end L* of the 
latus-rectum. 

82. If the chord PQ is a normal at P, and the tangents at P and 
Q meet in T, show that PT is bisected by the du*ectrix. 

83. Find the ordinate of the point on ^ = 4pa; at which the tan- 
gent makes equal angles with the coordinate axes. Ana. y = 2p. 

34. Find the locus of the intersection of perpendiculars from the 
focus S on the normal to 2/' ~ 4jxe. Atis. t^=p(x — jp) . 

35. Two normals to the parabola t^ = ^px are always at right 
angles to each other ; find the locus of their intersections. 

Ans. %^^p{x — Sp). 

36. Find the condition that the line -+| = 1 shall be tangent 

a 

to the parabola y' = 4|M5. Atis, 6* = — qp. 

37. If two tangents be drawn to ^ » 4pa;, and a third be drawn 
parallel to their chord of contact, show that the third will bisect the 
parts of the other two included between their point of intersection 
and points of contact. 

38. If 9, 0^ be the inclinations to the axis of two tangents to 
^ = Aipx drawn through the point (A, Jc) , then 

tantf-htantf' = T; tan fl tan 6'=?. 

ti ft 

39. If the line y = mx is the locus of the pole {hn k) with respect 
to the parabola ^ = 4jpx, then the polars of (^, A;) all pass through 

the point 



■«' (»• ^} 



CHAPTER Vn. 

THE ELLIPSE ^ + ^=1. 

The Ellipse and the Secant IJne. 

1 36. To find the equation of the secant which intersects the 
ellipse -; + ?i = 1 ii^ the two given points P'ijcy) and I^\7/^y*^) . 

(Mg. 4S''> 




ax. 



Fio. 46. 



For these given points the equations of condition are 

or or or V 

from which, by subtraction and division, we get 



-^ 
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This value of m, substituted in 

«*' .. •#" 

the equation of the straight line through two given points, gives 

the. required equation of the secant P'J^", which may be re- 
duced to the form 

since — 5 + T« = l- 

The Tangent and Normal. 

1 37. To find the equations of tJie tangent and normal to 
the ellipse at the given point P'(a;'y'). {Fig. 45, ^ 

I. The Tang&nt, — The sepant P^P*^ will become a tangent 
at the point P'(x'y^) by revolving it about P' until P'' and 
P' coincide, when x''=x' and y^'=y^. 

Introducing these conditions into equations (a) and (e) 
(Art. 136), they become 

ay 
and ^ + ^'=1- (a) 

Therefore (a) is the equation of the tangent P'2l 

II. The Normal. — The equation of the normal is (Art. 50) 

or a'(:«-a>') _ y(y-y') . ,j) 

*' y' 
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1 38. To find the length of the subtangent NT, and of the 
subnormal ON, (Fig. 4^,) 

I. The Suhtangent NT. — For y = 0, the equation (a) of the 
tangent (Art. 137) gives 

aj = i'=(7!r, or CT*CN:=^a^. 

r.NTz=.CT^CN^^^'-x'^^^^=^' 
Also, for a? = 0, 

y = ^=C!r, or CTCN'^CS. 

s the suhtangent on the axis of F. 

II. The Stibnormal Q-N. — For y = 0, the equation (6) of the 
normal (Art. 137) gives 

aj-aj's.-^^', or » = A-^«' = e»«'= CC?. 

.-. ff-W^ CJ\r- CG = oj' - 6V = (1 - e»)«' = ^«'. 

or 

. ^ CG , GN Off 

Ci^ ojy Gil'* 

Also, for 2 = 0, 

» - y' = - py', or y = ^1 - ^y'= - ^y'= Off'. 
Also, 

GW = CO' + OJy = 2gy< +y' = gy, 

the subnormal on the axis of Y. 
Also, 

CT'CG'^^^'^y'^aV^SC^CS'. 
y' 6" 
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1 39. To find the equations of the tangent and normal in 

terms of the direction parameter m. 

I. The Tangent — The equation (a) of the tangent (Art. 
137) may be written 

^ ay "^Z 

But — n = ^5 andsmce -^ + ^ = 1, 
ary' or Ir 

y' y'\a> 6* \ a*y«^ ' 

and therefore 

y = ma ± y/ofw? -h ft" (a) 

is the requirQd equation in terms of m. 
Since 7n is arbitrary, this is the equation of any tangent to 

the ellipse ^ + p = l' 

If the coordinates of the centre C of the ellipse are (A, X;), 
then the equation of the tangent is 



Equation (a) can be put in the form x cos a + y sin a =/> ; 
for 971 = tan = — cot a, and it becomes 



X cos a + 2^ sin a = Va' cos' a + 6* sin" a = a Vl — e* sin* a, (6) 
the normal equation of the tangent. 

II. The Normal — The equation (6) of the normal (Art. 187) 
may be written 

aV aV - aV . , ,,^y' 

- » y ... 
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Vl-e« 



cos' a 



140. To find the value of m for the tangent to the ellipse 
~ +^= 1 which passes through the point P(h, k). 



If the tangent y = mz+ Vahn^ + 6^ passes through the point 
P(A, A), then 

from which we readily get 

w = — » 

which shows that two real tangents can be drawn to the ellipse 
when the point (A, i) is without the curve, two real and coin- 
cident ones when (A, i) is on the curve, and two imaginary 
ones when (A, 4) is within the curve (Art. 116). 

141 . To find the eoordindtes (x^) of the point of tangencij 
of the tangent to the ellipse which passes through the point 
Fihjk). 



{ 



therefore 

is the required equation of the normal in terms of m. i 

This equation can be put in the noimal form ^ 

a;cosa+^sina=p; 

for 771 = — cot a, and (6) readily reduces to 

. . ae^ sin a cos a /r\ 

a5cosa + ysma = — -« (fi) 



I 

I 
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If the tangent "^ + "p" = 1 passes through P(A, A;), then the 

two equations 

hx^ ky^ x^ y** 

■^+ y- = l, and ^ + -^ = 1, 

give by solution the required coordinates 









by putting iJ = Va^k^ + IfiJi? — a^V^ for brevity ; which show 
that two real tangents can be drawn to the ellipse when the 
point (A, k^ is without the curve, two real and coincident ones 
when (^Ar) is on the curve, and two imaginary ones when 
(A, h) is within the curve (Art. 116). 

142. To find the equation of the chord of contact of the two 
tangents drawn to the ellipse through the point P(h^ k), 

K (aj'y') and (aj''y") are the coordinates of the points of 
tangency, then from (a) and (6) (Art. 141), 



and 2^^==-^ = m (Art. 4) 

is the tangent of the angle which the chord of contact makes 
with the axis of X. 
The equation of this chord is 

dfVk - VhR 



" VhR _ 6% / aVh + a?hR \ 
which readily reduces to 



^ a%> 



1+5=1. («) 
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Second Solution. — Since the tangents at the points P\x^y*^ 
and P"(a:"y") both pass through the point P(A, A), the equa- 
tions of condition 



Ir or b^ Ir 



Joy fix 
show that ^+—2 = 1 is the equation of the chord of contact, 

for it is satisfied by the coordinates (a:'y') and (a?"y") of the 
points of tangency. As in the circle (Art. 86), this chord is 
also called the polar of the point P(A, k) with respect to the 

eUipse ^ + ^ = 1. 

143. If the polar of the point P{h, k) with respect to the 

ellipse — + 2^ = 1 passes through the point Q(A', A;'), t}ien will 
or Ir 

the polar of Q{h\ K) pa^s through the point P(h^ k). 

This proposition is proved in the same way as the correspond- 
ing one relating to the parabola, in Art. 128. The polar of 
(A, A) is 

and if (A, i) is the focus ^(~ ae, 0), its polar is 

osx 4 d 

— r:^-=Bl, or 0?=— -1 

a' e 

which is the equation of the corresponding directrix. 

EXERCISES ON TANGENTS, NORMALS, AND POLARS. 

1. Are the points (3, 4)^ (^yl)) (2,1) without, on, or within 
the ellipse jc» + 3y*=12? 

2. Find the equations of the tangent and normal to the ellipse 
2JC»-h3y"=ll at the point (2,1). 

-4ns. 4j; + 3y=ll, 3a5-4y-2 = 0, 



I 



i 

r 



\ 
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Given the ellipse ic* -H 4^ = 13, and the pole (^, fj) : 

3. Find the equation of the polar. Ana. x + 2yss5. 

4. Find the points in which the polar intersects the ellipse. 

Ans. (2,f), (3,1). 

5. Find the equations of the tangents which pass through the 
pole (Jy^, H)- -^^' 2a? + 6y=13, 3a; + 43/= 13. 

6. Find the equations of the corresponding normals. 

Am. 2y — 6a; + 9 = 0, 3y--4a? + 9 = 0. 

7. In what points does the line passing through the pole perpen- 
dicular to the polar intersect the coordinate axes ? 

Ans. (fj, 0) on the axis of X, and (0, — f f ) on the axis of F. 

8. Is the line y = a; + V| tangent to 2iB* + 32/'= 1? 

For the ellipse aV + ^^ = <^^ find 

9. The two tangents which make an angle of 60° with the axis 
of X. Ans. y = aj V3 ± V3 a' + 6*. 

10. The two normals which make an angle of 45° with the axis of x. 

Ans. yssx± • 

11. The ratio of the axes when the major axis equals n times the 
distance between the foci. Ans, ti : Vn' — 1. 

12. The ratio of the axes when the centre and foci divide the major 
axis into four equal parts. Ans. 2 : V3. 

13. A tangent and normal each parallel to 3a; — 4^ = 5. 

14. A tangent and normal at L (Fig. 40, p. 179). 

Ans. y'^ex=a] ey-^-x+ae^^O. 

15. The equation of the line AL (Fig. 40) , and the angle which 
AL makes with the tangent at L. 

Ans. 2^ = (1 + c) {x + a), = tan""^ -• 

1 +e + €r 
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16. The equations of the four tangents which make equal intercepts 
on the axes. Ana. y= ±x ± Va' + V. 

17. The eccentricity when the latus-rectum equals - th of the minor 

n 

">«• Ans. e' = 5llli. 

vr 

18. The eccentricity when the normal at L (Fig. 40) passes 
through B'. Ans. e* + e* — 1 = 0. 

19. The equations of the lines A'B and CL (Fig. 40) , and the 
eccentricity when tlicse lines are parallel. 

Ans. ay-^bx=sab; d^ey + &*« = ; parallel if 2e* = 1. 

20. The coordinates of the point (x'^') such that the intercepts on 
the coordinate axes by the tangent at this point are in the ratio a : h. 

Ans. a;' = -^, 3^' = — • 

V2 V2 

21. The coordinates of a point {x^y^) such that the tangent at this 
point makes equal angles with the coordinate axes. 

Ans. x* = — ^ » y' = > 

22. The coordinates of the point (xy) for which the subtangent 
equals the subnormal. Ans. Same point as in last example. 

23. The length of the perpendicular from the point T(h^ k) to its 
polar IS — w -^ — • 

24. The area of the triangle formed by the tangents through the 
point T(A, k) and the chord of contact is 

(a>fc' + yy~a»6')* 

25. If P* and P** are the points of tangency, and C the centre of 
the ellipse, the area of the triangle PCP^ is 



26. The area of the quadrilateral TFOF' is Va«A:» + Vh^ - aV. 



11 

\ 
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27. If any ordinate MP be produced to meet the tangent at the 
end of the latus-rectum, through the focus S in Q, then QM^ JSP. 

28. The length of the chord cut from the line y = mx + c is 

2a6[(l + m')(a'm» + 6^~c»)]* 

29. The coordinates of the middle point of this chord are 

x=s z — z z» 2/=-T— T- 



30. The coordinates of the points of tangency of the tangents 
parallel to y = mx + c are 

« = =F ==^= ' y = ± — * 

31. The equations of the tangents at these points are 

y = mx ± -s/drrn? -f- 6*. 

32. The circle described on the focal distance P(x'y^) /S( — oc, 0) 
is t^ + x^ — yy^ — x{x' — ae) — oeo;' = 0. 

33. If m and m' are the tangents of the angles which the two tan- 
gents through the point (A, k) make with the axis of X, then 

A* — a' /r — a' 

34. From any external point (/i, k) two tangents are drawn ; if 
x^y x" are the abscissas of the points of tangency, then 

Elementary Propositions relating to Tangents and Normals. 

t 

144. T?i6 locus of the intersections of all pairs of perpen- 
dicular tangents to the ellipse is the circle y* + aj* = a' + 6", 
which is called the director circle of the ellipse. (Fig. 4^.) 

The tangent P" J perpendicular to the tangent P'T', 

y - ma; = Va*m* + 6S (a) (Art. 136) 

is my + X = Va^ + 6*m*. (Art. 46) 
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Squaring both sides of these equations, adding, and dividing 
the sum by (1 + w^), gives 

y« + aj« = a»-h6«, 

the equation of the director circle. If, then, with (? as a centre 
and i^a^ + 6^ as a radius, a circle be described around the ellipse, 
it will pass through J, and also through the intersections of all 
other perpendicular tangents. It appears also that CI=AB. 




Fio. 46. 



146. If a line be drawn through the focus 5'(a6, 0) perpen- 
dicular to any tangent I^T^ the locus ofR\ the point of inter- 
section mill be the major auxiliary circle ^ -\-jf=^c? of the 
ellipse. (Fig. 46.) 

The equation of a line through 8\ae^ 0), perpendicular to 

the tangent 

y-^mx^ -y/a^m^ + 6*, (a) (Art. 136) 

is y = (x — ae), or my + x = ae. (Art 46) 
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Squaring both sides of these equations, adding, and dividing 
the sum by (1 + wi^), gives 

y» + iB« = aS 

the major auxiliary circle. We shall get the same result by 
taking the focus SQ—ae^ 0). If, then, with (7 as a centre and 
a as a radius, a circle be described about the ellipse, it will pass 
through R and R\ and also through the intersections of all 
other lines through the foci, which are perpendicular to the 
corresponding tangents. It also follows that OR = CR* = CA\ 

146. The normal bisects the angle SP^S* between the focal 
distances PS = a + ea?' = r and P'S' = a — «b' = r'. 

By Art. 101, XII., and Art. 138, II., 

^.^SG q^±^ a±^^^ (Art. 101, XIV.) 

Therefore, by Geometry, /SP'(? = fl^P'/S'. 
It follows that SP'R = iS'P'jB' ; that is, the tangent at any 
point P' makes equal angles with the focal distances of this point, 

1 47. T?ie prodicct of the perpendiculars from the foci upon 
any tangent equals the sqiuire of the semdr-minor axis; or 

SB . S'B' ^Cl^^V. (Fig. 46.) 
If we take the normal equation of the tangent ^t P'(«'y')> 



X cos a + y sin a = a Vl — e* sin* a, (Art. 139) 

then the perpendiculars from S(j-ae^ 0) and S^ae^ 0) on this 
tangent are (Art. 42) 



SR = a Vl — e* sin' a + ae cos o, 
/S'iJ' =s aVl — e* sin* a — ae cos a. 
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.'. SB . S'M' = a\l - e* sin' a) - aV cos" a = V, 
since a^l - ««) = 62 (Art. 101, IX.). 

148. To find the lengths of the perpend^iculars from 
.S(-ae,0), (7(0,0), >S'(ae,0), 0^(eV, 0), gYo, -^A 

on. ^A^ tangent TV in terms of tlie focal distances of the point 
of tangency, (Fig. 40.) 

The equation of the tangent TP is 

aYy + V'x'x = d'hK (a) (Art. 136) 

Then by Art. 42, 

^ (a«6' + 6 ^.^» ^ ^(o+^a^r ^ 6V^ ^^^^ ^^^. 

since from the equation of the ellipse a^y^ + Vh? = a^l^^ 

In the same way find 
WR'^ = — , and Cg'^ = 5^' = a"(l-e»sin"a), (6) (Art. 139) 

P'Cr=s--rr\ and jPG^ =•— rr'. .-. . = —' 

.'.SB'S'R^=:CK'P'0=^b', CK'P^O'^a\ 

P'Q'P'G'=:rr% FO^ — ^ ^ ^ a(l-e') ^ 

CK a Vl - e^ sin^ « Vl - e» sin* a 

1 49. A diameter DD\ parallel to tlie tangent TT^ cuts from 
tJie focal distance of tlie point of tangency a constant PM== a, 
tlie semi-major axis. 

The similar triangles MF'JE and SF^R give 
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160. If Q is the middle point of the focal chord P'jo, and 
Qff 18 parallel to QS^^ then the similar triangles HP^Q and 
aP'S' give 

Diameters of the Ellipse. 

161. To find the equation of the locus of the middle points 
of a system of parallel chords of an ellipse. (Fig. 47 J 




Fio. 47. 



Let R(x!y') and JB'(a;"y") be the two points in which any 
one of the chords of the parallel system intersects the ellipse. 
The tangent of the angle XQR\ which this chord makes with 
the axis of JST, is (a) (Art. 136) 

h\x' + x^') 

^- aV + y")* 
If the coordinates of M^ the middle point of RR\ are (xy)^ 
then, 2 05 = a;' -h a?", and 2 y = y ' + y ". (c) (Art. 5) 
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Making these substitutions in the value of m^ it becomes 

m=-— , or 2/ = -— -aj, (a) 

ay arm 

the required equation of the locus, since it is true for the 
middle points M of all the chords of the system. 

I. The equation (a) shows that the locus P (7 passes through 
(7, the centre of the ellipse ; it is therefore a diameter of the 
ellipse. 

II. The tangent XCP = — ^ = m\ and the equation (a) 
oiPC may be written y = m^x. 

J2 

III. Therefore mm' = ^; that is, the product of the tan- 
gents of the angles which the parallel chords and the locus of 
their middle points make with the axis of X equals minus the 
square of the ratio of the semi-axes b^ : a^. 

IV. If a = J, then mm' = — 1 ; that is, in the circle the locus 
of any system of parallel chords is perpendicular to these chords. 

V. In the ellipse, if w = 0, then w' = oo ; that is, the axes 
are the only diameters of the ellipse which are perpendicular 
to the systems of chords they bisect. 

VI. The equation of the diameter DD' is y = mx^ since it is 
one of the chords parallel to MR' ; and it bisects a system of 
chords parallel to PP', whose equation is y = m'x^ since the 

relation mm' = j remains unchanged. 

VII. Conjugate Diameters, — Any two diameters, such as 
PP' and V)D'y each of which is parallel to the system of chords 
which the other bisects, are called conjugate diameters ; and the 
points P and D are conjugate points. 
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Since the product mw' of the tangents of the angles A' CP 
and A' CD is minus, it follows that if the angle A^CP is acute, 
the angle A^CD must be obtuse, and that conjugate diameters 
always lie on opposite sides of BB\ the minor axis. 

VIII. The axes of the ellipse are the only pair of conjugate 
diameters which are perpendicular to each other. 

IX. The tangent at P, the end of a diameter, is the limiting 
chord of the system which the diameter PC bisects, since the 
equal ordinates MR and MR approach zero, as the points R 
and R approach coincidence at P. 

X. Supplemented Chords. — The two straight lines drawn 
from any point on the ellipse to the ends of any diameter are 
called supplemental chords. 

XI. Diameters which are respectively parallel to a pair 
of supplemental chords are conjugates. 

Let P(z'f/'^ and P\—x\ — y') be the ends of any diameter; 

then 

y — y'=sm(a: — x') and y + y' = m'(a5 + aj') (a) 

are the equations of the two chords. If these chords meet at 
any point D, on the ellipse -2 + Ta = 1» then for this point 

2/* — y" = m^m(7? — x^) . 
But from the equation of the ellipse we have 

therefore m'm = — j, which shows that diameters parallel to 
these supplemental chords are conjugate, by VI. ^ 
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Auxiliary Circles and the Eccentric Angle. 
162. On the major and minor axes of the ellipse -s + ?i = 1 

as diameters describe the auxiliary circles as in Fig. 48. From 
the point p on the major auxiliary circle, and the point p' on the 
minor auxiliary circle, drop the perpendiculars ^iVand p^M on 
the axes AA^ and BB\ respectively. These perpendiculars meet 
the ellipse in the points P and P', called the points on the ellipse 
corresponding to the points p and p^ on the auxiliary circles. 



if 1 ^ 

Al 1 


Di/ 


P 

P N. 


/ 


Y p\ 


*^l 1 


N j 1 

B' y/ 



a: 



Fig. 48. 

I. The corresponding ordinates pN and PN are as aib. 

Let p(CN,pN), (iT, T) and P(ONy PN), (x,y) be the coor- 
dinates of the corresponding points p and P. The equations of 
the ellipse and auxiliary circle for these points are 

^ +-2=1, and —-{.- = 1, 
a^ or or 



V 



or 



which, by subtraction, give 

Y 

.2=u, or -: 

which shows that the major auxiliary circle will become the 
ellipse by reducing all its ordinates in the ratio of i : a. 



or ^^ 



a 

V 



,=|r, 
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II. The corresponding abscissas p'M and P'M on tJie minor 
auxiliary circle and the ellipse are in the ratio h : a. 

For the points P' and p\ the equations of the ellipse and of 
the minor auxiliary circle are 

g + -,= l, and |,+ -^ = 1, 

which give, by subtraction, 

±.-^=0, or - = -, or x = ^Xy 
a* cr X a b 

which shows that the minor auxiliary circle will become the 
ellipse by increasing all its abscissas in the ratio a : b. 

III. The angle A' Cp^ measured on the major auxiliary circle, 
is called the eccentric angle of the corresponding point P on the 
ellipse. 

If this angle is denoted by <^, then the coordinates of p 
are (a cos <^, a sin 0) ; and the coordinates of P are (a cos <^, 

- • a sin ^), or (a cos 0, b sin ^). 

If the eccentric angle is measured on the minor auxiliary 
circle, then the coordinates of p^ and P' are (b cos ^, b sin <^) 
and (a cos ^, b sin <f>), 

IV. Draw PB' parallel to pO; then PR' =pC=a. Also, 
A'RP=-A'Cp-=if>i therefore fiP sin <^ = PiV'= 6 sin </> ; there- 
fore RP = b^ R'R = a — b. If the points JB' and R move on 
the axes, then the point P will describe the ellipse ; and any 
other point on R'P will also describe an ellipse, the difference 
of whose semi-axes equals a — J, except a point midway between 
R' and JB, which will describe a circle. This is the principle 
of the elliptic compasses. 

V. To construct a point P on the ellipse for a given eccentric 
angle ACp, 

First draw |?iV^ perpendicular to AA\ and through the point 
in which pC cuts the minor auxiliary circle draw a parallel to 
A A ' ; this parallel will meet pN in P, a point on the ellipse. 
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VI. The tangents at the corresponding points i)(a?y) and 
P{xy) meet on the ojcis of X; while tangents at the corr^ 
sponding points p^ and P meet on the axis of Y. 

The tangents of the ellipse and major auxiliary circle are 

Ir OT' or a^ 

both of which, for y = 0, give a; — — = CT\ while the tangents 
for the ellipse and minor auxiliary circle both give y = — , for 
a; = 0. 



Vn. To express the equoMons of the tangent and normal 
at a given point P{x'y') in terms of the eccentric angle of 
this point. 

For the point P, x' = a cos <^, y' = J sin <f>, and the tangent 

at Pixy), 

xx' yy' x y 

--3- + ^=l, becomes -cos A-|-T8in<^= 1. 

The normal (6) (Art. 137), which may be written 

^x^^v^a'^V, becomes -^ ^=aV. 

x' y' cosi^ 8m<^ 



VIII. If P{x'y*) and D{x'y) are the ends of a pair of con- 
jugate diameters whose eccentric angles are ^ and <^', then 

<^'-<^ = |. (Fig, 49 J 
The equations of PP' and DD^ are 

yt yit yl yll 

^ 05' ' ^ X" X* JC" 
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Substituting these values of m! and m in m'm 
161, VI.), it becomes 



S (Art. 






a'a?" 






= 0. 



(a) 



But a;' = a cos </>, y' = 6 sin ^, a:" = a cos </>', y" = 6 sin ^', 
and (a) becomes 

cos ^' cos <^ + sin <^' sin <^ = 0. ••. <^' — <^ = ^* 



t^ 




Fig. 49. 



IX. The coordinates of D and 2>' can be expressed in terms 
of the coordinates of P, their conjugate point. 

The coordinates of 2> and D' are 

a;" = a cos <^' = a cos ( <^ ± ^ J = q: a sin <^ = q: ^» 

y" = 6 sin <^' = 6 sin /"^ ±^'\= ± 6cos<^= ± — . 
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The equations of the conjugate diameters PP' and DD* are, 
therefore, 

v = -a;tanA, v= xoot6. 

X. TJve squares of tJte seml-conjiigate diameters CP and 
CDj usually denoted hy o! and h\ are 

a"^=a^ cos* ffi-hb^ sia* <^= &'+ (a^-^*) cos* <^= 6*-f-e*a?'S 

6«=:a« sin* <^+6*co8*<^=a*-(a*-6*) cosV=a*-e'a;'*=r.r'. 

XI. ITie sum of the squares of any pair of semi-conjugate 
diameters is equal to tJve sum of tJie squares of the semi-axes. 

For a'2 + 6'2 = ^2 + j2^ by VIII. 

XII. The area of any parallelogram fanned by the tangents 
drawn at tJie ends of any pair of conjuga4>e diameters equals 
the area of the rectangle described on the axes, and is there- 
fore constant. (Fig. 47 J 

• 2J12 

For CD . (7Jr= ah, since CK^ = ^ (Art. 148), and C&==rr\ 
byVIII. .'.ACD'OK=^ab. 

It also follows that the area of the triangle FCD, formed by 
joining the ends of any pair of conjugate diameters, is constant. 

XIII. To find the angle PCD = fl' — fi between any pair of 
conjugate diameters. 

From X., 

CP . CD sin PCD = aV sin {ff - fl) = ab. 

...sin(«'-^)=^, 

XrV. To find the position of a pair of equi-covjugate diarnr- 
eters. 
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If a' = V, then, from VHI., 

.•.co82A = 0, or 2<& = ^, or ?^- .-. «^ = -i or ?ir. 
^ ^2 2 4 4 

The equations of the equi-conjugate diameters are therefore 
y = -a?, and y^z — aj (EX), since <^ = 2' 

and they coincide with the diagonals of the rectangle described 
on the axes. 
Therefore, for a pair of equi-conjugate diameters, 

tan PCD' = -;?^.» or sinPCD'= ^^ 



o«-6« a' + y 

XV. The aciUe angle PCD' made by two conjugate diawr 
eters is leaM when these diameters are equal. 

From XIIL, sin P(7D'=47r Since oi is constant, POW is 

least when a^V is greatest ; but aJV is greatest when a' = h\ 
since a'* + 6'^ = a^ + 6' is constant; that is, PCB^ is least for 

equi-conjugate diameters, for which sin PCW = ^ ,y by XIV. 

XVI. To construct a pair of conjugate diameters which 
make a given angle with each other. 

By XIII., this angle must be greater than POD\ or sin"* 



a« + ja 
On any diameter PCP^ describe the segment of a circle which 

shall contain the given angle. The circle will cut the ellipse 

in some point D ; DP and DP^ are supplemental chords making 

the given angle with each other, and the diameters parallel to 

these chords are the required conjugates, by Art. 151, XI. 
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EXERCISES AND PROBLEMS ON THE ECCENTRIC ANGLE OF 

THE ELLIPSE. 

Given the ellipse 3a:^ + 4^=12 and the eccentric angle ^ = 30'', 
to find (see Fig. 47) 

1. The equations of the conjugate diameters PP and DD\ 

Am. y=\x, y = — far. 

2. The lengths of the semi-conjugates CP and CD. 

Ana. ivT5, ^VlS. 

8. The equations of the tangents at P and D. 

Ana. 2y4-3a? = 4V3, 2y — »=4. 

4. The equations of the normals at P and D.* 

Ana. 2aj — 32^ = jV3, 4aj-f2y-M = 0. 

6. The perpendiculars from C on the tangent and normal at P. 

Ana. -^V39, ^V39. 

6. The perpendiculars from the focus 8\ae^ 0) on the tangent 
and normal at P. j^^ 3-4 V5 4-V3 

Vl3 ' 2VI3' 
Given the ellipse a^ + 52/^ s= 5 and the abscissa a; = 1, to find 

7. The eccentric angle and the equations #f the conjugate diam- 
eters. Ana. <^s=tan~^2; y = ^V5ic; yss^^-y/dx, 

8. The lengths of the semi-conjugate diameters and the angle 
they make with each other. 

Ana. a' == tV5 ; b' = ^ Vl05 ; tan'^- |V5) . 

9. The length of the chord joining any two conjugate points on 
the ellipse is Va* -f 6* -f aV sin 2<^. 

10. The equation of the secant through any two points 
(a cos <^, b sin ^) , (a cos ^', b sin <^') 
on the ellipse is 

^cosi(*'-H*)-H|smi(«/>' + ^)=:cosH<<^'-*). 
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11. The equation of the secant through any two conjugate points 
on the ellipse is 

- (cos ^ — sin ^)-f I (cos ^ + sin ^) = 1. 

12. The length of the perpendicular from the centre (7 to a chord 
joining any two conjugate points is 

ab 



Va» + 6*-faVsin2<^ 

13. The angle which the chord joining any two conjugate points 
makes with the major axis of the ellipse is 



tan^ss-tan/'^^- jY 



14. If a, h are the semi-axes, and a\ V the semi-conjugate diam- 
eters of the ellipse, then 

sin 9 = ■ = • 

ae ae 

16. The area of the parallelogram formed by tangents to the ellipse 
at points whose eccentric angles are ^, ^S ^ -f- ^9 ^' + ^9 is 

4a& 
sin (<^' — ^) 

16. If tangents at any two points P and D (Fig. 47) whose eccen- 
tric angles are ^ and <^' meet in Z, the area of the quadrilateral 
LPCD is 06 tan J (<^' - «^). 

17. If tangents are drawn to the ellipse at the points P, P (Fig. 
49), and at the ends p and p^ of the corresponding diameter of the 
auxiliary circle, show that the area of the parallelogram formed by 

these tangents is , ^ being the eccentric angle of P. 

(a — 0) sm 2 <^ 

18. The area of a triangle inscribed in an ellipse is 

Ja5 [sin ()8 — y) -f sin (y — a) + sin (o — )8)] 
if a, )3, y are the eccentric angles of its vertices. 
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19. Show that the locus of the point of intersection of tangents 
to an ellipse at two points whose eccentric angles differ by a constant 
angle a is the ellipse 

— cos* o 4- ^ cos* a = 1. 
of V 



The Ellipse referred to Conjugate Diameters as Axes. 

163. To find the equcution of the ellipse when referred to 
any pair of conjugate diameters as coordinate axes. 

Let the diameters PP' and DD' make the angles A' OP = 0, 
and A^ OD = 0^ with the axis of X 

The equations for transforming coordinates from a rectan- 
gular to an oblique system of axes are, (^) (p. 49), 

y =s a?' sin tf + y' sin ^', 

a =s »' cos tf 4- y' cos tf '. 

Substituting these values of x and y in the equation of the 

■1/ 1/ 
ellipse ^ + p = If it becomes, omitting the primes on the new 

coordinates, 

(xco30 + ycoae*y , (a; sin ^ -f y sin g^)' ., 
a* "^ W ""^^ 

or j^f sin* 9 . cos* ^ "1 . gf sin sin ff cos g cos OH 

L &* a* J L 6* a* J 

o (a*Bin*g-fycos*^) o (a*sin*y + ycos«^0 _. . .. 
aV ^ a*6* ' V ; 

since the coefficient of xt/ equals zero, by Art. 161, VI. 

By making x = and y = in succession, we get for the 
squares of the intercepts on the new axes, 
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^ a* sin* tf ' 4- y COB* fl' ' 

aj« = — =CP' = a». 

a»8m«d + ycos«e 

Therefore (a) becomes 

the required equation of the ellipse referred to a pair of conju- 
gate diameters as coordinate axes. 

I. For b' = a', or when the ellipse is referred to a pair of 
equi-conjugate diameters as axes, its equation is 

0^ + y2 = a« = 5^4^'- (XI.) (Art. 152) 

This equation is now of the form of a? + y^ = r^, the equation 
of the circle, the ellipse being referred to oblique, and the circle 
to rectangular, axes. 

n. It is obvious that the equation -3 "^ I2 ~ ^ ^^ * P*^ ^^ 
conjugate diameters, will, by the same transformation, become 

III. Any proposition relating to the ellipse which does not 

presuppose rectangular axes will hold when the curve is referred 

to a pair of conjugate diameters as axes. Thus the equation of 

a chord is 

g(a;^-Hg") , y(y^4-y") _ a;V^ yY 
a« "*■ 6'^ " "^ a'2 ■*■ 6«' 

A tangent at (x'y') is ^ + ^ = 1- 
The polar of (A, *) is ^ + t^ = 1. 
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EXERCISES AND PROBLEMS ON THE ELLIPSE. 

Given the ellipse 9 a? + 2b f = 225, and «/> = 60'' : 

1. The equation referred to the corresponding conjugate diam- 
eters is 21aj2+13y«=273. 

2. The length of the chord joining P and D, the ends of the con- 
gate diameters, is v34+8Vl. 

15 

3. The perpendicular from C on this chord is 



V34 + 8 V3 



4. The equation of the given ellipse referred to its equi-conjugate 
diameters is ai* -t- y* = 17. 

6. Tangents to the ellipse and auxiliary circle at any corre- 
sponding points P and p (Fig. 49} always meet in the fixed point 



($»)«"»(-?»> 



6. Normals at any two corresponding points P and p on the ellipse 
and auxiliary circle always meet on the circle a?+ ^ ti ((i.+ hy. 

7. The lines 8R and OP' (Fig. 46) meet on the left-hand direc- 
trix, and S^Bf and CP meet on the right-hand directrix. 

8. The ends of a straight line AB of given length move on a pair 
of rectangular axes ; show that the locus of any point P on this line 
which divides it in the ratio min is an ellipse. The locus of the 
middle point of this line is a circle. 

9. An ellipse slides along a pair of rectangular axes ; show that 
the locus of its centre is a circle. 

10. The equations of the ellipse referred to the conjugate diam- 
eters PP and DU (Fig. 47) is ^ -f |^ = 1 ; show that the tangents 

a o 

at the ends R and W of any chord meet on the diameter which bisects 
this chord. Note that the coordinates of -K' and R are (aj'y') and 
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11. If 2> and P are any two points on the ellipse and auxiliary 
circle (Fig. 49), the perpendiculars from the foci JS and S^ on the tan- 
gent at|} are equal to the focal distances SP and S'P respectively. 

12. If points S and S* be taken on the minor axis of an ellipse, at 
the same distance from the centre C as the foci are, then the sum of 
the squares of the perpendiculars from these points on any tangent 
to the ellipse is constant. 

13. The tangent at P' (Fig. 46) meets the tangent at J. in a point 
F; show that CFis parallel to A'P*. 

14. The equation of the ellipse when the right-hand focus is the 
origin, and the latus-rectum is the axis of F, is 

15. If the chords of an ellipse pass through the point Q(x^y*)^ and 
tangents are drawn through the ends of these chords, the locus of 
these pairs of tangents is the line 

16. If the pole P{h, k) is on the line Ax + By+C=0, then the 
polar wiU pass through the point (- ^i - ^- 

17. The perpendicular SE (Fig. 46) produced will meet the line 
S^P' produced in a point which is equal to 2SS from the focus S. 

18. Find the locus of this point of intersection for a moving 
tangent. 

19. The ratio of the subnormals for any two corresponding points 
p and P on the auxiliary circle and the ellipse is _• 

20. The length of any focal chord which makes an angle with 

the major axis is -— r--- The length of the diameter par- 

a(l — 6* cos^) 

2b 
allel to this chord is 

Vl — e'co8*tf 
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21. If PNF* is a doable ordinate of a point on an ellipse, and Q 
any point on the curve, then if QP and QP* meet the major axis in 
the points Jf and JIT, (7Jf • CW = CA\ 

22. The tangents at any point P on the ellipse cut the equi-oon- 
jugate diameters in T and T ; show that the triangles TCPj TCP 
are in the ratio of CT* : GT^. 

23. If (7Q be conjugate to the normal at P, then will CP be con- 
jugate to the normal at Q, 

24. If P, D (Fig. 47) are the ends of conjugate diameters, and the 
tangent at P cuts the major axis in T, and the tangent at D cuts 
the minor axis in T ; show that TT will be parallel to one of the 
equi-conjugates. 

25. Connect any point P on the ellipse with the vertices A and A^ ; 
at P draw perpendiculars to AP and AP^ meeting the major axis in 
Jf and N\ show that JftfiT* equals the latus-rectum. 

26. If P and D are the ends of conjugate diameters of an ellipse, 

show that the tangents at P and D meet on the ellipse -^ + ^'^9 

<r (r 

and that the locus of the middle point of PD is the ellipse^ -z + rz^h 

or V 

27. A line is drawn parallel to the minor axis at a point midway 
between the focus and corresponding directrix ; show that the pro- 
duct of the perpendiculars on it from the ends of any chord passing 
through that focus is constant. 

28. If P, D be the points of contact of perpendicular tangents 
to an ellipse, and p, d are the corresponding points on the auxiliary 
circle, then Cp and Cd are conjugate diameters. 

29. Prove that the sum of the products of the perpendiculars fr*- a. 
the ends P, P and 2>, 2>' of a pair of conjugf^-.te diameters on .: • 
tangent to an ellipse is equal to the square of the perpendicular f 
the centre on that tangent. . 
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80. If P, p are corresponding points on the ellipse and major 
auxiliary circle (Fig. 49) , and CP be produced to meet the auxiliary 
circle in g, show that the tangent at P on the ellipse corresponding 
to 9, is perpendicular to Opy and cuts off from Cp a length equai 
to CP. 

81. If a pair of tangents to an ellipse are perpendicular to each 
other, the product of the pei*pendiculars from the centre and from the 
intersection of the tangents on the chord of contact is constant. 

82. Tangents to an ellipse are perpendicular to each other ; find 
the locus of the middle point of the chord of contact. 

83. Normals at the ends P and D of any pair of conjugate diam- 
eters intersect on the curve 

2(aV 4- vyy = a'^e^iav - byy. 

84. If tangents at any two points P and Q on the ellipse 
-^ + ^s=l meet in T{h^k)y then, if /3 is the angle between them, 






If )3 =s 90, then the locus of the intersection is the director circle 

85. If the points T, P, Q in the last example are joined to the 
focus 8^ then 

SP'SQ 6* a«' 

86. If the normals at the ends of the focal chord Pp (Fig. 46) 
meet in H^ then the line HQ parallel to the major axis will bisect 
this chord. 



CHAPTER VIIL 

THE HYPEKBOLA ^, - ?! = 1. 
Secants, Tangents, Normals, and Polars. 

1 64. As the equations of the hyperbola and ellipse only differ 
in the sign of the square of the semi-conjugate axis 6^ it follows 
that the proof of many of the propositions relating to the hyper- 
bola is the same as for the ellipse, and in the results it is only 
necessary to change Ifi to — b\ 

1 66. The following results may be used for review : 

I. The secant through P'(a?'y') and P"(a;"y")» ^^^ ^^^ *»»- 
gent of the angle it makes with the axis of X. 

(a) A-^_^«^^V2LJJLZ^l + _«^. (Art. 136) 

^ ' or{y' + y") 

II. The equations of the tangent at (x*y^\ in terms of m^ 
a?id in the normal form (Arts. 137, 139). 

/ \ xx' yy* ^ 



(c) 05 cos a + 3^ sin a = a vT--?sin*o. 
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III. The values of m for tangents to the hyperbola which 
pass through the point (A, k) (Art. 140). 

^^ fe« - a« 

IV. The equations of the normal at (a;'y'), in terms of w, 
and in the normal form (Arts. 137, 139). 

(6) y = ^±i£^±^. 

V a* — 6*m* 
(c) a!C0Sa+2^sm a= — — • 

Vl — e" 008*a 

V. The polar of the point (h, *) (Art. 142). 

VI. The equation of the durector circle (Art. 144). 

(a) aj»-fy* = a«-&«. 

This circle is real for a > (, a point circle for a = (, and an 
imaginary circle for l>a. 

VII. The equation of the major auxiliary circle (Art. 145). 
(a) ic* -f y* = a*. 

VIII. The tangent bisects the angle SP^S^ between the focal 
distances of any point on the curve, and the normal bisects the 
supplementary angle (Fig. 60). 

This proposition is proved in the same way as the correspond- 
ing one for the ellipse (Art. 146). A simple proof is as follows : 



252 
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la the right triangles P'SB and P'S'R\ the sines of the angles 
SP^R and S^P'R are ^ and ^M- But by Art. 148, 



rs 



P'S 



therefore SP'T=S^P'Tj and the normal bisects the supple- 
ment of SP'S'. 




Fio. 60. 



IX. All the results in Arts- 147, 148, 149, 150, are true for 
the hyperbola. 



X. The locus of the middle points of a sjrstem of parallel 
chords, having a direction parameter m (Art. 151). 



(a) 



mss-rr-9 or y = -T- « = m'aj, 
ary arm 
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XI, For a pair of conjugate diameters mm' = -^ (Art. 151, 

VI.). Since the product mm' of the tangents of the angles 
which the conjugate diameters make with the axis of X is 
positive, it follows that both angles are acute or both obtuse, 
and that both diameters lie on the same side of the conjugate 
axis BB'. 

XII. Since the product mm' = -2 ^ constant, it follows that 

as one angle increases, the other diminishes, and the conjugate 
diameters will finally coincide with the diagonals of the rect- 
angle described on the axes A A/ and BB' of the curve. The 
equations of the diagonals are 

y = -aj and y = --a^. 



EXERCISES ON TANGENTS AND NORMALS. 

Given the equations 

^'-f = 1 and ^ + ^ = aV 

of the tangent and normal at the point F*(x*y*) (Fig. 50), to find the 
following lines : 



1. 


ar 


2. CT = --,- 

y' 




8. C0=:^. 


4. 


CG' = "J*y. 

Ir 


6. TN='^~°^' 
x' 




6. N0 = -,3f 
a* 


7. 


y' 


8. 


WO' 




9. 


x' 


:n«l. 10. 


TO' 


_ a^eh/'* + b* 



11. Given P'(ajy), S(ae, 0), ^(-ae, 0); show by (a) (Art. 4) 
that P'5' = ea?' 4- a = r', P^S-ex' -a^r. 
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12. The equations of FS^ and PS are 

y{x* + ae) — y'(x + ae) = 0, y{x^ — ae) — y'{x — ae) = 0. 

13. The equations of the perpendiculars S'R\ SE^ CK on the 
tangent are 

Vx^y + ahf^x + a?ey^ = 0, l^x^y + a^y'x — a^ey* = 0, b^x'y -f- a-y'u; = 0. 

14. Show by Art. 44 that 

tan SrT=z tan iS'P'T' = -^ 



aey' 



16. iSS'^^. 16. ^'-8'* = ^. 17. CK^=:^. 

18. P^=^V. 19. P^'' = ^rr'. 

20. SB'S*B'=CK'P'G^'-V. 

21. CK'P&^a\ 22. P'OFO'^^rrK 

23. The equation of the hyperbola whose vertex bisects the dis- 
tance between the centre and focus is So;* — ^ = 3a". 

24. If the distance between the foci is 2 c, and e is the eccentricity, 
the equation of the hyperbola is —^ — ^^ = 1. 

25. The sum of the focal distances of any point P'ix'y^) on the 
hyperbola is 2ex\ 

26. If an ellipse and an hyperbola have the same foci, their tan- 
gents at the points of intersection are perpendicular to each other. 

(a* 6' \ 

± . - > ± - ) on the hyperbola, 

the 9ubtangent is equal to the subnormal. 
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Diameters of the HyperlKtla. 

156. If a diameter Pf, y = m'x, meets the hyperhc^ 
-J — ^ = 1 in real points, its conjugate DD', y = mx, will 
meet the curve in imaginary points. (Fig. 51.) 



The abscisaas of the points of intersection of the diameters 
y = m'x and y = mx with the hyperbola are 

t-V}^ = l, or .= + ^ ^ ■ («) 

^_!^ = 1, or x = ± "'' — (fc) 

Since m'm = —~ m' <- when m > -■ The roots of (a) are 
leal for m'* < ^» while the roots of (J) are inii^inary for 
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m2<--, and conversely. Therefore one conjugate diameter 

meets the hyperbola in real points, and the other in imaginary 
points. 

I. If w' = -1 then rw = -» and the roots of both (a) and (6) 

are infinite ; that is, the hyperbola approaches the diagonals of 
the rectangle described on the axes as the values of the coordi- 
nates of the points of intersection approach infinity. 



II. Anyrnptotes. — An asymptote of a conic is a straight line 
wliich the curve constantly approaches, to within any assign- 
able distance however small, but never meets. 

The diagonals of the rectangle described on the axes of the 
hyperbola are its asymptotes, since the curve meets these lines 
at infinity. 

The eq[uations of the asymptotes y = -rr, y = — x may be 

found as follows : 

The abscissas of the points in which the line y = mx + e 

intersects the hyperbola -^ — ^=1 are given by the quadratic 

equation 

2! _ (^3; + c)' _ - 

or (6« - aW) a» - 2 a^mcx - aV - d^ = 0. (a) 

If both the intersections of the line y = mx + c and the 
hyperbola are at infinity, then both roots of (a) must b^ 
infinite, and by Art. 20, 

6* — a*m^=0 and 2a'mcs=0. 
Therefore m = ± - and c? = 0, and y = mx + c becomes 
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y = ±-x, 

the equations of the asymptotes. 

III. When the transverse axis AA' is real^ and the conjugate 

axis BB' is imaginary^ "5 "" w ~ ^ ^® called the primary hyper- 
bola ; when BB' is the real or the transverse axis, and AA^ is 
the imaginary or the conjugate axis, ^ — ^ ~ ^ ^ called the 

conjugate hyperbola ; that is, these two hyperbolas are conjugate 
to each other, 

IV. If the diameter PP*^ y = m% meets the primary hyper- 
bola in real points, its cor^'ugate diameter DD\ y = mxy will 
also meet the eonjugaiie hyperbola in real points. (Fig. 51.) 

For the intersections of y = m^x and the primary hyperbola, 
and for the intersections oi y = mx and the conjugate hyper- 
bola, the respective roots are 

x^±—=^=. (a) 

x=±—^=-' (6) 

The roots of (a) are real for m'^ < — » and the roots of (5) 

are also real for m^ > — - Therefore a pair of conjugate diam- 

a* 

eters will meet both the primary and conjugate hyperbolas in 

real points. 

If w' = -» then m = -y and the roots of both (a) and (6) are 

a a \ y \ y 

infinite, and y = -«, y = — x are the equations of the asymp- 
totes of both the primary and its conjugate hyperbola. 
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V. To find the coordinates of D{x^Y) ojid 2>'(-aj", -y")> 
points on the conjugal hyperbola, in terms of the coordi' 
nates {x^y') of the conjugate point P on the primary hyper- 
bola. (Fig. 61.) 

The equations of CP and CD are y=fX and y — *^fX; 

.•. w' = ^i m = ^j and w'w = -« becomes 
x' x" a^ 

of V ^ ^ 

Since P(x^y'^ is on the primary hjrperbola, and D(a;"y?') is 
on the conjugate hyperbola, we have the equations of condition 



.fs «.rs »,it2 r^in 



But (a), combined with (6) and (<?), may be written 

Therefore from (J) and (a), 

«" = ±?y, y" = ±-aj\ (c) 

b a 

which are the coordinates of D and D' in terms of P(x'y'^. 
If the points D and 2)' refer to the primary hyperbola, then 

»" = ±Vv'^, y'' = ±-xW^. 
a 

VI. If CP and CD are semiHWTijugate diameters of the two 

—.1- I — ■ A »- ■ -- ■ ■!■ A 

conjugate hyperbolas, then CP — Ci) = o' — ft*. 
For GP'-CD' = x« + y''-|y«-^«" (e) (V.) 



-<S-^><S-?)=--''- 
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If CP and CD are semi-conjugate diameters of the primary 
hyperbola, then CD is imaginary ; but if they are semi-conju- 
gates of the conjugate hyperbola, t hen CP is imaginary. 

If CD is imaginary, then CJ^ + CD^ = a^ — h^^ and the sum 
of the squares of two conjugate diameters is constant, as in the 
ellipse. 

VII. Tangents at the ends P, P* and />, D* of a pair of 
diameters form a parallelogram^. 

The equations of the tangents at P(x*y*^ and P\—x\ — y') 



But for both of these tangents, m = -5—, ; therefore they are 

pai*allel. In the same way show that the tangents at D and D* 
are parallel. 

VIII. The area of the parallelogram formed by the tan- 
gents at P, P and D, Z>', the ends of a pair of conjugate 
diameters, is constant and equal to Aab^ the rectangle de- 
scribed on the ojces. 

The tangent at P(a;'y') is — j — *^ = I1 and the perpendic- 
ular CK on this tangent is (Art. 42) 



Also, cZ)' = |> + |a.« = a«6»^^ + ^. (e) (V.) 

.\CK'CD = db, or ACK-CD^iab. 

IX. The asipnptotes bisect the lines PD and PDK (Fig, 61.) 
For (ary), the middle point of PD or PJD' (e) (Art. 6), 

2x = «'±2y', 2.y=r2^'±5x'. (c) (V.) 

0, 
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y' ± -as' 
.? ^«±*, 

h 

which are the equations of the a83nnptotes. 

X. The diagonals of the parallelogram formed by the 
tangerUs at the ends P, P* and D, />' of a pair of conjugate 
diameters are the asymptotes of the hyperbola. 

For in the parallelograms PQDC and PWD'O, CQ and OR' 
bisect PD and PD' ; and therefore, by IX., QQ' and BR' are 
asymptotes. 

XI. Tlie lines PD and PD' are parallel to the asym^ptotes. 
The coordinates of P, D, JD' are 

W), (fy,^'} (-fy.-^'); (V.) 

and therefore the tangents of the angles which PD and PD' 
make with the axis of X are 

^ = T J- (ft) (Art. 4) 

Therefore PD and PD' are parallel to RR' and Cd respec- 
tively, since T - are the tangents of the angles which the 
asymptotes make with the axis of X (II.). 

Xn. Tangents at the ends P{x*y') and D[%', -aj'j of a 
pair of conjugate diameters m^eet on the asymptotes. 
Tangents at P and D, on the conjugate hyperbolas 
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are _^_^*1, (a) «^_»y =_i. (5) 

or or ab ab 

By combining (a) and (5) we get for Q(xy^y the point of 
intersection of these tangents, 

y = y + -a', aj = x'4-?y. 
a 

But the equation of the line through C and Q is 

which is the equation of the asymptote ; therefore Q is on the 
asymptote. 

XIII. If y = m'xy y = mx are conjugate diameters of the 

primary hyperbola, they are also conjugate dtameters of the 

52 
conjugate hyperbola, since the relation m'w = -^ is not changed 

when the axis AA^ becomes imaginary and the axis BB' real. 

XIV. The portion QR' of any tangent intercepted between 
the a^symptotes is bisected at the point of tangeney, and is 
equal to the parallel diameter DD\ 

For in the equal parallelograms PQDC and PE'D'C^ 

CD = CD'. r.PQ = PB\ and QR = DD\ 

XV. The portions of a chord paratlel to any tangent QR\ 
intercepted between the conjugate hyperbolae, are equal; 
that is, EF==E'F'. 

Since M is the middle point of the common chord, we have 
MF=MF and ME = ME^. 

.-. 3fF- ME = EF^ Mr - ME' = E'F^. 



1 

I 
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XVI. T?ie portions EL and E'L* of the chord intercepted 
between the primary hyperbola and its asymptotes are equal. 

Since QR is bisected at P, its parallel LL\ intercepted be- 
tween the asymptotes, is bisected at M. But MB — MW ; 

.'.ML'-ME^EL = ML* - ME' = E'L'. 
Also MF-ML =FL=MF' ^ML' = FL\ 

XVn. The polars of any point (^, k) with respect to the 
conjugate hyperbolas j — '^ = 1^ ^ — ,=1' are parallel. 

The polars are 

and have the same direction parameter m = -^ 

XVIII. The polar of a point P(x*y') on the primary hyper- 
bola with respect to tlie cor^jiigate hyperbola is a tangent to 
the primary hyperbola at P\ the other end of the diameter 
PP. 

The polar of P(x*y') with respect to the conjugate hyper- 

&» a*""^' ^^ a« " &« "^* 

which is the tangent at P'(— a;', — y')- ^ 

From this it follows that if from P, any point on the primary 
hyperbola, tangents PQ and PQ' are drawn to the conjugate 
hyperbola, the line $C' is a tangent to the primary hyperbola 
at P', the other end of the diameter PP'. 

The Hyperbola and the Eccentric Angle. 

1 67. I- The coordinates of any point P(xy^ on the hyperbola 
-J — ^ = 1 can be expressed in terms of the eccentric angle ^, 
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as Id the ellipse. In tbe ellipBe (Art. 152, lU.) the coordinates 
of any point P(xy') were found to be 

x = acoB0, y = bsai^, 

since — + ^ = coe'<^ + 810*^ = 1. 

In the same way any point Pixy") on the hyperbola may be 
expressed by x = a sec <f>, ff = h tan ^ since 

f^_g = 8ec»<^-tan'* = l. 

Also any point P(xy) on tbe conjugate hyperbola may be 
represented by x = a cot 0', i/ = b cosec 0', since 

g_^=coeec»+'-cot?.^' = l. 

n. To canstruct the point P(a sec ^, 6 tan ^) on the hyper- 
bola for a given vaZtie of ^. (Fig. SIS.) 
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On the axes describe the auxiliary circles as in Fig. 62. Let 
ACM be the given eccentric angle, and at the points M and 
M^ draw the tangents ifOTand l/TN^. 

Let CN=x; then in the right triangle NCM^ we have 
X cos <f) = aj or x == a sec ^. Again, in the right triangle 
N^UM\ N'M* = htmtt> = y. On the perpendicular to ON 
at N lay off PN=N^M\ and P(asec0, itan</>) is the 
required point. 

III. If P(xy) and D{x^^y") are the ends of a pair of con- 
Jugate diameters whose eccentric angles are <^ and 4>\ then 

<^' + <^ = -, or <!>' and <f> are complementary angles. (Fig. 61.) 
For the conjugate diameters PP' and 2)2)', 



m' 




& tan ^ 
asec(^ 


= -Bin 
a 


*, 


m 


y" 


b CSC <^' 
"" a cot <^' 


b 
= -sec 
a 


*'. 



But for conjugate diameters, 

m'm = — sin <^ sec 6^ = — • (Art. 155, XI.) 

o* a* 

.-. sin<^ sec<^'s=l, or sin <^ = cos <^'. .•.^' + <^ = ^. 

Therefore the coordinates (a cot 0', 6 esc 0') of any point 2) 
on the conjugate hyperbola may also be written (a tan ^ b sec ^) 
in terms of 0, the angle of the conjugate point P on the pri- 
mary hyperbola ; and these coordinates also satisfy the equa- 
tion of the conjugate hyperbola, since 



^-?^ = sec'<^-tan«<^=l. 
br or 



The equations of the conjugate diameters PP* and DD^ are 



v = -a;sm6 and « = -a:c8c6. 

^ a ^ ^ a ^ 
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rV. The lengths of the semi-conjugate diameters ftP and 

CD are 

OP* = a» see* <^ + 6" tan* <^, 

.•.CP'-CS* = (a»-6*)(8ec»-tanV) = a'-&'f 
since sec* <f> — tan' <^ = 1 ; 

that is, the difference of the squares of a pair of semi-conjugate 
diameters is equal to the difference of the squares of the semi- 
axes. 

V. The equations of the tangents at the conjugate points P 
and 2), in terms of the eccentric angle 0, are 

X y XI? yy* 

-sec<^ — T tanfc<^=sl, since -t""^=15 W 

V X , t/w" asc" 
|sec<^--tan<^ = l, smce ^ ^ = ^- W 

VI. The equations of the normals at the conjugate points P 
and D, in terms of 0, are 



ax 



+ j3L = a» + 6«, Bince ?^ + ^ = a'+6>; (a) 



sec<^ tan(^ x* y 



ax 



, ^ + -^ = a« + y, since 5^4-^ = a« + 6>. (6) 
tan<^ 8ec<^ as" y" 

Vn. The locus of the intersections of tangents at conjugate 
points on conjugate hyperboUbs is an asipruptote. 

The difference of the squares of (a) and (5) in V. gives 
%^ = -^a^^ the equations of the asymptoties, since 



a" 



^S-».-(M)(f-5)-«. 
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b b 

or y=-x, y-=--x. 

Therefore the asymptotes are the diagonals of the parallelogram 
formed by tangents at the vertices of conjugate diameters. 

VIII. The loci of the intersections of the nortnals cub the 
ends P, Dy and P*, D^ of canjugcde diameters are the lines 

a a 

y = -x, y^-.x. 

The difference of the squares of (a) and (J) (VI.) is 

(aV - 6y ) (sec* (^ - tatf <^) = 0. 

.-.aV — y/=0, or ^=7®, y = — fa?, 



since sec**^ — tan*<^ = l. 

IX. The tangent at P, Fig. 61, intersects the asymptotes 
QQ^ and BBf in the points 

Q [a(8ec<^ + tan<^), &(8ec<^ + tan<^)] 

and i2'[a(8ec^ — tan<^), — 6(8ec<^ — tan<^)], 

h ' b 

as may readily be found by combining y = -x and y = — a:, 

the equations of the asymptotes, with the tangent at P (a) (V.). 
In the same way find the coordinates of 

Q' [— a(8eo <^ + tan <^), — 6(8ec <^ + tan <^)], 

R [— a(sec<^ — tan<^), 6(sec<^ — tan<^)], 

b b X f/ 

by combining y = - a? and y = — x with - sec A — v tan A = — 1, 

a a a ^ ^ 

the tangent at P'. 
Combining the equations of the asymptotes with 

V X 

■=■ sec 6 tan 6 = — 1 , 

^ a ^ 
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the tangent at D\ we shall find the same coordinates of Q^ and 
R^. It follows that the products of the abscissas of Q and JS' 
= a^ and the product of their ordinates = — 6^, since 

sec't^ — tan*<^ = l. 

The same is true of the coordinates of Q* and B. 

X. The lengths of CQ and CR are 

CQ ^^^^ . CK^ ^^^ . 

sec 4> — tan ^ sec 4> + tan ^ 

since the distances of the points Q and R from the centre C 
are the square roots of the sums of the squares of their coordi- 
nates. 

XI. The product of the intercepts made hy any tangent 
upon the asymptotes is constant. 

For by X., CQ - CB' =a^ + h^. 

XII. The area of the triangle made hy any tangent and 
its intercepts an the asymptotes is constant. 

The area of the triangle QOB' ia iCQ- OB sin QOB^. But 
the product CQ • CB^ is constant by XI., as well as sin Q CB\ 
since the angle between the asymptotes is constant. 

Xin. Provetha;tC^^CR^=:2(JJP + Cff). 
This follows from X. and IV. 

XIV. The foci 5, 8\ F, F* of the primary and conjugoite 
hyperbolas, and the vertices of the rectangle on the axes, are 
all equidistant from the centre C. 

For by Art. 101, XII., 

CS^ OS' = ac = Vg?T^, CF= CF = &6' = V^T^, 

which are also the lengths of the semi-diagonals of the rectangle 
described on the axes. 
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XV. The equations of the directrices of the primary and 
conjugate hyperbolae are 

CB=±5!=±— :^— -, y=jr^ = rfc ^ (Art.l01,Vm.) 



XVI. J%e equaMons of the sides of the square having the 
foci 5, S'y F^ F* as vertices are 



« 4. y ^ 



Va« + 6* V?T^ 



= 1, 



since the intercepts on the axes are ± Va^ + 4^. 

« 

XVn. the rectangle of tfie directrices of the primary and 
conjugate hyperbolae is inscribed in tJie square SFS^F'^ for 
the values of x and y in XY. satisfy the equations of the sides 
of the square in XYI. 

XVIII. The directrices of the primary hyperbola and the 
asymptotes intersect on the major auxiliary circle; the 
directrices of the conjugate hyperbola and the asymptotes 
intersect on the minor auxiliary circle. 

The directrices x = ± - > and the asymptotes 

Vcfi + lfl 

b b 

^ a ' ^ a ' 

intersect in the four points 



\ ■Vd' + b' Va^ + W 



But these points are on the major auxiliary circle, since 



/Jt _l_ .,« — ^ I gy «2 

a' -h «r a' -h 6' 
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The directrices y = ± — == of the conjugate hjrperbola 



and the asymptotes intersect in the four points 






which are on 

^^2^ a^ + ti^^a' + V ' 
the minor auxiliary circle. 
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1. The equations of the conjugate diameters PP' and 2>Z>', Fig. 
51, are 

y = -X sm <^, y =- X CSC <^. 

2. Find the equations and lengths of the conjugate diameters for 
^ = 0, 30% 45°. 

3. The equations of the lines PD and PD' are 

ay + bx=i a&(tan <^ + sec <^) , ay — bx^ a5(tan 4> — sec 4>) . 

4. The lines PD and PD' are parallel to the asymptote BB' ; the 
lines Pjy and D'P' are parallel to the asymptote QQ\ 

6. The lengths of PD and P2>' are 

a6(sec <^ — tan <l>) and a6(sec (^ + tan <^) . 

6. Show by Art. 4 that the lengths of the focal distances PS^ and 
PS are 

a(6 sec <^+ 1), a(esec<^ — 1). 

. 7. The equations of PS" and PS are 

^a(sec <l>'{-e) — xb tan <^ — a5e tan (^ = 0, 
^a(sec <^ — e) — a* tan <^ + a6e tan <^ = 0. 
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8. The equations of the internal and external bisectors of the 
angle between the focal distances PS^ and PS are, by Art. 52, 

^ . y ^ . . ax ^ by , , 

"8ec^-7tan<^=l, -r + t— ^ = a V, 

a ^ sec f^k tan if> 

the equations of the tangent and normal at P. 

9. Find the equations of the conjugate diametera PP and DD\ 
and show that tliey are parallel respectively to the tangents at D and P, 

10. Show that the value of the eccentric angle of the point 

P is ^ = tan~^ — when CP = oe ; also, for the point Z>, 

e 

Ve'* — 1 
d>' = cot* J — when CD = 6e'. 

11. Find the value of ff> for the upper end of the latus-rectum of 
the right-hand branch of the primary hyperbola ; also, the value of 
for the right-hand end of the latus-rectum of the upper branch of the 
conjugate hyperbola. 

12. Prove that the tangents to the conjugate hyperbola at the 
points where it is cut by the tangent at the vertex A of the primary 
hyperbola, pass through the other vertex A\ 

13. Find the tangents to the primary and conjugate hyperbolas 
for 4> = 90** and 270^. 



14. If the normal at P meets the coordinate axes in O and 0\ 

a 



show that G& = %^CD. 



15. If the tangent at P meets the coordinate axes in Tand 7*, 
show that TT = CD cos 4> cot <^. 

16. Show that P^=6«(e« sec* <^-l) = -^Ci>'. 

17. Prove that a tangent at P, Fig. 52, will pass through the foot 
of the ordinate of M, 
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The Hyperbola referred to Conjugate Diameters. 

1 58, To find the equation of the hyperbola referred to a 
pair of conjugate diameters as coordinate gmcs, (Fig. 61.) 

The solution is the same as for the ellipse (Art. 153). We 
shall fiud for the squares of the new semi-axes. 



aW 



= CP* = a'Sreal for tantf<-; 



ycos'^-a^sin*^ ' a 

_ f^ . =^Clf^ -6'Simaginary for tan6f' > ^. 

d* cos* ^' — a* sm' ^' o .. ^ 

Therefore "72 "" f?2 ~ ^ ^ *'^® required equation of the hyper- 
bola referred to a pair of conjugate diameters as axes. 

I. The same transformation will give the equation f^z — ^=1 

«ij 9 a 

XT u 

of the conjugate hyperbola, and 15 ~- »^ = 0, the equations of 
the asymptotes. 

II. Since these equations of the conjugate hyperbolas and the 
asymptotes are of the same form as when referred to the axes, 
it follows that all propositions upon the hyperbola which have 
not assumed rectangular axes will still hold when a pair of 
conjugate diameters are the coordinate axes. 



The Hyperbola referred to its Asymptotes. 

1 69. To find tlie equation of the hyperbola referred to the 
a^symptotes a^ coordina/te axes. (Fig. 61.) 

For the asymptotes m = - and m' = — ; and therefore^ if 
AOQ^e ^AACR' = 0^=-0, 

SiDtf = — J — , co8^= — g — : 
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• /If h f\t o> 

sm e' = 1 cos e' = 



The equations of transformation (^) (p. 49) become 

y = — . = — ^ (X — u) J 

Va^b^ Vi?+1? Va^ + b^ 

Substituting these values of x and y in "2 ~" w ~ 1^ ^^^^ omit- 
ting the primes, we get 

a«-f.&a a« + 6» ' ^ 4 

the required equation. 
The equation of the conjugate hyperbola referred to the 

asymptotes as coordinate axes is a;y = j — • 



1 60. To find the equations of the secant and tangent for 

the hyperbola a5y = 5^-i — • 

4 

I. The Secant. — For two points (x'y') and (a:"y") on the 
hyperbola, 

4 






and y-2/' = -*^,(a!-a!'). or ^S^ "I" ^^ = ®' (**) 

jc y X 

is the equation of the secant. 
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II. The Tangent. — For tangency a;" = a?', y" = y', and (a) 
reduces to 



a^ i/' 



the required equation of the tangent. 

III. ITie intercepts of the tangent on the asymptotes are 
x — 2z\ y = 2y' ; therefore the part of the tangent intercepted 
between the asymptotes is bisected at the point of tangency. 

Equilateral or Bectangrular Hyperbolas. 

151. An hyperbola is equilateral when its axes are equal; 
that is, for b =a. The equilateral conjugate hyperbolas are 

a;* — y* =5 a*, ^ — a^ssaK 

These hyperbolas referred to the asymptotes as coordinate 
axes are 

When 6 = 0, the angle between the asymptotes is 
d==2tan-U = |; 

that is, the asymptotes are at right angles to each other. For 
this reason these hyperbolas are also called rectangular hyper- 
bolas. 

I. Any two conjugate diameters of conjugate equilateral 
hyperbolas are equal; for 

CP* - C/>» = a» - y' = 0. (Art. 156, VI.) 

II. These equi-conjugate diametera (7P, CD make equal 
angles with the asymptotes ; for CJ^D is an isosceles triangle, 
and the asymptote bisects PD (Art. 156, IX.). 
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III. The eccentricity of an equilateral hyperbola is l/2 ; for 
gi = 5 — = 2 when o = a. 

IV. The latus-rectum — = 2a when 6 = a. 

a 



Problems on the Hyperbola. 

1. If the straight line y = rnx + c meets the hyperbola — - — ^ = 1 

or It 

in two points, one of which is at a finite and the other at an infinite 
distance from the origin, show that this straight line is parallel to an 
asymptote. 

2. If a straight line cuts an hyperbola in the points P and P', and 
its asymptotes is Q and Q', show that the middle of PP* is also the 
middle of QQ'. 

3. If PN and PM are the perpendiculars from P on any coordinate 
axes OA and OB, find the locus of P when the area of OMPN is 
constant. 

4. The ordinate PNoi an hyperbola produced meets the asymp- 
tote in Q ; the normal at P meets the axis of X in G ; show that QQ 
is perpendicular to the asymptote. 

5. If e and e' are the eccentricities of the primary and conjugate 

1 1 
hyperbolas, then — + — = 1. 

6. If any number of hyperbolas have the same transverse axis, 
show that the tangents to these hyperbolas having the same abscissa 
all pass through the same point on the transverse axis. 

7. If the tangent at any point P on the hyperbola intersects the 
axis in T, and CP meets the tangent at the vertex A in E^ then ET 
is parallel to AP. 

8. A and A^ are the vertices of a rectangular hyperbola, P is any 
point on the curve ; show that the internal and external biscetoi's of 
the angle A PA! are parallel to the asymptotes. 
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9. Show that the coordinates of the points of intersection of two 
tangents to an hyperbola referred to its asymptotes as axes are har- 
monic means between the coordinates of the points of contact. 

10. The straight lines drawn from any point of an equilateral 
hyperbola to the extremities of an}' diameter are equally inclined to 
the asymptotes. 

11. Find the condition that the line Ix-^my^il should touch the 
hyperbola -2-|5 = l. 

12. Find the points in which the tangents from O, the .foot of the 
directrix, touch the hyperbola, and the angle they make witli the 
transverse axis. 

13. A tangent at the end of the latus-rectum through the focus S 
meets any ordinate FN produced in R ; show that PS = NB. 

14. If a tangent at any point P on the hyperbola cuts the tangents 
at the vertices A and A' in the points T and 2*, then AT- A'T = V. 

15. If in an hyperbola 3 CA = 2 CS^ find the angles of the asymp- 
totes with the transverse axis. 

16. If from a point Pon an hyperbola P^is drawn parallel to the 
transverse axis, cutting the asymptotes in Q and R, then PQ • PR=a^ ; 
if PK is drawn parallel to the conjugate axis, then PQ • PR=:b\ 

17. If from a point P on an hyperbola PN be drawn parallel to 
the asymptote meeting the directrix in i^, then PS=^PN. 

18. The tangent at P meets the transverse axis of the h^^perbola 
in T ; connect P with the vertices -4, A^ ; the perpendicular to AA' 
at T meets PA and P-4' in Q and R ; show that QR is bisected at T, 

19. Find the eccentricity and latus-rectum of the hyperbola 

20. In an equilateral hyperbola the eccentricity is the ratio of the 
diagonal of a square to its side. 
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21. If a taDgent at P on an hyperbola is intersected by the tan- 
gents at the vertices in the points Q and i?, the circle described on 
QR as a diameter will pass through the foci. 

22. At what point on an hyperbola are the snbtangent and sab- 
normal equal to each other? 

23. The line a;= 8^^ is a diameter of the hyperbola ^ =: 1 ; 

find the equation of the conjugate diameter. 

24. Find the condition that the line ~ + ^ = 1 shall touch the 

b a 



hyperbola -5 — rj = 1- 



Arts, c* — c" — 1 SSI 0. 



25. Show that the linear equation of the right-hand branch of the 
hyperbola when a focus is the origin is r = eaj ± tt(l — e*). 

26. A perpendicular is drawn from the focus of an hyperbola to an 
asymptote ; show that its foot is at the distances a and b from the 
centre and focus respectively. 

27. Sliow that the distances cut off from the normal to an hyper- 
bola by the axes are in the ratio of a* : b*, 

28. A, A* are the ends of a fixed diameter of a circle, and P, P* 
are the ends of any chord perpendicular to this diameter ; show that 
t!)e locus of the point of intersection of AO^ AP^ and A*P' is a rec- 
tangular hj'perbola. 

29. A seiies of chords of the hyperbola — — ^ = 1 are tangents 

to the circle described on the distance between the foci of the hyper- 
lK)la as a diameter ; show that the locus of their poles with reference 



to the hyperbola is - 4- -^ = -- — —. 
^^ a* 6* a« + 6* 






( y' ^ ^J vv V ^ CcWpTER IJ^. 






THE aENEBAL EQUATION OF THE SECOND DEOBEE. 
At? -f 2nxy -^Bf -\-2Ghi:-\-2Fy -\- C=0. 

162. In the preceding chapters ^e have found that the equa- 
tions of the conic sections are always of the second degree. In 
this chapter it is proposed to show that the general equation of 
the second degree, which for brevity in writing we shall usually 
denote by aS = and designate by the conic S = 0^ always rep- 
resents a conic section for all real values of the arbitrary 
constants J., JI", J?, 6?, F, 0. 

We may assume that the locus represented by aS = is 
referred to a pair of rectangular axes; for if not, we may 
transform to a pair of rectangular axes without changing the 
degree of the equation (Art. 22). 

163, To show that S=0 always represents a conic section; 
or that the conic is tJie only curve of the second order, 

I. \i H— 0, then S — Q becomes 

A3i?^Bf-\'2Ox + 2Fy + C=0, (a) 

U,^^^:^fy^F\^^AF^^B(P--ABC^^ 
\ A) V bJ ABC 

by completing the squares (Art. 112). f\^ 

If now we take the point [ — -? — ^ j as the origin, then 

(a) reduces to 

Ax'-hBf^Ky 

A B 



or 
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If -4, J?, K^ have like signs, then (a- ) denotes an ellipse ; but 
if ^ or £ has a sign different from K^ then (a') denotes an 
hyperbola. 

It follows, then, that the axes of the conic (a) are respectively 
parallel to the coordinate axes. 

11. If ^=0, then A3^ + Bi/^ = denotes two intersecting 

straight lines passing through the point ( — j» — - ), real lines 

\ -A SJ 

when A and B have unlike signs, and imaginary lines when A 
and B have like signs. 

m. In addition to J5r= 0, -4. and B cannot both be zero ; for 
this would reduce S = to 2Ln equation of the first degree. 
But suppose that ff=0 and J. = 0, then (a) becomes 

-B2^ + 2i?V + 2(?aj+O = 0, (a") 



or 



or 



y Bj B\ 2BQ ) 



and denotes a parabola whose axis is parallel to the a^is of X^ 

and whose vertex is ( o pay ^"""pJ (A^^' 112). 
If G also equals zero, then (a") becomes 



(»-i)"=^ 



2-50 



ff 



and represents two parallel straight lines. 

If now we can show that the term 2Hxy can be made to 
disappear by referring the locus to a new pair of rectangular 
axes, the origin remaining the same, then it will follow that 
S = Q always represents a conic section. 
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■ 

1 64. To transform 8 = to a new pair of rectangular axes, 
the origin remaining tlie same, such tha^ the term contain' 
ing the product xy of the coordinad^es shall disappear. 

The formulas for transforming to a new pair of rectangular 
axes, in which denotes the angle which the new axis of X 
makes with the old one, are (Art. 21, c) 

a; = 05' cos B — y* sin ^, y = x' sin 0-\-y' cos 0. 

Substitute these values of x and y in aS = 0, and it becomes, 
omitting primes, and reducing, 

{A C08^ + 2ilsin ^ cos ^-f B 8iii*^)aj* 

+ 2 [5'(co8' - sill* 6) -(A- B) sin 6 cos 0] xy 

-f- {A sin' - 2fi^8in OcoaO^B cos'^)^* 

+ 2((7costf + 2^8in^)a; + 2(2?'co8^-(?8in^)y + C=0. (o') 

But the term containing xy will disappear if 

^(cos* e - sin* ^) - (u4 - B) sin ^ cos ^ =? 0, 

or tan2^ = --^^, or ^r^itan"* ^^ - 



A-B " A-^B 

This value of 6 is. always real, and therefore it is always 
possible to remove the term from S—0 which contains the product 
of the coordinates. 

If now we substitute this value of in the coefficients of 
^'f y\ ^^ y^ and denote the results by A\ B\ 2 Q\ 2jP', then 
equation (a') becomes 

A!q^ -h Bf + 2 &x -I- 2FV + 0= 0. 

But this equation is now of the same form as (a) in Art. 163, 
and therefore S = always represents a conic. 

We can most readily find the functions of the coefficients 
which characterize the different conies represented by aS = by 
solving the following problem. 
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165. To find the points in which the conic S=0 is cut by 
any straight line drawn through the origin. 

I. It will be simplest to use polar coordinates. Place the 

pole at the origin, and let the axis of X be the polar axis ; 

then, Art. 12, x = r cos 5, y = r sin 5, and S = becomes the 

quadratic 

{A cos' -f 25" sin OcobO + B sin* tf)r« 

•f 2 ( G cos ^ + -F sin tf ) r + C = 0. (a') 

Since can have all values from to 2 tt, the radius vector, 
r, must cut the conic S = 0; but for no value of can it ever 
cut S = in more than two points. But these points may be 
real or imaginary^ and at finite or infinite distances from the 
origin. 

II. To find for what values of the radius vector, r, iviU 
cut S = in one finite point, and in one point cut infinity. 

If (a') has one finite root and one infinite root, then. Art. 20, 
the finite root is given by the equation 

2(Goos^ + l?'8intf)r+(7=0, (6) 

and the directions, or values of for which r is infinite, are 
given by the equation 

A cos* e -I- 2^sin ^ cos tf + -B sm*d= 0, (c) 

or B tan* ^ + 2iItantf + ^ = 0. 

Solving, we get 

B X 

which shows that there can be drawn through the origin two 
real different straight lines^ or two coincident oneSj or two imagi- 
nary ones^ which will cut the conic aS = at infinity^ according 
BS ff^—AB > Oj =0, or<0; and that each of these lines will 
also meet the conic aS = in the finite point given by (6). 
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It appears, then, that the conic S = has two infinite branches 
when H^ — AB > 0, ovie infinite branch when JSP — AB = 0, and 
no infinite branch when JSP — AB < 0. Therefore 

H^ — AB >0 is the characteristic of the hyperbola; 
JEP — AB = IS the characteristic of the parabola; 
H* — AB <Oisthe characteristic of the ellipse. 

It follows that A and B must have like signs for the ellipse 
and parabola, and unlike signs for the hyperbola. 

If we multiply (/?) by r^, and introduce x and y, we get 

Ax' + 2Hxy'hBf=0, (d) 

the equation of the two straight lines, drawn through the origin, 
which meet the conic S = in points at infinity. 

III. To find the position of the origin which will make 
the terms in 8=0 of the first degree in x and y disappear. 

If the roots of (a') are equal and with opposite signs for all 
values of ^, then by the theory of equations the coefficient of 
the first power of r must disappear; that is, Q'QO%6+F^m0 = O 
for all values of 0. Therefore Q~O^F=Q^ are the required 
conditions. It follows that the origin now bisects all chords 
drawn through it, and is therefore the centre of the conic. 

But these conditions also make the root r, of (a'), which is 
determined by equation (6), infinite j hence two lines respec- 
tively parallel to the lines (rf) can be drawn through the centre 
which will meet the conic in two coincident points at infinity; that 
is, two tangents whose points of contact are at infinity. These 
lines, called the asymptotes of the conic (Art. 156, II.), are real 
for the hyperbola, imaginary for the ellipse, and lie altogether 
at infinity for the parabola, since its centre is at infinity. 

166. To find by construction (Art. 18) the shapes and 
posiMons of the curves represented bt/ S = 0. 

I. The solution of S = 0. Suppose that B is positive and we 
solve for y ; then, by Art. 64, 
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By+Hx+F= ± V[(^' - ^B)^* - 2{BG - nF)x-\-F*-BC'\ (6) 

= ±^\_{IP-AB){x-x'){x-iii^'), 
x' and x" denoting the roots of the quadratic 

IP^AB H^^AB 

Solving this quadratic, we get 

, BG - IIF ^ V5a 



H'^AB H^'-AB 

„_BG-HF_ V5 a 
^ JP-AB H^-AB' 



in which 



5A = {BG - ^F)* - (jy2 «. ^^) (2?^ „ 5(7) 
= B{AF^ -h BG^ -h CIP " ABC '-2FGH), 

The roots x' and a:" are rcaZ and unequal for A > 0, reaZ and 
equal for A = 0, and imaginary for A < 0. This function of 
the coefficients of *S = 0, which is denoted by A, and which 
determines the character of the roots, is called the Discriminant 
of the equation S==0. 

II. The Construction. Equation (6) may be separated into 
the three parts 

2^«= ^' («) 
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On any rectangular axes plot the straight line (e) AB (Fig. 
68), and also lay off ON' = x', ON'' = x'\ and draw N'F, 
N''P\ parallel to the axis of y. Any point (xy^ which lies 
on AB^ and the corresponding points (xy^i (^ys)' ^^ ^^^ conic. 




Fio. 63. 



all lie on a parallel to the axis of Y^ since all three have the 
same abscissa X. The distance between any two correspond- 
ing points (xy^t (j^z)'> on the curve, that is, the length of any 
chord which is parallel to the axis of F", is 



2 /T, 



y8-yi-=;|V(^»-^U5)(x-x')(a;-«")- 

Also, since y, = -^-o — - for all values of a;, the straight line 

(e) AB bisects this system of parallel chords, and is therefore 
a diameter of the conic. 

For JSP — AB < and A > 0, all chords which lie between 
the tangents N^P and J\P'P' are real^ since the product (a; — x') 
(a? — a;") is minv>s for all values of x between these limits; 
therefore the curve is an ellipse. For all values of x without 
th^se limits th^ curve is an imaginary ellipse. 



284 
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For H^^AB>0 and A>0, all chords between N'P and 
N"P^ are imaginary ; but without these limits they are all 
real to infinity^ and the curve is the hyperbola whose vertices 
on the diameter AB are at P, P' (Fig. 64). 




Fig. 64. 



If A < 0, that is, if the roots a;' and a?" are imaginary, they 
have the form a;' = a + 6l/--l, a:" — a — hV— 1, and the product 
(x — a:') (a; — a;") = (a? — a)* + 6^ is positive for all values of x. 
Therefore the chords 



are all imaghiary for S?—AB < 0, and the ellipse is imaginary ; 
but for H^ — AB > these chords are real for all values of a:, 
and we get the conjugate hyperbola whose vertices on the 
diameter parallel to the axis Y are at DD'. 

To construct the axes of the ellipse or hyperbola^ draw a con- 
centric circle (Fig. 53), and join the points of intersection by 
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parallel chords; lines drawn through the middle points of 
these chords are the axes. 

For H^ — AB = 0, one root is infinite and one finite (Art. 
20), and equation (() becomes 



if the finite root x^ = 



2(HF-Ba^ 




Fio. ^. 



The straight line (e) AB (Fig. 55) still bisects all the chords 



ys - yi = ^ V2(SiF' - ^Gf) (cc - a') 

parallel to the axis of F, and is a diameter. 

Lay off ON^ = x\ and draw N'P parallel to the axis of Y. 
For all values of x greater than a:' the chords are real^ and the 
parabola extends to infinity on the positive side of iV'P. If 
the chords are imaginary on the positive side of the tangent 
iV'P, they will be real on the negative side, and the parabola 
will extend to infinity in this direction. 
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To construct the axis of the parabola^ solve S — for x^ make 
JEP — AB == 0, and find the root y = y' = N'D^ the equation of 
the tangent parallel to the axis of X. The directrix passes 
through i>, the intersection of the perpendicular tangents N'P 
and DP' (Art. 120), and is perpendicular to the diameter AB. 
The focus aS' is on the chord FF' (Art. 180), and FS = FM 
(Art. 99). The axis SB is drawn parallel to AB, 

For A = 0, or a:' = x"^ equation (6) becomes 

By + Hx-i- F== ± (x ^ x')^/B^ -^ AB, 

two real or two imaginary straight lines, according as 
H^-AB >0,ov <0. 

When A - 0, and iP - AB =.0, then Ba-SF=0, and (6) 
reduces to the two parallel straight lines 

By-^Hx + F^ ± VF^ - BC. 

EXERCISES. 

1. Show that -4aj + Sy + G=0i8a diameter of /S = 0. 

2. Find the expression for the length of any chord of the system 
parallel to the axis of X, which the diameter Ax + Hy + & a= 
bisects. 

3. Find the tangents to iS = which are parallel to the axis of X. 

4. Find the equation of the diameter DD*. 

5. The length of i)I>' = 2 J-^^^,- 

7. The coordinates of the centre are (^^—^^ AF^HG\ 

8. Show that for the parabola the three second-degree terms 
form a perfect square. 

9. Show that if ^S = is a tangent to both coordinate axes, then 
CP = AGj F' := BO' 
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IOl What curve is represented by 



' ao or a 



a 



11. What conies are represented by the following equations? 
First determine the kind by computing the values of H^ — AB 
and A ; then compute a diameter, and the tangents at the vertices 
on this diameter, and find the limits within which the curve must lie. 

1. 3a*-f-4iC3/-f y" — 3a; — 2y-f 21 = 0. An hyperbola. 

2. 5a» + 4ajy-|-2y*— 5a;— 2y — 19 = 0. 

3. 4a;*-|-4a;y-|-y*-5aj-2y -10 = 0. 

4. 3a;*-|-4a;y— 4y*— 7a;-|-2y+2 = 0. 

5. a;* + 4a^4-4y*-f-6a;-f-12y-f-9 = 0. 
lines. 

Y 
Y 



An ellipse. 

A parabola. 

Two straight lines. 

Two coincident strai^t 




Fio. 66. 



1 67. To find the form of equcMon 5 = when the centre 
C(hj k) of the conic is taken as the origin, and the new 
coordinai>e axes CX\ CY*, are respectively parallel to the 
old ones, (Fig. 56.) 



. 4 
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For this purpose change x and y into x + h and x + k 
respectively (Art. 21, a) ; then S = becomes 

A(x-h hy -h2H(x + h) (y + k) + B(y + ky 

+ 2G{x-hh)+2F(y + k)+C=^0, 

or A2? + 2Hxy + By' + 2&x + 2ry + a=^0, (a') 

in which 

G'=^Ah-hHk+G, 

F'=Bk-^HJi-^F, 

a ^Ah*-^2HJik+BJ(?-h20h'h2Fk-hO. 
Since (A, A) is the centre of the conic, wc have (Art. 165, III.) 

&==:A}i-^Hk-^G = 0, F' = Bk-\-Hh + F=:0. (h) 

Solving these equations for (A, A), we get the single values 

, BG-HF , AF-HG 
H^-AB H'-AB 

and a^{Ah + Hk + G)h + {Bk -|- Hh •^F)k 

+ Gh'\'Fk + C (6') 

z^Gh + Fk+G by (6) 

^^ BG-HFAF^HG fj 

^ AF^ + ^Q^ 4- CIP - ABG'-2FGU ^ A 

E^'-AB • BP^AJB 

and (a') becomes 

or ^ifl^ + 2ira^ + 5y' + -^rr-^ = o. 

It will be noticed that by this transformation the coefficients; 
j4., 2 -HJ -B, of the second-degree terms, as well as the discrimi- 
nant A, and the characteristic ff^ — ABj remain unchanged ;. 
that the new independent term 0' is the result of the substi:. 
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tution of the coordinates (A) A;) of the centre for x and y, 
respectively, in aS = 0. 

When EP^AB is not zero, (A,i) denotes a single finite 
point, and the ellipse and hyperbola are therefore called central 
curves ; but for BP — AB = 0, A and k are both infinite, and the 
parabola is called a nonrcentral curve. 

K A = 0, then /S = becomes 

and represents two straight lines drawn through (7(A, k\ real 
for the hyperbola, and imaginary for the ellipse, which meet 
the conic (a") in two points at infinity (Art. 164, III.), and 
are therefore its asymptotes. 

But the axes of the conic bisect the angles between the 
asymptotes (Art. 166, 1.), and therefore (Art. 67), 



y_ -.(A--B)±V(A^By + (2Hy 

x^ 2H ' ^^^ 

are the equations of the axes A4', BB\ which can readily be 
drawn. Combining the equation of each axis with that of the 
curve (a")? ^^ S^^ *^® coordinates of the points, A, A\ -B, jff', 
of intersection, and can then compute the lengths AA\ BB'^ 
of the axes. 

1 68. We can still further simplify the central equation of 
the conic A3?+2nxy + By^+ CT =0, (a")i (Art. 167), by adopt- 
ing the axes AA'^ BB\ as coordinate axes, when it reduces to 
A'^ + JSy + (7' = (Fig. 56). 

I. Transform equucution (a") to a new pair of rectangiilar 
OfXes, the new a^is of x making an angle t4/ith the old one. 

Since equation (a") does not contain the first powers of x 
and y, it becomes at once, by the same transformation as in 
Art. 164, 
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(^ cob' tf + 2H^\VL Ooo^e + JB sin* 0)7? ^ 

+ 2[ir(ooB»tf-8in*tf)-(-4--B)8mtfcofltf]a^ l + C = 0. (a'") 

+ (!4sm»«-2HBmtf cofltf + 5co8«tf)y* J 

If we denote the coefficients of a?, xy^ y\ by A\ 2 IT, 5\ 
and remember, from Trigonometry, that 

2Bin'0=l-coB20, 2co8'0=1+oob20, 

COB 2 r= cob' - Bin' 0, Bin 2 =: 2 sin cos 0, 

we have 

2A'^A + I3-I-2 jBTBin 20 -^(A- B) cos 2tf, (6) 

2J5' = ^ + J5-2ir8m2tf-(^-B)ooB2tf, (c) 

2jBr'=2^coB2tf-(^-5)Bin2tf. (d) 

II. Show that the values of the two functions A + B and 
H^ — AB of the coefficients of the seconcMegree terms of 
S^O do not change by transforming the equation from one 
pair of rectangular axes to another. 

By adding (6) and (<?), we get at once 

A' + B'^A-^B. (c) 

The product of (6) and (<?) and the square of (d) are 

4^'-B' = (^ + 5)'~[2^Bin2tfH-(^--B)coB2tf]', 

421"= [25'cos 2tf- (^ - B) sin 2^]*. 

= 4(^-AB). (e) 

On account of the invariability of these functions they are 
called Invariants in the Modern Geometry. 

III. If we make 6 = JT'GA' (Fig. 56), then the new pair of 
rectangular axes will coincide with the axes of the conic, and 
the term in (a'") containing xy must disappear. 
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••. 2ir = 2Hcos 26 -(^ -5) sin 2tf = 0, 



as found in Art. 167 (6), for determining the angles which the 
axes of the conic make with CX', the axis of X. 

IV. To find the values of A\ B\ when the coordinaie axes 
coincide with the axes of the conic. 

In this case IT = 0, and equations (e) II. become 
A^B^ A-hB, - A'B' = iT* - AB, 
for which we readily get 

A'=:i{A + B±Q), B' = K^ + BTe)i 



We see that Q is less than A + B for the ellipse, greater for 
the hyperbola, and equal to A + -B for the parabola ; and there- 
fore it follows that A\ B\ have like signs for the ellipse. Un- 
like signs for the hyperbola, and that either A' or jff' must 
equal zero for the parabola. Therefore 

is the equation of the central conic referred to its centre as 
origin, and to its axes as coordinate axes. 

The signs of the radical in these values of A* and J5' must 
be so taken that the sign of A' — -B' = ^ shall be the same as 
that of 25" in the general equation S=Q. The difference of 
A' and B' from (6), ((?), I. is 

^' - B' = 2ir8in 2^ -f- (^ - B) cos 2tf, 

and from (/), HI. 

2^=(^-J5)tan2tf. 
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.-. 2H{A' - B') = [25^Bin 2^ + (^ - 5) cos 2ff]{A - B) tan 2tf 

= [ (2 jBT)' + (^ - -B)T sin 2 tf . 

Therefore 25" and A^ — B\ or ^, always have the same sign, 
since sin 2 is always positive, 2 being less than tt. 

When ^' + J8' = A + -B = 0, then S = 0, 
or ^'a:*-^y + C=:0, 

represents an eqiiilateral or rectangular hyperbola (Art. 161). 

V. To express the equaMon of the conic a*^ in terms of the 
semi-axes CA, CB. (Fig. 56 J 

FoTx = 0, !^ = -§i = ±55' = ±6». 
Fory==0, «* = - — = ± 04* = ±a». 

For + a*, + J*, the conic is a real ellipse ; for — a^ — J^, it is 
an imaginary ellipse ; for + a\ — b\ it is the primary hyperbola ; 
for — a*, {2^ it is the conjugate hyperbola ; and for (7' = 0, (a^) 
represents two real or two imaginary straight lines, according 
as the signs of A\ B\ are unlike or like. 

VI. To express a', 6*, c*, the squares of the semi-axes and 
eccentricity in terms of the coefficients of 8 = 0. 

From the values of A', B\ IV., and (? =_A^ (Art. 167, 
II.), we readily get ~ 



2A' A-\'B±q {AB'-H*){A + B±Q) 
2^__20[__ 2C 2A 



2B A-\-B:^q {AB'-H*){A+BTq) 
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If a > 5, then for the ellipse 

a» ^4-5 + Q ^ + -B + Q' 

and for the hyperbola, if 2 a is the real axis, 

^a? ^A + B + Q ^ + 5 + Q 

1 69. A direct and simple method for determining the equa- 
tions and lengths of the axes of the central conic 

A^'\'2Hxy-^Bf+C = (a^'), Art. 168 

is to cut it by the concentric circle 

in the points i>, D', H, W (Fig. 56). 

By combining these two equations we get 

A^^2Hxy-\^Bf-\-C^^^-^^^0, 



or 



which represents the two straight lines DD\ EE\ passing 
through the centre and the points of intersection of the conic 
and circle. 

If the points D and E become coincident, the radius r will 
then equal the semi-conjugate axis CB of the conic ; and if the 
points E and 2>' become coincident, r will equal the semi-trans- 
verse axis CA of the conic. 

But for equal roots in (a), or for coincidence of the lines 
DD' and EE', we must have (Art. 20), 

(a+^(b^^^h^, (P) 



^> 
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in which the roots, or values of r^, are the squares of the semi- 
axes of the conic. Solving, we get 

r» 2(7 ^ ^ 

2A 

in which both values of r^ are positive for the ellipse, but have 
opposite signs for the hyperbola. 

The equations of the axes are now readily found. Multiply 

(a) by ^ + -5 ; then by (6), 
or, extracting the square root, 



i^^S) 



are the required equations of the axes of the conic as already 
found in (i). Art. 167. 



170. To reduce 8=0 to Us simplest form when the locus 
is a parabola; that is, when H^ — AB = 0. 

When H^ = ABj A ana B must have the same sign, and 
both can be taken as positive. We cannot now transform 
S = to the centre of the conic as an origin, as in Art. 166, 
since the centre of the parabola is at infinity. But without 
changing the origin we may readily transform S = to ^ new 
pair of rectangular axes, the new axis of x being parallel to the 
axis of the parabola. 
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If we multiply /S = by jff, and put AB = J7^, it becomes 

which shows that when S = represents a parabola, it8 second- 
degree terms form a perfect square. 

The equation of the diameter through the origin, and parallel 
to diameter (e), Art. 166, is 

If we take this diameter ajs the new axis of a;, then 

IT S S 

tantf = — —• .•. sin^s > cob0 = 



But for transformation to the new rectangular axes (Art. 
21 (0). 

x = x' cos 6 — y' Bin 6^ — ^ > 

{By + Hxy = (IP -h B»)2/'* = B(A + B)y'\ 

and (a) reduces to 

y«4-22?^y + 2©'a5' + (7 = 0, (a') 

in which 

^^ BF+GH ^ g,^ BG-FH ^ ^,^ C 
^/B{A-^By VBiATW ^ + -^ 

Now it is easy to reduce (a') to the form if^ = 4px (Art. 102). 
Completing the square, (a') becomes 

or y'« = - 2 ©V, 
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when the vertex V (Fig. 57) is {^lg,t^ ^ " ^) ^^ 

- 2 © = H^ ^-^^) ^ 4p = jr,x', the latus-rectum. 

If we had taken diameter (J) as the axis of y, then tan ^ = "^^ 
and we should have found that (a) reduces to 

a;'2 -I- 2i?'aj' -h 2 Gy + C = 0, 
the axis of the parabola being now parallel to the axis of T. 




Fio. 67. 



171. The equation (a), Art. 170, of the parabola can be 
reduced to the form y^ = A^px^ as follows : 
If X is an arbitrary constant, then 

represents a system of straight lines (Art. 30) parallel to the 
diameter By + Hx = 0, one of which is the axis of the curve. 
By adding 2(5y + Hxyk + X^ to both sides of 

{By '\' Hxy =^'-2BGx^2BFy ^ EC (a), Art. 170 
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it becomes 

and the lines (Fig. 67) 

AB, By + Hx + X = 0, (h) 

CD, 2{HX''BG)x+2(BX-'BF)y + X^^BC==0y (V) 

will be perpendicular to each other if 

H BX-BF . BF^GH 
— s= 1 or A = • 

B Hk-BO A + B 

* 

If we take AB and CD as new rectangular coordinate axes 
of X and Y respectively, then for any point M(xy) on the curve, 
we get (Art. 42) 

2-jHX - BCy + {BX - BFy 
and (a') becomes 

(^ + -B«)2^ = 2 [ (irx - BCy + (BX - BFY^x, 
or y" 5= 4pa5, 

if j^ 21{HX^BG)'^{BX^BFY\^ ^ 2{FH^BQ^ 

H^ + & VB(A^By 

Therefore (6), (6') and 4jt> are the axis, the tangent at the 
vertex V\ and the latus-rectum of the parabola after substitut- 
ing the value of X : and the coordinates of V are found by 
solving equations (6) and (6'). 

If 4/? = 0, or BQ- = Fn, then equation (a). Art. 170, repre- 
sents the two parallel straight lines 



By + Hx + F^t^F^-BCi 
as in Art. 166. 
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EXERCISES ON THE CONIC 5=0. 

I. What conies do the following equations represent? Compute 
the values of the characteristic J^ — AB^ and of the discriminant A 
of each. 



3a:*-5{ry + 6y»-|-lla!-17y+13 = 0. An ellipse. 

2. 3a?-f-4a^ + y* — 8aj — 2y = 0. An hyperbola. 

3. 5a:* + 4a^ + 2y«-6a;-2y-19==0. An ellipse. 

4. 36aj«H-24ajy + 29^-72aj+1262^ + 81 = 0. An eUipse. 

5. 05*— 5a^ + y" + 8aj — 20y+15 = 0. An hyperbola. 

6. 7iB*--17a^ + 6y» + 23aj-2y-20 = 0. Two straight Imes. 

7. 3a* — 7a:y — 6y* + 3aj — 9y + 5 = 0. An hyperbola. 
--8. (2a;-3y)*-2aj + 4y-2 = 0. A parabola. 

9. aj* — 4ajy — 2y*+l0aj + 4y = 0. An hyperbola. 

10. 41a* + 24«y + 9y*-130aaj-60ay + 116rf=0. An ellipse. 

11. «»— 2a^ + y" — 6aj-6y + 9=0. A parabola. 

12. 6a^—5a?y + y*—14a5 + 5^ + 4 = 0. Two intersecting lines. 

13. a* — a:y + ^ — 3(a; + y) = 0. An ellipse. 

14. 25a^-8iry + y«-42ca;+6cy + 9c*=50, An eUipse. 

15. 4aj*+4ajy + aj* — 6aj — 24 — 10 = 0. A parabola. 

16. 26aj"-120a^-|-144y*-2aj-29y-ls=0. A parabola. 

17. 4(a;+22^)* + (y-2aj)*-5a» = 0. An ellipse. 

18. 9aj* + 24ajy + 16y* + 22a; + 46y + 9 = 0. A parabola. 

19. 16aj*-24a;y + 9y«— 75a;-100y = 0. A parabola. 

20. 14a:*-4a^+lly'-44a;-58y + 71 = 0. An ellipse. 

21. 1 1 ic» + 84iry - 242^ -146aj+180y-f 409 = 0. An hyperbola. 

22. 2a:*4-iry — Gy"— 7y — 2 = 0. Two straight lines. 

23. 9a:*+12a^ + 42^ — 3aj — 2y— 2 = 0. Two parallel lines. 

24. 4a?-24a^ + 9y' + 4aj-62^ + l = 0. An hyperbola. 

25. (a + y)* — a(a;— y) = 0. A parabola. 
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26. xy^2x + yss0. Two straight lines. 

27. xy + Sax — dayzsO. An hyperbola. 

28. aj»H-4icy+42^ + 4aj-6y+2=:0. A parabola. 

29. aj» + 4»y + 4y'— 6aj-h8y — 1 =«0. A parabola. 

30. aj* — ajy+2y* — 2a — 6y+7 = 0. An ellipse. 

n. Central Conies, (a) Find the coordinates (A, X:) of the centres 
of the above central conies; (6) find their equations referred to a 
new pair of coordinate axes CX% CY' i^^S' ^^)i drawn through the 
centre, respectively parallel to the old ones ; (c) find the squares of 
their semi-axeS) ±a', ±2^; (d) find the equations of their axes. 

Ex.1. 3a'-6ajy+6y'+ll»-17y-|-13=:0. An ellipse. 

SduUion. (a) The equations for determining the centre are (Art. 

167), 

6A:-f^-J^=:0, 3A-|A; + Y = 0. .-. (fe, A;) = (-l,l). 

(6) C?=GA+i^A; + C=-V-¥ + 13 = -l- (Art. 167) 

.-. 3aj'-6ajy + 6y«-l=0 
18 the equation of the ellipse referred to its centre as an origin. 



(c) From Art. 167, IV., Q = ± V(-4 - J5)* -f (2 JJ)", 
and ^' = i[(^ + B)±Q], 5' = i[(^ + 5)q: Q]. 

... Q=±V34, ^' = i(9-V34), 5' = i(9-hV34); 
and the squares of the semi-axes are 

a« = — ?— , y^ 2 , . 9-V34^^9+V34^^^ 
9-V34 9+V34 2 2 

In the values of A* and B', the sine of Q must be so taken that the 
sine of J.' — J3'= Q shall be the same as 2ir. 

The squares of the semi-axes are readily computed from (&O9 
Art. 169. 

1 ^ --(^-f B)±Q _ -9±V34 ^ 9tV31 
r" 2C' -2 2 



300 PLANE ANALYTIC GEOMETRY. 

^ --3±V84 ^ (6), Art. 167, or (c), Art. 169. 
5 

Ex.6, aj*— Soy-l-y' + Sa;- 20y4- 15 = 0. An hyperbola. 

(a) 2A;-5^-20«0, 2A-5fc + 8 = 0. .-. (A, A;) = (- -*, 0). 
(6) (7=-16+15=-l. .-. iB»--5ajy + y*-l=0. 

(c) Q=±5, __ = -- and -. ...^-— = 1. 

(d) «^ = -=±1. .'. y — aj = is the equation of the imag- 

inary axis, and y + a; = of the real axis. 

The following are the results for the central conies in I. : 

Ex. (A, i;) Bbducbd Equations. ± a*, ± &*. Equatiohb of Azbs. 

1. (-1,1). 3xa-6xy + 6j^2.i==o, ^3' y = i(-3± VSi)x. 

2. (i,0), 12x3+16xy+4y«-3=0, ?— , y=J(-l±V^)*. 

8dk4V^ 

3.(2,-3), 20a:2+16xy+8ya-81=0, i\, 9^, 2y-x=0, y + 2x = 0. 

4. (2,-8), • 36xa+24xy+29ya-180=0, 4,0, 4y-3x=0, 8y+4y = 0. 

5. (-4,0), x2-6xy + ya-i = o, -J, f, y-.x = 0, y + x = a 

6. (2, 3), 7 x2 — 17 xy + 6y* = 0, Two straight lines through (2, 3). 

7. (-A»-A).3x3-.7xy-6y» + 6 = 0, i^ y=K»± Vl30)x. 

3± VT30 

9. (-1,2), xa-4xy-2ya-l = 0, -J,i, y-2x = 0, 2y + x=0. 

10. («,2a), 41xa+24xy+9y2-9a«=0, ^, ?^. 3y-x=0, y + 3x=0. 

6 5 

12. (- 3, - 10), 6 x^ - 6 xy + ya = 0, Two straight lines through (- 3, - 10). 

13.(3,3), x«-xy + ya-0 = 0, 18,6, y-x=0, y + x=0. 

14. Cc,c), 25xa-8xy + ya-0ca=0, — ^ , y=(3±\/i0)x. 

13t4V10 

17. (0,0), 8x«+12xy+17y2-6a«=0, ^ a«, y-2x=0, 2y + x=0. 

4 

20. (2,3), 14xa-4xy+llyJL-60 = 0, 6,4, j^-2x = 0, 2y + x=0, 
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Bz. (A, k) Bbducxd Equations. ± a', ^ &*. Equations of Azbs. 

21. (-1,2), llxH84xy-24yH662=0, - W, W, 3y-2x=0, 2y+3a:=0. 

22. (f, - 1), 2a:2 + ary - 6y» = 0, Two straight lines through (f, - 1). 

24. (- i - i), 12xa-72a:y+27yHl = 0, ?-— :, y = ^^ (- 6 ± V60l)x. 

-39±3V601 

26. (^ 1> 2), xy = Oy The coordinate axes. 

27. (-3a,3a), xy-9aa = 0, 18a«, — ISa^, y-x=0,y + x=0. 

30. (2,2), x3-xy + 2ya-l = 0, ^-^ y=(-l±V2)x. 

3t\/2 

III. !7^ Parabola, (a) Find the equations of the axes of the 
parabolas in I. ; (6) find the equations of their tangents at the ver- 
tex ; (c) reduce their equations to the form ^ = 4jxe. 

Ex.8. 4a;*-12ic3^ + 9y'-2aj + 4y-2 = 0. A pai-abola. 

Solution. From Art. 171, X = :?^±^=:?^, and (6), (6')» 4i>, 
become 

39y~26aj -1-8 = 0, 26y-39aj- 201 =0, 4^ = -^^^; 

therefore 169y* = — 2Vl3a? is the reduced equation of the parabola, 
and shows that the curve lies on the negative side of the tangent 
at F. 

Ex. Equatioh of Axis. Equation of tan at F. y> » ^px, 

8. 39y-26x + 8 = 0, 26y + 39x-201 = 0, 169ya=-2Vl3x. 

11. y-ar = 0, y + x = 0, y« = 3v^x. 

15. 6y + 10x-6=«0, 6x-10y + 286 = 0, 26y«= V6:t 

16. 12y-6x-l = 0, 12x+6y + 2 = 0, y* = A'- 

18. 4y + 3x+5 = 0, 4x-3y + 8 = 0, y* = ta:. 

19. 3y-4x = 0, 3x + 4y = 0, y« = 6x. 

23. The parallel lines 3x + 2y-2 = 0, 3x + 2y + l = 0. 

25. ay + x + 2 = o. y-x=rO, y« = }aV5x. 

28. 10y+5x-4 = 9, 35y-70x-17 = 0, 26y«=2V6x. 

29. 2y + x+l = 0, 4x-2y + l = 0, 6y» = 4\/6x. 
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81. If a and h are the semi-axes of a central conic, show that 

AB^H^' ^ AB--H'' AB-^H^ 

32. The equation of the conic Ax? '\- 2 Hxy -^ B}^ ^ CP trans- 
f oimed to its axes is 

33. Show that the product of the semi-axes of the conic 
(a;-.2y + l)*+ (4a; + 2y-3)'-10 = is 1. 

34. Show that the product of the semi-axes of the ellipse 

a^ — icy + 2y« — 2aj — 6y+7 = is — » 

V7 
and that the equation of its axes is ic* — 2ajy — y' + Sy — 8 = 0. 

35. Show that, if 

Ax?-^2Hxy-\'Bf=U and ^'a? + 2ir'a?y + By = 1 
represent the same conic, and the axes are rectangular, then 

(^-.B)«+(2^)« = (^'-B')« + (2JEr')'- 

36. Show that for X = 5, or = — 3, the equation 
2a* + Aa?y — y — 3aj-f-6y — 9 = 

will represent paira of straight lines. 

37. Show that for all positions of the axes, so long as they remain 
rectangular, and the origin is unchanged, the value of ff* + F^^ in 
the equation ^ = 0, is constant. 

38. Show that ^F-//G=0, when fT'- AB=0 and BO-HF=:0. 

39. When A = 0, and the origin is at the centre of the conic, show 
that 5 = becomes the product of the two straight lines 

jBy + (//4.VJT*-^B)a;=0, By-f (fl'- VH«-^i?)a?= 0. 

40. Find the conditions which will make 
(A'hB+Q)x^ + {A + B--Q)f=^2a 

represent a circle. 



CHAPTER X. 

aSNESAL FBOFEBTIES OF TEE OOITIO S^O. 

1 72. To find the equations of the dsjpnptotes of S = 0. 
The equations (a") and (a'") (Art. 167) of the conic and 

its asymptotes only difEer by the constant term — j— i and 

therefore the equations of the asymptotes of jS' = are 

Or determine X by making the discriminant of the conic 
S+\ = equal to zero ; that is, 

Therefore X = — p^_^ p =0; and S— ^^ _ . p =04u:e the 

equation^ of the asymptotes of S = 0. 

These equations are real for the hyperbola and imaginary for 
the ellipse. 

173. To find the eqiudtian of the hyperbola conjugate to 

The equations of the primary hyperbola, of the as3anptotes, 
and of the conjugate hyperbola are (Art. 156, II., III.), 

in which the independent terms of the equations of the hyper- 
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bolas are obtained from the independent term of the equations 
of the asymptotes by adding and subtracting the same constant 
quantity; therefore 

are the equations of the primaiy hyperbola, of the asymptotes, 
and of the conjugate hyperbola. 

174. To find the condition that 8 = shall be a rectanr- 
gular hyperbola. 

The two lines 

A3?-\'2Hxy-\-By'^(i (d), Art. 165, H. 

are parallel to the asymptotes of *S = (Art. 166 (a'")). But 
for the rectangular hyperbola the asymptotes are perpendicular 
to each other ; and the required condition is A+B = for 
rectangular axes, and -4. + -B — 2 iT cos ^ = for oblique axes 
(Art. 66). 

175. To find the locus of the middle points of a system 
of parallel chords of the conic S = 0. 

If the origin is at the middle point of any chord which makes 
an angle with the axis of x, this chord will meet the conic 
S = in the points (r, ^) and (— r, ^), and therefore the values 
of r in equation (a') (Ai*t. 164) will be equal, with opposite 
signs. But for this (6?cos ^ + J^sin ^)r == ; and since this 
equation is satisfied by the coordinates (r, ^) and (— r, ^), it is 
the equation of the bisected chord. 

Therefore any given point will in general bisect one chord of 
the conic S = 0. 

If now we transform iS = to a new origin (a:'^ ') and to a 
new pair of parallel axes through this point, we shall get (Art. 
167) for the new coefiicients of x and y, 
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and the equation of the parallel chord through (x'y^^ is 

(^' + Hy' + (?) cos tf + {By* + JTx' + i?* ) sin tf = 0, 

after dividing by r. Since, then, this equation is satisfied by 

the coordinates (0, 0) of the origin and any other point (a:'y'), 

the middle point of any parallel chord must lie on the straight 

line 

{Ax + Hy -hG) COB e'h{By + Hx-\'F) sine = 0y (6) 

which is the required locus. 

Hence (() is the equation of a diameter^ and the chords 
which it bisects are called its ordinates. But this equation is 
of the form IL + mM= (Art. 53), and therefore (6) always 
passes through the point determined by the equations 

Ax-^Hy-^G:=^Q, By + Hx-h F^ ; 

that is, the centre of ^ = 0. 

If tf = ^ (6) becomes -By + 5i + -F = 0, a diameter which 

bisects the system of chords parallel to the axis of y ; if ^ = 0, 
(6) becomes Ax + Hy + 6? = 0, a diameter which bisects the 
system of chords parallel to the axis of X, 

.176. To find the condition that any two diameters of 
S = shall be conjugates. 

The diameter (6) (Art. 175) can be written 

(^+ 5 tan tf)y + (^ + irtan »)« + (? + i^tan tf = 0, 

-4-hJTtantf^ G + FUnnB 
or v^ aj — — • 

^ jBT-h-Btantf -ff + -Btand 
If this diameter makes an angle 0' with the axis of X, then 

tan^' = -4±4*5E|, 
or ^tanfltantf' + -ff(tantf + tan^') + ^ = 0, (6) 
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is the required condition. Since and 6' can be interchanged, 
it follows that each diameter bisects the system of chords which 
is parallel to the other. The two diameters are therefore con- 
jugates (Art. 151, VII.). 

177. The axes of 8^0 cure the only pair of ctrnjuga^ 
diameters which are perpendicular to ea/sh other. 

For perpendicular diameters tan tan ^' + 1 = (Art. 46), 
which reduces condition (6) (Art. 176) to 

If tan' tf + (^ - JB) tan tf - ir= 0, 

or H}f-^{A-B)xy^H2? = Q, 

the equations of the axes (Art. 167 (6)). 

1 78. To find the condition tJuU the two lines 

shaZl be parallel to a pair of corrugate diameters of SssO, 
Write this equation in the form 

3^ Bf X Bf 
the sum and product of its roots (Art. 20, IV., V.) are 

-?^'and^', 
B' B' 

and these must satisfy (6) (Art. 176). Therefore 

AB^^-A*B^2HW 

is the required condition. 

179. If any two chords be drawn in given directions 
through the origin, the raiio of the products of the segments 
into which they are cut by the conic S=0 is constant. 

For brevity, put Ab = Acos^ + 2H8m0 cos0 + Bsin^ 0-^ 
then equation (a') (Art. 165) becomes 

Ae^'^ + 2((? cos tf + F sin ^)r + C= 0. (a') 
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Suppose that the line drawn through the origin in the direc- 
tion 6 cuts iS' = in the points P and P', and that the line 
drawn in the direction 0^ cuts iS' = in the points Q and Q* ; 
then OP, 0P\ and OQ^ 0Q\ are the corresponding roots of (a'). 

The products of these roots are (Art. 20) 

OP' 0P' = -§, OQ . 0Q' = -^- 

A^ As 

••• ^^ ' ^^, == -r- = a constant, for given directions. 

1 80. The ratio of the products of the segments of any two 
chords of 8=^0 is eqiual to the roMo of the squares of the 
diameters respectively parallel to these chords. 

If we take the centre of the conic as the origin, and a new 
pair of parallel axes, its equation (a") (Art. 167), with the 
notation of Art. 179, becomes 

Now draw two diameters through the centre C, in the direc- 
tions and ^', the first cutting the conic in the points jp, p\ and 
the second in the points j, q' ; then from (() 

Ab AJ 

... ^^; = ^ = 4^ = ^^^. (Art. 179) 

(h ' Gq' qq*^ Ab OQ • OQ' ^ ^ 

181. Two tangents drawn through any point to S = 
have the saws ratio as the diameters to which they are 
parallel. 

If T and T are the points of tangency, then OP = OP^ = OT 
and OQ=-OQ'=OT', and (Art. 180) 



OPj_OP[ ^ OT^ ^ PfT . OT ^^ 

OQ • oq or' ^''' * ' or q^' 
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If a concentric circle cuts the conic S = in the points 
P, P', and Q, Q', then, by Geometry, OP • OP' = OQ • OQ' ; 
therefore the respectively parallel diameters pp^ and qq' are 
equal, and make equal angles with either axis of the conic. 

182. To find the equation of the tangent to 8^0 at the 
point (x'y') 

The equation is (Art. 80) 

^4a»' + ir(a'y + ajy') + Bj^' +(?(« + a') + F(y + y) -h C = T' = 0. 

Any point (xy) on the tangent 7' = lie» without the conic 
S = 0. 

From the sum S+S' = subtract 2!P = 0; then 

and S—2T' + S^ is never zero, except for (a?'y'), the point of 
contact. 

183. To find the equations of the two tangents dra;wn 
through any point to the conic S==0. 

In this case the roots of equation (a') (Art. 165) are equal ; 
therefore (Art. 20) the required equations are 

(AcoB*e + 2HBineco&e + Bsm*e)G = {Gcos0'hFBin$y, 
or 

by introducing x and y. 

1 84. To find the equation of the chord of contact of the 
tfvo tangents to the conic /S = 0, which meet in the point 
(h,k). 

Let 7' = and 7" = denote the equations of the two 
tangents to ^ = at the points (aj'y') and (a?"y")- K these 
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tangents meet in the point (A, A), then T'(A, A) = and 
T"(A, i) = are the two equations of condition which show 
that the points of contact (x'y'^ and (a;"y") are on the line 
whose equation is T(A, A) = 0. Therefore T(h^ i) = is the 
required equation of the chord of contact. There is, there- 
fore, a fixed relation between the point (A, i) and the line 
r(A, Ar) = with respect to the conic aS = 0, which is called 
the polar relation of the point and line with respect to the 
conic. The point is called the pole of the line, and the line 
is called the polar of the point, with respect to the conic 
(Art. 86). 

185. To find the equation of the polar of any point (x'y*) 
with respect to the conic S =^0. 

As we have just seen, the equations of the tangent and polar 
are of the same form ; that is, T(x'y'^ = is the equation of 
the tangent to >S = at any point (a:'y') on the conic, and it is 
also the equation of the polar of any point (x'y^^ in the plane 
of the conic. It follows that the point of tangency and the 
tangent at this point are respectively the pole and polar of 
each other with respect to the conic S = 0. 

The equation of the polar of the origin with respect to S = 
is found to be Gx + Fy + 0=0 by making a:' = 0, y ' = in 
the equation of the polar T(x't/'^ — 0. Propositions VIII., IX., 
X. (Art. 86), on poles and polars with respect to the circle, 
apply equally to the conic S = 0. 

186. To find what the equation S=0 becomes when the 
coordinate axes of T and X are a tangent and a normal at 
any given point on the conic. 

Since the origin is on the curve, its coordinates (0, 0) reduce 
^ = to (7=0. The axis of T meets the conic in the point 
for which a; = 0, or By^+ 2-F^ = ; but since the axis of F is 
a tangent, the roots of this equation must be equal ; therefore 
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F = 0. We find, then, that (7 = and F = are the necessary 
and sufficient conditions, and S = reduces to 

1 87. To find the equation S^O of the conic which pcLSses 
through any five given points {x'y') , (aj"y") , (a;"'y"') , (x*^, y^) , 

If the values of A, fi", -B, G, -F, (7, derived from the five 
equations of condition 

^'« +22foy +%'» +2Cte' +"22?V' +C7=0, 
-Ac"» +2ira:Y' +i^y +2(?aj" +2Fy" +0=0, 
^"'s + 2i7aj"y" + 5y"» + 2 (?aj"' + 2Fy"' + C7= 0, 
^!laj*^* + 2^ajV +By'«+2(?aj'^ +2i?V*^ + C=0, 
Ax"* +2HxY +By''* +2Ga;^ +2i?V'' +0 = 0, 

are substituted in /S = 0, it will be the required equation. 

These five equations of condition contain six arbitrary con- 
stants ; but they are not independent, for by dividing each 
equation by the same coefficient, as -4, we get the five inde- 
pendent ratios which are determined by the five equations. It 
will be noticed that if the origin (0, 0) is one of the five given 
points, then = 0, and cannot be used as a divisor. 

These equations are of the first degree, or linear, with refer- 
ence to these ratios, and give but one solution, which can be 
readily effected for special numerical points. 

I. If all five points are on the same straight line, then the 
two coincident straight lines through these points is a solution. 

II. If four of these points are on the same straight line, 
then this line and any second line through the fifth point is a 
solution. 
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III. If three of the points are on the same straight line, then 
this line and the straight line passing through the remaining 
two points is a solution. 

IV. Since a straight line cannot cut a curve in more than 
two points, it follows that no three of the given points can lie 
on the same straight line if the required conic is a curve. 

1 88. To find the foci, the eguaticfhs of the directrices, and 
the eccentriciti/ of the conic S = 0. 

It will be best to take the equation of the conic 

referred to its centre and axes. If (a:'y') are the coordinates 
of a focus, e the eccentricity, and x cos a + ysina— ^ = the 
equation of a directrix, then the squares of the distances of any 
point (xy^ on the conic, from the focus and directrix, are 

(a? — aj')* + (y — y')' and (acosa + y sina— p)*, 
and by Art. 99 the^ equation of the conic is 

(a — «')' + (y — y')' — e*(a? cos a + y sin a — p)* = 0, 
or (1 — 6*008*0)0^* — 2e^a^sina co8a + (l — e'sin*a)y' 

— 2(a?' - e^ cos a)x — 2(y' - e*p sin a)y+a"+y'*-ey=0. (a^) 

If (fl*^) and (a^) represent the same conic, we must have, 
since the coeiBcients of rry, x^ y, are zero in (a*0» 

(? sin a COB a = 0, a?' — e^ cos a = 0, 3/' — e^ sin a = 0, (6) 

and also the equal ratios 

A' B O 



1 — €*cos*a 1 — e*sin*a aj" + j('* — e^ 



(c) 



I. The- foci and the directrices. — From e^ sin a cos a = we 
get sina = or co8a = 0. Forsina^O, a = or =7r, and from 
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(6) the coordinates (a^'y') of the foci are (± e*j9, 0), two points 
on the axis of X equidistant from the origin; and the equa- 
tions of the corresponding directrices are x = ±p^ two lines 
equidistant from the origin and parallel to the axis of T. 

For cos a = 0, a = — or = — -^ and the coordinates of the foci 

(a;'y') are (0, ± e^jo), two points on the axis of Y equidistant 
from the origin ; and the equations of the corresponding direc- 
trices are y = ±jp, parallel to the axis of JT. 

The polar of the focus (e^|>, 0) with reference to the conic 
(a*^) is A'e^x + (7' = 0, which is the equation of the directrix 
of the corresponding focus. 

For a = or = tt, equations (js) become 

Since x* = ^p^ by solving these equations, we get 

a 

For C" negative, and A', 5', both positive, (a'O represents 
an ellipse (Art. 168) ; if A' < B\ both values of e, a:', p are real^ 
but ii A' > B' they are imaginary. 

For C" negative, and A\ B\ of different signs, (a*^) repre- 
sents an hyperbola; if J.' is plus and J5' minus, both values of 
^, x\ p are real^ but if A' is minus and J?' plus, both values of e 
are still real, while both values of a;' and p are imaginary. 

TT Stt 

For a =x or =-5^ -<1'» J?\ and x\ y\ will interchange ; the 

results just found for the axis of X will then be true of 
«, y\ p with reference to the axis of Y. 

The central conic has then four foci, two real and two imag- 
inary, with the corresponding directrices real or imaginary. 



GENERAL PROPERTIES OF THE CONIC 5 = 0. '313 

II. To express the values of the eccerUrioity e in terms of 

the coefficients of S=^0. 

^^ • 

To find e we have 

^'=B'(l-e«), 
and A'+B' = A'hBy -A'B'=W--^AB, (Art. 168, IV.) 

Eliminating A^y B' from these equations, we get 

(2 - €»)« ^ (A + BY 
1-e' AB-H^' 

«. + M:rgld^\e«-i) = o. (.) 

If we put ^ = (-4 — By + (25')^ for brevity, and solve, we 
get 

2{AB'-H^) 2{AB-^H^) 

For the ellipse, AB — H^ is positive. In this case one value 
of e^ is positive and the other negative ; the two real values of 
e correspond to the real foci, and the two imaginary values to 
the imaginary foci.- 

For the hyperbola, AB — JSP is negative. In this case both 
values of e^ are positive, and all four values of e are real. 

For the parabola, AB — H^ ~ 0. Introducing this condition 
in ((2), it becomes 

(AB-.ir)€* + (^ + 5)«(e»-.l) = 0, 
or (^ + JB)«(e«-l) = 0. 

Therefore (Art. 20), e^ = oo, and e* = 1 are the four roots. 

EXERCISES AND PROBLEMS. 

1. Find the asymptotes of the hyperbola 

Sac* + 4ajy + 3/* — 3x — 2y + 21 = 0. 

Ans. 12aj*+16ajy + 4y«-12aj-8y + 3=0, 
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2. Sliow that the equation of the conic whose asymptotes are 
2a; + 32^ — 5 = and 5a; + 32/ — 8 = 0, and which passes throogh 
the point (1, — 1), is 

10a* + 21a^ + 9aJ2/* — 41a; — 39y + 4 = 0. 

3. Find the equation of tlr^ asymptotes of the conic 

3aj* — 2a^ — 5^* + 7a; - 9.V = ; 

and find the equation of the conic which has the same asymptotes 
and passes through the point (2, 2). 

Ana. 3«* — 2ajy--5y*4-7a; — 9y-H 2 = 0, 
3iB* — 2a;y — 6y- + 7a; — 9y + 20 = 0. 

4. Find the asymptotes of the hyperbola 

6a;* - 7ary - 3y«- 2fl5 - 8y - 6 = ; 

and also the equation of the conjugate hyperbola. 

Ans. 6ar^— 7a^ — 3y*— 2a; — 8y — 4 = 0, 
6a;* — 7a^ - 3y* — 2a; — 8y — 2 = 0. 

5. Find the equation of the locus of the middle points of a sys- 
tem of parallel chords of the conic 

41 a;* + 24an/ -f 9y* - 130aa; - 60ay + 116a* = 0, 

which make an angle of 45° with the axis of x. 

An8. 53a; + 21y— 100a=0. 

6. A diameter of the conic 

36 a? -f 24a^ + 293^ — 72a;+ 126y + 81 = 

makes an angle of 45° with the axis of x ; find the equation of its 
conjugate. Ans. as — 4 — 5 = 0. 

7. Find the equation of the cqui-conjugate diameters of the conic 

Ax?-\-2nQcy + Bf^\. (a) 

Let 01? 4- 2^"^ ^ be the equation of any concentric circle (Fig 56) ; 

then ^^-iy + 2J7iry + ^B-^y=0 (6) 

is the equation of the two diameters which pass through the points 
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of common intersection of the conic and circle. But these diameters 
are equal, and they will be conjugates if 

BfA''^'hAfB-'^^2HK (Art. 177) 

Therefore, 

7^ A + B 

and A3^ + 2Hxy + By'- ^^'^f''J^*\ a^-j-f)=0 

A + B 

is the equation of the required equi-conjugate diameters. 

8. Show that any two concentric conies 

Aix^ + 2Hxy + Bf=ly A'a^ + 2 H'xy + By =^ I 

have one, and only one, pair of common conjugate diameters. 
The diameters cuc^ + 2 Aa^-|- &^ == are conjugate to both conies if 

aB + bA-2hH=0y 

and aJ5' + 6^' - 2 hH' = 0. (Art. 178) 

Therefore, 

a —2h b 



A'H-AH* AB'-A'B BH'-^B'H 
Therefore, 

{A'H- AH')^ - {AS - AB) xy + (BH' - BH)f = 
is the equation of the common conjugate diameters. 

9. The polar of the origin with respect to the conic 

3 a;* - 5 0^ + 6 3^ 4- 1 1 « - 1 7 y + 1 3 = 
is llx— 17y-f 26 = 0. 

10. Find the equation of the conic which passes through the five 
points (2,1), (0,3), (-1, -3), (1,0), (3, -3). 

Ana. 172^ + llajy-48aj2-24y + 129a? -81 = 0. 

11. Find the equation of the conic which passes through the five 
points (2, 1), (1, 0), (3, - 1), (- 1, 0), (3, - 2). 

Ans. a;'+ 19a^ + 4jr — 45y— 1 =0« 
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12. Find the equation of the axes of the conic >S = 0. 

If P(xy) is a point on the axis of a conic, then the polar of /^ is 
perpendicular to the line joining P and the centre. The polar of 
P{xy)y with respect to /8 = 0, is 

(Ja?' + JTy+(7)aj+(iraj' + 5y' + i?')y+G^+2?V' + O=0, (a) 
and the equation of any diameter is 

AX'\'Hy+G + k{Hx + By + F)^ 0. (6) 

Since (a) and (h) are perpendicular, we have 

{A + \H) (^' + Hy' + G)+{H+\B) (Hx' + By^-hF)=0; (c) 
and, since {b) passes through (x'y'), we have 

Ax' + Hy' + G + \{Hx' + By' + F) = 0. (d) 

By eliminating X from (c) and (d), we see that (x^y*) must be on 
the conic 

(Ax'hIIy'hGy-{ffx+By+Fy ^ iAx+Hy'\-G)(Ex-hBy-hF) 

A^B H 

which is the required equation of the axes. 

13. Show that the foci of the conic 

A3^ + 2 J3icy + B/ + 0' = 
lie on the cunres 

g* — y* _icy_ — C 
A--B^ H'^ H^-AB 

14. Find the equations of the asymptotes of the hyperbolas 
(a) iB*-.2a^ + 4a + 3 = 0; (6) y* — ajy + cue = 0. 

Ans, (a) a;=0, aj=2y — 4; (6) y = a, y = aj — a. 

15. Find the eccentricities and asymptotes of the parabolas 
(a) 4a^-3a*-2ay = 0; (ft) y*-4iB"-f 2y- 4aj-9 = 0. 

-4n«. (a) e* = Jand5, 2a; = a, 82^ — 60;= 3a; 
(ft) e' = Jand6, y=2a;, 3/ + 2aj + 2 = 0. 

16. Show that the coordinates of the real foci of the conic 

aj* — 6ay + 3^ — 2aj — 2y + 5 =s 
are (1, 1) and (-2, -2). 
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17. Show that the coordinates of the real foci of the conic 

2aj» — 8ajy — 4y» - 4y + 1 = 
are(0, -|) and (-i, -|). 

18. The focus of the parabola 

«' + 2ay + y'-4aj + 8y — 6 = 
is the point ( — ^t, — I)- 

19. All chords of a conic which subtend a right angle at a fixed 
point on a conic, cat the normal at in a fixed point. 

Solvtion. Take the tangent and normal at for the coordinate 
axes; then (Art. 185), 

ula:* -f 2 Hxy + Bf + 2Ox = 

is the equation of the conic. 

X t/ 

Let the equation of any chord PQ be - + r = 1 ; then the equation 



or 



Aa? + 2Hxy-j-2Oxf^ + ^w^0, 

fA + ^a^ + 2(H+^\xy + By':=0 



is the equation of the lines OP and OQ^ since it is satisfied for (0, 0) 
and for the points (x, y) common to the chord and conic. 

If OP and OQ are at right angles to each other, then (Art. 174), 

^ + S + -^ = 0, or a = -.=^^:^; 
a 2Q 

that is, the intercept on the normal is constant. 

20. If any two chords OP, OQ of a conic make equal angles with 
the tangent at 0, the line PQ will cut this tangent in a fixed point. 

21. Find the eccentricity of the conic whose equation is 

cc* — 4a^ — 2^* -h lOx + 4y = 0. 

Ans. e = ± V| with reference to foci on the real axis, and ± V} 
with reference to foci on the imaginary axis. 
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22. Find the eccentricity of the conic 

U«» - 4a?y + lly* -44aj- 58y -f 71 = 0. 

An^, e* = ^ and — ^y. 

23. If POP\ QOQ' are any two chords of a conic at right angles 
to one another through a fixed point O, then 

-I- -777: — ^rrr. = a constant. 



OP' OF' OQ'OQ' 

24. If a point be taken on the major-axis of an ellipse, whose 
abscissa is equal to ^ , prove that the sum of the squares of 

the reciprocals of the segments of any chord drawn through this point 
is constant. 

25. From a fixed point on a conic chords ai*e drawn making equal 
intercepts, measured fi-om tlie centre, on a fixed diameter ; find the 
locus of the point of intersection of the tangents at their other ex- i 
tremities. ^ \ 

28. If PSP' be any focal chord of a parabola, and PJf, P'Jf ' 
be perpendiculars on a fixed line, then will 

P%f p'jif* 

TT^ + -r:T77 = a constant. 

PS P'S 

27. Two parallel chords of an ellipse drawn through the foci inter- 
sect the curve in the points P, P' on the same side of the major-axis ; 
a line through P, P' intersects the semi-axes CA^ CB^ in i^and N^ 
respectively ; prove that 

5 + ; = a constant. 

28. Through 0, the middle point of a chord AB of an ellipse, any 
chord POP is drawn. The tangents at P and P* meet AB in 8 and 
7, respectively ; prove that AS = BT* 
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29. Pairs of tangents are drawn to the conic Aa^ + By^ssl^ so 
as to be always parallel to conjugate diameters of the conic 

show that the locus of their intersection is 

aa?-h2hxy + by' = ^ + ^. 

80. is a fixed point on the tangent at the vertex ^ of a conic, 
and P, F' are points on this tangent equally distant from O ; show 
that the locus of the point of intersection of the other tangents from 
P and P' is a straight line. 

31. If OP and OQ are two tangents to an ellipse, and CP\ CQ* 
are parallel semi-diameters, show that 

OP' oq-^-cp'CQ'^ 0S'0s\ 

S and S* being the foci. 

82. In the conic As? -f 2Hxy + Bf — 2y = 0, the product of the 

1 



focal distances of the origin is 



AB-^W 



83. Find the value of c in order that the hyperbola 2a^ — c = 
may touch the ellipse -^ + ^ = l? and show that the point of contact 

will be at one extremity of one of the equi-con jugate diameters of the 
eUipse. Show also that the polars of any point with respect to the 
two curves will meet on that diameter. 

84. A circle intersects the hyperbola in four points ; prove that the 
product of the distances of the four points of intersection from one 
asymptote is equal to the product of their distances from the other. 

86. Tangents to the primary hyperbola are drawn from a point P 
on its conjugate ; show that the chord of contact will be a tangent to 
the other branch of the conjugate* 



♦. 



CHAPTER XI. 

ST8TEMS OF OOHIOS. 

189. Similar Conies. — Two conies are similar when their 
corresponding a*xes are proportional. 

Two similar conies whose corresponding axes are parallel are 
similarly sittuxted. 

I. Similar conies have the same eccentricity e. 

The eccentricity «* — 1 — — = 1— -r., since - = — by defini- 

cfl a" a a' 

tion. 

II. Two conies SssO and S* = are similar and similarly 
situated when the coefficients of their second degree terms 

are proportional; thai is, when -— = —. = -=.. 

Since their eccentricities must be equal, we have, by Art. 
188, III., 

(2 - e«)« ^ (^ + ^)' ^ M' + B'y 

from which we readily get 

-4 _S ^^ 
J^ B W 

Off Offf 

From these ratios we also get — = ^ ^ and there- 

fore the corresponding axes of the conies are parallel. 

III. The equation 

Aa? + 2Hxy'i-Bf+2Gx + 2FO'^O^S, 

where 8 is arbitrary, represents a system of simjlcorf, siinlr 
larly silualed, and concentric conies. 
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Since the coefficients of the second degree terms are the same 
for all the conies of the system, they are all similar and simi- 
larly situated, by II., and the equations Ax + Hy + (? = 0, 
Bt/ + Hx + F = 0, which determine the centre, are also the 
same : therefore the conies are concentric. 

190. Confocal Conies. — If a> b are the semi-axes of the 
conic iS = 0, the distance between the foci on the axis of 2; is 
2ae = 2Va^ — l^. If \ is any arbitrary constant, then a^ + X, 
ft^ + X, are the squares of the semi-axes of a syste m of co nies 
confocal with S = 0, since 2l/a» + X~ (62 + X) = 2|/a2-ia. 

Therefore 

is the equation of the confocal system. 

I. For all positive values of \, the confocals lie without 
S = 0; and as X approaches the limit infinity, the confocal 

approaches a circle ; since its eccentricity e* =» 1 — J^ ap- 
proaches zero. 

II. For all negative values of X numerically less than ft^, the 
confocals 

a'-X^y-X ^^ 

are ellipses, both axes diminish as X increases, and when the 
conjugate axis 2i/4* — X rea ches it s limit zero, the transverse 
axis will reach its limit 2\/<j? — J*, the distance between the 
foci. 

Therefore the limiting ellipse of the system is this straight 
line, and equation (J) becomes y = 0, the equation of this line. 

III. When X is numerically greater than 6^ and less than a*, 
the system of confocals (i) become hy perbolas ; as X approaches 
a*, the conjugate axis approaches 2i/6* — o^, the distance be- 
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tween the foci on the axis of y, and the equation of the con- 
focal becomes 2; =" 0. When \ is greater than a% the conf ocaL$ 
become imaginary. 

191 . Two confooals of the system pass through caty givers 
point (ay). 

If any confocal passes through the point (^'y')) ^^^^ 



If we put i* + X = \', then since aV = a* — J*, 



or X" - (x'* + y* - aV)X' - a«ey • = 0. 

The roots of this quadratic in \' are real and of opposite 
signs. Therefore 6^ + \ is positive for one conic, the ellipse, 
and negative for the other, the hyperbola. 

1 92. Two confocal conies cut each other at right angles at 
all points of intersection. 

The tangents of the two confocals 

a»^V ' a» + X^y + X * ^^ 

at the point (x'tf'^ of intersection are 

a'^V ' rf-f X^y + X ' 
and are at right angles to each other if 



«" ■ /1_ = 0. 



a«(a« + X) V(V + k) 

But this is the same relation which is obtained by taking the 
difference of the confocals. (a) for the point (jc'y'). 
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1 93. Only one of a confocal system of conies wUl touch a 
given straight line. 

The line x cos a + ysina— ^=0 will touch the confocal 



if p« = (a« + X) co8«a + (M + X) 8in«a. (Art. 139) 

But this condition gives but one value of X ; hence only one 
confocal will touch the given straight line. 

194. The difference of the squares of the perpendiculars 
drawn from the centre to any two parallel tangents to two 
given confocal conies is constant. 

If equations (a), Art. 192, are the two given confocals, then 

p* =a'cos*a-f &»8in*a, (Art. 139) 

and p'* = (a* + X) cos'a ^- (&« + X) sin^o. 

••• p"-p* = X. 

1 95. If the tangents to any two confocal conies of a sys- 
tem are at right angles to ea4^h other, the locus of their 
intersection is a circle* 

The perpendicular tangents of the two confocals (a), Art. 

192, are 

X cos a H- y sin a = Va* cos* a + V sin* a, 

aj sin a — y cos a = V(a* + X) 8in*a -|- (6* + X) cos' a. 

Adding the squares of these equations, we get 

a« + y« = a« + &' + X, 

the equation of the required locus, the director circle of the 
system of confocals. 
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1 96. The locus of the pole of a given straight line with 
respect to a system of confocaZ conies is a straight line. 

Let Ix + my — 1=0 (a) be the given straight line. If this 
line is the same as 



the polar of the point (a;'y') with respect to the confocaU 



then —l-- =s i^ aod 






ssTH, 



and, omitting primes, 

I m 

is the equation of the required locus. 

This locus is a straight line perpendicular to the given line 
(a) at the point where it touches a confocal ; and as the pole 
moves on a straight line, the corresponding polai-s are all 
parallel to each other. 

197. To find the coordinates of the points in which the 
two given conies S = and S' = intersect. 

The constants mS' = are A', JSP, B\ a\ F', C. 

The values of x and y which make S = and ^' = simul- 
taneously are the required values, and are the only ones which 
belong to points of intersection. 

If we eliminate, say y, from ^ = 0, /S" = 0, we know from 
Algebra that the resulting equation will be of the fourth 
degree in x, and these four values of x are the abscissas of 
all the points common to the two given conies. The corre- 
sponding values of y are readily found. 



t* 
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these four pointe >(x'yO» P\x''y'% Q(x''^y''% <?'(a^y**) 
may all be real ; or all imaginary ; or two real and twa i]9ftag»- 
nary ; or one pair coincident ; or both pairs coincident. 

It appears, then, that if the conic ^ = and iS" = are tan- 
gents at any point P, they will meet again in two real or two 
imaginary points ; but if they are tangents at both P and Q, 
they cannot meet again in any other point. 

1 98. To find the equation of the conic which passes through 
the four points of intersection of S = and S' = 0. 

If A is an arbitrary quantity which can have any positive or 
negative value, then S — kS' = is the required equation ; for 
it is a general equation of the second degree and represents a 
conic, and is satisfied by the coordinates of the four points 
which make /S = 0, /S' = simultaneously. 

Also, since k is arbitrary, S — kS' = represents a system of 
conies all passing through the four points of intersection of 
^ = 0, ^' = 0. 

1 99. One conic of the system S — kS* = 0, and only one, 
will pass through any fifth point (x'y') . 

If we substitute (a:'y') for (iry) in S—kS' = 0^ we get 
/S(a;'y') — i^'(x'y') = 0, which determines a single value of k. 
This value of k substituted in /?— kS' = gives the equation 
of the only conic of the system which will pass through the 
fifth point (a;'y'). 

200. Only two conies of the system S — kS' s= are parab- 
olas. 

The characteristic of the parabola H^ — AB = becomes 

(H" kWy - (-4 - kA) {B - kB) = 0, 

which is a quadratic in k ; there are only two values of k which 
satisfy this condition, and therefore only two conies of the 
system are parabolas. 
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201 . Ofily three conies of the system S — kS' = are pcArs 
of straight lines. 

Since the discriminant A of any cubic is of the third degree 
in terms of its coefficients A^ H^ B^ (7, F^ O^ and since the 
coefficients in ^ — hS* = are A — kA\ H— kH\ etc., it follows 
that A = is a cubic in A, giving three, and only three, values 
of k which will make S—kS'-=0 represent pairs of straight 
lines. 

We know from the theory of equations that one value of k 
will always be real, and that the other two may be. 

202, If the discriminant A' of /S' == is zero, then S' = 
represents two straight lines, which we will denote by 

or te + my — 1 = 0, (a) Vx -|- m'y — 1 = 0, (ft) 

in which, as we know, Z, ?n, Z', 7n', are the reciprocals of the 
intercepts a, 6, a', J', of the lines (a), (6) on the coordinate 
axes. The conic S — kS' = now becomes 

S - k{lx + my - 1) {Vx + ?nV~ 1) = 0. (c) 

Suppose that the line (a) cuts /S = in the points P, P\ 
and that the line (6) cuts /S = in the points C C ; suppose, 
further, that the lines PP' and QQ' meet in 0, and that we 
take the lines OPP\ OQQ\bs the coordinate axes of X and 
F. Then P(Z, 0), P'(Z', 0) and.^CO, m), ^'(0, w') are the 
coordinates of the four points in which the straight lines (a) 
and (J) cut the conic ^ = 0, and (a) and (6) are the equations 
ofP^andP'C'. 

If the points P, P' become coincident, then V = Z, the axis 
of X, is a tangent to the system at the point P(Z, 0), and the 
equation (c) becomes 

iS - A:(Zaj + my - 1) (/a; -f m'y - 1 ) = 0. 
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If Qi Q' also become coincident, then tw' = m, the axis of F, 
is a tangent to the system at the point Q(0^ m)^ and its equa- 
tion is 

It is obvious that Za? + ?ny — 1 = is the equation of the 
common chord which cuts /S^O in the points P and Q^ at 
which all the conies of the system are tangents to /S = and to 
each other. The length of this chord can be easily computed. 

203. Retaining the coordinate axes of Art. 202, the equa- 
tions of the opposite sides and diagonals of the given quadri- 
lateral are 

for the sides PP\ QQ\ 

y = 0, aj=0; 

for the sides PQ, P'Q\ 

te + tii3/— 1=0, Z'oj-fm'y— 1 = 0; 
for the diagonals PQ\ P'Q, 

Ix H- m'y —1 = 0, Vx'\- my — 1 =» 0. 
Each pair of these straight lines 

a?y = 0, 

(te + wy - 1 ) {I'x -f m'y - 1 ) = 0, 

(Za;-fm'3/-l)(Z'a;-»-my-l) = 0, 
is a conic which passes through the four given points. Hence 

(te H- my — 1) (^o; -|- m'y — 1) — kxy = (a) 

is the equation of the system of conies which pass through the 
four given points ; and combining any other two of these conies 
will give the equation of the same system. 

If the pointe P(a;'y')i P'(x''y'% ^(2:'"y'")i Q'Q^y'"')^ are 
given either in rectangular or oblique coordinates, the equa- 
tions of the sides and diagonals can be found, and also the 
equations of the required system of conies. 
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204. If the equation (a) of the system of conies (Art. 203) 

or ttV -I- (Zm' 4- ^'w — A;)ajy + wmy 

represents a parabola, then the characteristic is 

As this condition gives only two values of k^ only two conies 
of the system are parabolas. These values of Ic are real when 
all the intercepts have the same sign or when an even number 
of them are negative. 

If only one intercept is negative, the quadrilateral PP'Q'Q 
has a re-entrant angle, and cannot be inscribed in a real 
parabola. 

The equations of these two parabolas are, by condition (5), 

(x^/W ± yVmniJy- (I + V)x - (m -h m')y + 1 = 0, 

and their axes are parallel to the lines IVa^ — mm'y^ = (Art. 
169). 
But the coefficients of the second degree terms of 

Wa? - mmY = 

and of equation (a) satisfy the condition of Art. 178 for all 
values of k. 

Hence all the conies of a system passing through four given 
points have a pair of conjugate diameters respectively parallel 
to the axes of the two parabolas of the system. 

205. To find the locus of tJie centres of the system of conies 
which pass through four given points. 

The equation of the system is (Art. 204) 

IV^ + (?m' + Vm — lc)xy + mm^^ 

- (Z -f ;')« - (m + m')y + 1 = 0. (a) 
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If (a;'y') are the coordinates of the centre of any conic of 

the system, let us transform equation (a) to this centre as an 

origin, and to a new pair of parallel coordinate axes. For x 

and y substitute x + x^ and y + y', respectively ; then (Art. 167 

(i)) the coefficients of x and y in the transformed equation, 

that is, 

kyf - Z(ZV + my - 1) - Z'(te' + my' - 1) = 0, (h) 

kx' - m(Vx' ^- my - 1) - m'(lx' + my' - 1) = 0, (c) 

determine the relations of the coordinates {x^y^) of all the 
centres. Now eliminate the arbitrary quantity k by multiply- 
ing (6) and (c) by a:' and y' respectively ; then subtracting and 
omitting primes, and 

(te — my) {Vx -|- m'y — 1) -I- (i'a: — m'y) (Za + my — 1) = 0, 
or 2«'aj* - 2mmy - (Z H- Z')x H- (m + 'm!)y = 0, (d) 

is the equation of the required locus. 

I. This centre-locus is a conic whose asymptotes are parallel 
to the lines given by the equations IV ^ — mm'y* = (Art. 204), 
or to the axes of the two parabolas through the four given 
points. The centres of the two parabolas of the system (a) 
are points at infinity on the centre-locus, whose directions are 
determined by the equations IV ^ — mm'y^ = 0. 

II. To find the points in which the centre-locus meets the 
sides of the quadrUateraZ PP*Q'Q. 

For y = 0, 2ZZ'aj*-(Z-f Z')a? = 0; 

For a? = 0, 2mmy — (mm')y=:0; 

m -f- m' b + b' 



.-. y=o, y= 



2 mm' 
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Therefore the centre-locus passes through the origin, that is, 
the intersection of the sides PP' and QQ' of the quadrilateral, 
and also through the middle points of these sides. 

But we might have taken the sides PQ and P'^' as coordi- 
nate axes, and their point of intersection 0' as an origin ; or 
the diagonals PQ\ P^Q os coordinate axes, and their point of 
intersection 0" as an origin; and therefore the point 0' and 
the middle points of the sides PQ^ P^Q\ as well as 0" and the 
middle points of the diagonals PQ\ P'Qy are on the centre* 
locus. 

It follows, then, that the four given points through which a 
system of conies pass, and the nine points through which the 
centre-locus passes, all lie on the complete quadrilateral of 
PP'Q'Q (see Fig. 30, p. 122). 

III. If IV and mm^ have the same sign, the centre-locus (<2) is 
an hyperbola, but an ellipse of IV and mm/ have opposite signs* 

If IV — mm\ the four given points P, P', C Q\ are on a 
circle, and the centre-locus is an equilateral hyperbola. 

If IV = — mm\ and the coordinate axes are rectangular ; that 
is, if the line joining any two of the four points is perpendicular 
to the line joining the other two, say the diagonals PQ\ P'Q^ 
then all the conies of system (a) are equilateral hyperbolas, 
and the centre-locus (c?) is a circle passing through the nine 
points found in II., and is called the nine-point circle. 

206. The asymptotes of the system of conies 

(te -}- my — 1) (Vx -}- m'y — 1) — ^a?y = (a) 

are parallel to the lines given by its second-degree terms (Art, 
166) ; that is, by 

(Ix + my) {Vx + m^y) — hey = 0, 

or «'«* + {lm' + Vm ''k)xy-^ mmY = ; (6) 
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and these lines are parallel to the conjugate diameters of the 
centre-locus, since the coefficients of (6) and of the second- 
degree terms of the centre-locus (d) satisfy the condition 

AB' -h A'B = 2 HE'. (Art. 178) 

Hence the asymptotes of the system of conies (a) are parallel 
to a pair of conjugate diameters of the centre-locus of this system. 

207. To find the equation of the system of conies which 
touch the axes of coordincutes. 

The conic 

(te -h my — 1) {Vx 4- m'y — 1) — kxy = (a) 

will touch the coordinate axes iiV —l^m' = m^ and 

(te-l-my— 1)* — A:ajy = (6) 

is the required equation, in which Ix -f- my — 1 = is the equa- 
tion of the chord which passes through the points of tangency. 
The conies of this system are parabolas when the second-degree 
terms form a perfect square, that is, when 

Pm^^ilm-^ky. 

Therefore A; = 0, or 4 Im, For A — (6) becomes 

(/aj-|-my-l)« = 0, 

two coincident lines, the chord of contact of the parabola and 
the coordinate axes. For k — ^lm (6) becomes 

{lx-\-my^ 1)* — 4ima?y = 0, 

or VS-|-Vmy=l. 

208. To find the equation of the tangent to the parabola 
Vte -I- Vmy =1 at the point (a'y') . 

The equation of the secant through the points (a;'y'), (a:"y"), 
x — x" y' — y" 
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or v7(V5^-V^) = - V^(Vy'-Vy^). (6) 

The products of the corresponding terms of (a) and (ft) are 



For the tangent at (a?'y'), 
and -^^ (X - a^') +^ (y - y') = 0, 



^ + y^^=v^+Vi^=i 



or a? 

a;' ^y 

is the required equation. 

The polar of (ic'y') with respect to the conic (ft) (Art. 207) is 

(to + my - 1) (te' + my - 1) - iA;(a;'y + a?j(') = 0. 

The polar of the origin is tc + my — 1 = 0. 

209. To find the equdtian of the systein of conies which 
touch four given straight lines. 

The conic (Art. 207, (ft)) 

{lx-\-my — iy — hxy^O (6) 

already touches two of the lines, which are taken for coordinate 
axes ; and it only remains to find the values of the parameters 
Z, m, k^ when (ft) also touches the two given straight lines 

cwj 4- fty — 1 = 0, (c) 

a'x + ft'y - 1 = 0. (d) 

Combine (ft) and (<?) by substituting aa? + hy for the minus 
unity in (ft) ; then 

{Ix + my'-aX'" byy — kxy s= Q 
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represents the straight lines passing through the origin (0, 0) 

and the points in which the line (c) intersects the conic (b). 

If the conic (A) touches the line (c), then the points in which 

they intersect become coincident, and the condition of equal 

roots is 

(I - ay (m - 5)* = [(i - a) (m - 6) - iky, 

or fc = 4(Z — a)(m — 5). 

In the same way find that 

A; = 4(i-a')(m-&') 

is the condition that the conic shall touch the line ((2). 
Therefore the conic (6) will touch the four straight lines 

when the values of Z, m, k, are determined from (i) and the 
two equations 

A; = 4(i-a)(m-6) = 4(Z-a')(m-&'). 

These equations will give the values of Z, m, and k, in terms 
of the four parameters of the lines (c?) and (d), which will 
make the system of conies (i) touch the four given lines. 

210. To find the equation of the locus of the centres of the 
conies which touch four given straight lines. 

Transform the equation 

(to + mj^— 1)' — A»?y = (6) 

to (x^y^)'i the centre of the system, and to a new pair of parallel 
axes ; then the coefficients of x and y in the transformed equa- 
tion, omitting primes, are 

2Z(te + my — 1) — A;y = 0, 2m(te-|-my— 1) — Akc = 0, 
or Ix^my, and 22(2^— l)s=A;^, ^c) 

the equations which determine the relations between the coor^ 
dinates of the centre. 
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But the equations are also subject to the conditions 

fc = 4(Z-a)(m-6), (d) 

A; = 4(i-a')(m-V). (e) 

From (c), (d), (e), we can now eliminate Z, wi, A:, and thus 
obtain an equation in (2?y), the locus of the centres of the 
system of conies touching the four given straight lines. 

But kt/ from (d) equals ky from (c) ; and since Ix = my, 

,-. 2Z(2te-l) = 4yG-a)(m-6) = 4(«-a)(te-62(); 

.-. Z(2aa? + 26y — l)=2a6y, 

and .-. Z(2 a'aj + 2 6'y-l) = 2 a'6'y, from (e). 

Now eliminate Z, and 

oh a'V ' 



or 






the required equation of the locus of the centres is a straight 
line. 

Since a, a\ 6, V are the reciprocals of the intercepts which 
the lines (c), (ji) (Art. 209), make on the coordinate axes, it 
is obvious that this centre-locus passes through the middle 
points of the three diagonals of the quadrilateral which circum- 
scribes the system of conies. 

211. A system of conies passes through the four given 
points P, J*, Q, Q' ; if the sides PP', QQ\ of this quadrilat' 
eral meet in the point 0, the sides PQ, 1^Q\ in the point'^iL 
and the diagonals PQ\ P'Q, in the point O'' ; tlien either point ^ 
is the pole with respect to the conic of the line passing 
through the other two. 

The polar of any point (a;'y') with respect to the system of 

conies 

(te + my — 1) {Vx + m'y — 1) — fcry = (a) 



SYSTEMS OF CONICS. 335 

which passes through the four points P, P\ Qj Q\ is 

(te + mj^ - 1 ) {I'x* + m'y' - 1 ) + {Vx + m'y - 1 ) (te' + m^ - 1 ) 

For the point 0, (a^'y') is (0, 0), and its polar reduces to 
(i + r)a + (m + m')y-2 = 0, 
or to the two equivalent equations 

lx-\-my -1-l-Z'iC-l-m'y— 1 = 0, (6) 

te + m'y — 1 + Tic + wiy —1 = 0. (c) 

But (6) is 0', the point of intersection oi PQ and P'^' ; and 
(c) is 0", the point of intersection of PQ^ and P^Q. Therefore 
the polar of passes through and 0". 

In the same way it can be shown that 0' and 0" are respec- 
tively the poles of the lines passing through the other two 
points. 

The triangle 00'0'\ each of whose vertices is the pole of 
the opposite side with respect to a conic, is called a Belf-conjvr 
gate triangle (Art. 86, XIL). 

212. The intersections of the three diagonals of a quad* 
rilateraZ are the vertices of a self-conjugate triangle with 
respect to the conic inscribed in the quadrUa^teral. 

LfOt ABCD be the quadrilateral ; let the sides AB^ DO meet 
in iV, the sides AD^ BO meet in N^ ; then NN* is the external 
diagonal. Also let the diagonals AO^ NN* meet in ilif, the 
diagonals BD^ NN' meet in M'^ and the diagonals AO^ BD 
meet in iliT'. 

Further, let the inscribed conic touch AB in P^ BO in P\ 
CD in Q\ and DA in Q. Then the polar of A is P^, the polar 
of (7 is P'Q\ and AO is the polar of 0\ the intersection of PQ^ 
P'Q'. The polar of 5 is PP', the polar of 2> is QQ\ and BD 
is the polar of 0, the intersection of PP\ QQ' ; therefore 0(y 
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is the polar of -Sf", the intersection of AC^ BD\ but by Art 
211, the polar of 00' is 0", the intersection of PQ\ P'Q^ and 
therefore the diagonals AC^ BD^ and PQ\ P'Q^ meet in the 
same point. So also M' \s the intersection of PP'y QQ'^ and 
M of PQy P' Q'. Therefore MM' ST' is a self-conjugate triangle 
with respect to the inscribed conic. 
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1. Find the equation of the conic which passes tlirongh the five 
points (2,1), (0,3), (-1,-3), (1, 0), and (3, -3). 

Solution. The equations of the opposite sides (2, 1), (0,3) and 
(-1,-8), (1,0) are y + aj-.3 = 0, 2y-3a;-|-3=0; and of the 
opposite sides (0, 3), (-1, -3) and (1, 0), (2, 1) are y-6a;-3=:0, 
y — a; + 1 = 0. The system of conies passing through these four 
points is 

(y-f aj-3)(2y-3a: + 3)-A:(y-6x-3)(y-a?+l) = 0. (a) 

But the required conic must pass through the fifth point (3, —3), 
for which k = ^, and (a) becomes the hyperbola 

173^+llajy-48iB*-24y + 129a;-81s=0. (6) 

The equations of the diagonals through (0,3), (1,0) and ( — 1, —3), 
(2, 1) are y + 3a5 — 3 = 0, 3y — 4aj + 6 = 0, and the equation of the 
system of conies passing through these four points is 

(2^ + 3aj-3)(3y-4a; + 5)-fc(y + aj-.3)(2y-3a-|-3). (a') 

For the conic of the system which passes through the fifth point 
(3, — 3), A; = — |, for which value (a') reduces to (6), as it should. 

2. Find the equation of the conic which passes through the five 
points (2,1), (1,0), (3,-1), (-1,0), (3, -2). 

Ans. a:*+19iry + 43^-45y— 1=0. 

3. Find the equation of the conic which passes through the five 
points (1,2), (3,6), (-1,4), (-3, -1), (-4,3). 

Ana. 79«* - 320ajy + 301 y* 4- 1101 as -1665y+ 1586 = 0. 
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4. If the axes of /S = be parallel to those of /S' = 0, so will also 
be the axes of S -fc5' = 0. 

5. If /S' = be a circle, the axes ot S — kS^ =0 are parallel to the 
axes of S^O. 

6. If S — kS* = represent a pair of straight lines, its axes become 
the internal and external bisectors of the angles between them. 

7. If any chord of the conic S = he drawn through any fixed 
point 0, it will be cut harmonically by the curve and the polar of 0. 

Solution. Let any chord through cut tlie conic ^ =0 in the points 
P and J2, and the polar of in Q. Take as the origin, and the 
chord OPQR as the axis of X; then for y = 0, the conic iS = 0, and 
Ga + JFV + (7 == 0, the polar of O, become 

the roots of which are OP, 0J2, OQ. 
By Art. 20, OP-\-OE = -^, OP- OB = ^, and Oq^ - ^. 



OP OR OQ 

8. All conies drawn through the common intersections of two rec- 
tangular hyperbolas, are rectangular hyperbolas. 

Solution. If iS=:0, S*^Oy denote rectangular hyperbolas, then 
.4 + JB=0, .4-|-JB' = 0; and for S — kS'^^O the system of conies 
passing through the common intersections of ^ = 0, ^'= 0, we shall 
also have A-{-B- k{A'^ B) = 0. 

9. If two conies have parallel axes, one conic of the system pass- 
ing through their intersections will be a circle. 

Solution. If the axes of ^9 = and S*=s are paf^lel to the coor- 
dinate axes, then ir=0, ir'=0, and the conic S — kS'^^O of the 
system passing through the intersections of iS = 0, S'=0 will be a 

eirde when A — kA^ss B — kB\ or for the single value of A; = —- — --. 
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10. If the polars of the points T{x*\/) and T\x'Y) with respect 
to a conic cut the curve in P, Q and P'y Q', a conic will pass through 
the six points T, P, Q, T', P\ Q'. 

Solution. The polars of T{x*y*)^ T\x'y*) with respect to the conic 
^x» + By" = 1 are Axx* + %y'- 1 = 0, u4a»"-|-B|^"- 1=0. 
The conic of the system 

A3i^+By'-'l^k(Axx'+Byy'---l){Axx"-^Byy"-\), 

which passes through the four points P, Q, P, Q', will also pass 
through T(xy) if 

Ax'^+By'^'-l=\(Ax'^-\-By'*-l){Ax'x"+ByY-^l)y 

or i=^ajV+Byy'-l. 
A: 

The symmetry of this value of k shows that the conic will also pass 
through T'{xy). 

11. If two chords of a conic be drawn through two points on a 
diameter equidistant from the centre, any conic drawn through the 
four ends of these chords will be cut by this diameter in points equi- 
distant from the centre. 

Solution. If the diameter and its conjugate arc coordinate axes, 
the equation of the conic will be of the form As^ + B'i^^ 1, and the 
equations of the chords passing through the points (a, 0) , ( — a, 0) are 

y — m(aj — a) = 0, y — m'(aj + a) = 0. 

The system of conies through the four ends of the chords is 

Ax^ + By^-- 1 =A:[y — m(a; + a)][y — m'(aj + a)]. 

The axis of X cuts the conies in the points for which y = 0, 

and At? — 1 — kmm\a? — a') = 0, 

which are equidistant from the origin. 

12. If PSQ and P^S*Q' are two focal chords of a conic, the Hues 
PP and QQ! cut the axis in points equidistant from the centre. 

13. To find the equation of a pair of tangents drawn from any 
point P{x*, y') to the conic S = 0* 
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Solution. The polar of the point P (a?', y') with respect to /S =s is 

T{x', y') = 0, and iS - k[T(x'y y')]' = (a) 

is the equation of a system of conies all tangent to ^ = at the points 
in which it is cnt by the polar T(x\ y') = 0. Bat the required equa- 
tion of the tangents is the conic of this system which also passes 
through the point P(a?', y'). 

Therefore S(x\ y') -A;[/S(aj', y')]* = 0, or 1 - A: • S(x^, y') = 0. For 
this value of k equation (a) becomes 

the required equation. 

14. The polar of a fixed point, with respect to a system of conies 
S — kS'= passing through four given points, will pass through a 
fixed point. 

Solution, If the origin is at the fixed point, then the polar of this 
point with respect to >5 — fc>S'= is 

Ox-\-Fy-\-C-k{&x + F'y-\-a):r^0 

which passes through the intersection of 

Gx + Fy-^C^O^ O'x+F'y + C^O 
for all values of k. 

15. The locus of the poles of a given straight line with respect to 
a system of conies which pass through four given points is a conic. 

Solution. Take the given straight line as the axis of x. The polar 
of (xfy') with respect to S — kS'=0 is 

r(icy)-A:[r(icy)]=0; 

rnd if this line is the same as ^= 0, then the coefficient of x and tho 
independent term must each equal zero. 
Therefore 

Ox!-\- Fy'+C- k{&x'+ F'y' + (7) = 0. 

Eliminate A:, and the required locus is the conic 

Ax+Hy+G ^ A*x + H'y -f G' 
Gx + Fy + C G'x + F'y + C' 
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16. The equation of the conic Am? + 2 Hxy + Bj^ = C transferred 
to its axes, when the coordinate axes are oblique, is 

(^ + ^-2gcoSa>+Q) ^ . (^ + B--2.g 00801 --Q) _j 

2(7'8in«a> ^ 2C'8in*« 

if Q* = [2 if- (^ + B) cos o>}* -h (^ - B)« sin««. 

17. If a and h be the lengths of two tangents to the parabola 
y^:s:Apx which intersects at right angles, then 

6* a* |)* 

18. The locus of the points of contact of tangents to a series of 
confocal ellipses drawn from a fixed point on the major axis is a 
circle. 

19. The length of the chord of an ellipse which touches a confocal 
ellipse, the squares of whose semi-axes are 

a«-X8, y-X«, is?^, 

ao 

in which b' denotes the length of the semi-diameter parallel to the 
given chord. 

20. If any line cut two similar and concentric conies, its parts in- 
tercepted between the couics will be equal. Any chord of the outer 
conic which touches the inner one will be bisected at the point of 
contact. 

21. If a tangent drawn at any point P of the inner of two concen- 
tric and similar ellipses meet the outer one in the points T and T^ 
then any chord of the inner one drawn through P is half the algebraic 
sum of the parallel chords of the outer one through T and 7*. 

22. If the axes are oblique, the condition for the similarity of 
two conies is 

AB--IP ^ A'B'-^H'* 

(A + 3- 2Hco9u>y {A' + JB'- 2H' coso))'* 

23. What is the equation of the system of conies passing through 
the points where a given conic S=sO meets the coordinate axes? 
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24. Show that when the valnes of {hy A:), the coordinates of the 
centre of the conic S = become indeterminate, its equation repre- 
sents the two straight lines 



U+^J+20(x + ^yO^O. 



26. To determine the form of the equation S^O when the coordi- 
nate axes are tangents of the conic. 

GP F* 

For tangency A = — , B = — , and /S = becomes 

G C 

{Gx-^Fy+C)*'-2{FQ^HO)xy^0. 

26. Find the equations of the tangents of the conic 

(te + mj^ — 1 ) (Za? + m'y — 1) — Jcxy = 0, 

at the points where it meets the axis of T; and the equation of the 
line joining their point of intersection with the point where the conic 
touches the axis of X. 

27. Show that the tangents at the points where the conic 

(lx + my'-l){Vx + m'y — l) — Jcxy = 

is cut by the straight line y == A^, intersect on the straight line where 
y = — Jfx cuts it. 

28. If conies be described touching two straight lines OX, OF in 

two points A and JB, such that OA = -, OB = — , then the centres 

I m 

of the system will lie on the straight line yssx. 

29. Two ellipses have a common focus and equal eccentricities ; 
show that their common chord is parallel to the line bisectii^ the 
angle between their major axes. 

30. The angle subtended at the focus by a chord of a conic is 120° ; 
show that the locus of the intersection of tangents at its extremities is 

Z=:r(H-2ecosfl), 

I being the semi-latus-rectum. 
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31. Find the latus-rectam and the coordinates of the vertex of the 
parabola whose equation is 

(3 a? - 4y)* - 50 CUB -♦- 25 a* = 0. 

32. Show that the latus-rectum of the conic iS=^ is — ^-— 

(2)i 

33. The equation of the directrix of the parabola /S = is 

34. Find the equation of the axis of the parabola (^— a;)*=a(a;4-y). 

36. If two hyperbolas have their axes parallel, the quadrilateral 
Joining their points of intersection has the sum of its opposite angles 
equal to two right angles. 

36. Two ellipses, refeiTed, one to its axes 2a, 25, and the other 
to it^ conjugate diameters 2a\ 2&', have a common polar of the points 
(/i, A;), (/i', &') respectively; show that 






37. 5, S* are the contiguous foci of two ellipses having the same 
major axis, and the eccentricities e, 6' are complementary, so that 
e*-|-e'*= 1 ; B, B^ are the ends of their minor axes. OP, OP* are 
drawn through the centre parallel to SB^ S'B* and meet the ellipses 
in P, P respectively. Show that the tangents at P, P* are parallel. 

38. If CP, CD be the semi-conjugate diameters of an ellipse, and 
the lines joining P, D and the ends of the major axis meet in Q, 
show that the locus of Q is an ellipse. 

39. If A^ jB, C D are four points on a rectangular hyperbola, such 
that AB is perpendicular to CDy show that BG, AD, and BD, AC 
are also perpendicular* 

40. Three hyperbolas have parallel asymptotes; show that the 
three straight lines joining their points of intersection, taken two and 
two, all meet in a point. 
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41. Any two parabolas which have a common focus and their axes 
in opposite directions intersect at right angles. 

42. Two parabolas have a common focus and their axes in the 
same straight line ; show that, if TP, TQ be perpendicular tangents 
one to each of the parabolas, the locus of T is a straight line. 

43. TP^ TQ are perpendicular tangents one to each of two con- 
focal conies ; show that CT bisects PQ. 

Solution. If -^ + ^ = 1 » -To + rro = 1 » are two confocals, their 

or Ir a'* o'* 

tangents are 
The equation of CT is 

The condition that CT shall pass through r\^ y ^ \^ \ the 
middle point of PQ^ is 

or — — + ^-^— = 0, 

since the conies are confocal. But this is the condition that the tan- 
gents shall be perpendicular. 

44. TP, TQ are tangents to each of two parabolas which have a 
common focus and their axes in the same straight line ; show that, if 
a line through P parallel to the axis bisect PQy the tangents will be 
perpendicular. 

46. If P, Q be any two points on an ellipse, and p, g, the corre- 
sponding points on a confocal ellipse, that is, points having the same 
eccentric angles, then Pq = Qp. 

48. From any point T the two tangents TP^ TP' are drawn to one 
conic, and the two tangents TQ^ TQ' to a confocal conic, then the 
straight lines PQy PQ' will make equal angles with the tangent at P. 
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47. If I and V are the latus-rectums of two similar and simikurlj 
situated conies, and if r, r' are two parallel focal distances, then 

!1 — L — 5. — ^ 

48. TP, TQ are perpendicular tangents, one to each of two eon- 
focal conies ; show that the line PQ always touches a third confocal 
conic. 

49. The confocal hyperbola through the point on the ellipse whose 
eccentric angle is ^ has for its equation 

__J^ a»-6». 



cos^^ sin'<^ 

60. If X, /A be the parameters of the confocals which pass through 
two points P, Q on a given ellipse; show (1) that if P, Q are the 
extremities of conjugate diameters, then A + /ii is constant; and (2) 

that if the tangents at P and Q are perpendicular, then - + - is 
constant. ^ 

61. Show that the ends of the equi-conjugate diameters of a series 
of confocal ellipses are on a confocal rectangular hyperbola. 



72 ICATHESiATIGS. 

A Treatise on Plane Surveying. 

By Daniel Cashaht, C.E., Professor of Civil Engineering in the West- 
em University of Pennsylvaniai Alleghenv. Illustrated. 8vo. Half 
leather, zvii + 496 pages. Mailing Price, $2jOO; for introduction, $1.80. 

rpHIS work covers the whole ground of Plane Surveying. It 
illustrates and describes the instruments employed, their ad- 
justments and uses; it exemplifies the best methods of solving the 
ordinary problems occurring in practice, and furnishes solutions 
for many special cases which not infrequently present themselves. 
It is the result of twenty years' experience in the field and technical 
schools, and the aim has been to make it extremely practical, having 
in mind always that to become a reliable surveyor the student needs 
frequently to manipulate the various surve3ring instruments in the 
field, to solve many examples in the class-room, and to exercise 
good judgment in all these operations. Not only, therefore, are 
the different methods of surveying treated, and directions for using 
the instruments given, but these are supplemented by various field 
exercises to be performed, by numerous examples to be wrought, 
and by many queries to be answered. 

Chapter I. Chain 8urve]dixg' 

" n. Compasa and Transit Snnreying. 
** ni. Declination of the Needle. 

IV. JAyin% Out and Dividing Land. 
V. Plane Table Surveiring. 
" VI. Government Surveying. 

" VII. City Surveying. Including the Principles of Levelling. 
" Vlll. Mine Snrve]dixg* Including the Elements of Topography. 

The following Tables have been added: Logarithms of num- 
bers ; Approximate equation of time ; Logarithms of trigonometric 
functions; For determining with greater accuracy than the pre- 
ceding ; Lengths of degrees of latitude and longitude ; Miscellaneous 
formulas, and equivalents of metres, chains, and feet ; Traverse ; 
Natural sines and cosines ; Natural tangents and cotangents. 

The judicial functions of surveyors, as given by Chief Justice 
Cooley, are set forth in an appendix. 

The work is published just as this Catalogue goes to press, so 
that full notices cannot be given. Send for the special circular. 
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Byerly'8 Syllabi. 



By W. E. Btb&lt, Professor of Mathematkai in Haryud Uniyersity. 
Each, 8 or 12 pages, 10 cents. 

SfllabuB of a Coune in Piano Trigonomvhy, 

Syllabus of a Course in Plane Analytical Oeometiy, 

Syllabus of a Course in Plane Analytic Geometry, {Advanced Course,) 

Syllabus of a Course in Analytical Oeometry of Three Dimensions. 

Syllabus of a Course on Modern Methods in Analytic Oeometry. 

Syllabus of a Course in the Theory of Equations. 

Elements of the Differential and Integral Calculus. 

With Examples and Applications. By J. M. Taylor, Professor of 
Mathematics in Madison University. 8vo. Cloth. 249 pages. Mailing 
Price, 91.95; Introduction Price, $1.80. 

rriHE aim of this treatise is to present simply and concisely the 
fundamental problems of the Calculus, their solution, and 
more common applications. Its axiomatic datum is that the 
change of a variable, when not uniform, may be conceived as 
becoming uniform at any value of the variable. 

It employs the conception of rates, which affords finite differen- 
tials, and also the simplest and most natural view of the problem of 
the Differential Calculus. This problem of Jinding the relative 
rates of change of related variables is afterwards reduced to that of 
finding the limit of the ratio of their simultaneous increments; 
and, in a final chapter, the latter problem is solved by the principles 
of infinitesimals. 

Many theorems are proved both by the method of rates and that 
of limits, and thus each is made to throw light upon the other. 
The chapter on differentiation is followed by one on direct integra- 
tion and its more important applications. Throughout the work 
there are numerous practical problems in Geometry and Mechanics, 
which serve to exhibit the power and use of the science, and to 
excite and keep alive the interest of the student. 
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Tbe NatioB, New York: It has 
two marked characteristics. In the 
first place* it is evidently a most 
carefully written book. There is 
nothing vague or slipshod in it. 
Nearly every sentence, certainly 
every theorem, seems to have been 
constructed with a strenuous effort 
to give it clearness and precision. 
This constant attention to the form 
of expression has enabled the author 
to be concise without becoming ob- 
scure. We are acquainted with no 
text-book of the calculus which com- 
presses so much matter into so few 



pages, and at the same time leaves 
the impression that all that is neces- 
sary has been said. In the second 
place, the number of carefully se- 
lected examples, both of those worked 
out in full in illustration of the text, 
and of those left for the student to 
work out for himself, is extraordi- 
nary. From this point of view, those 
teachers and pupils who are accus- 
tomed to or prefer a different text- 
book, would still do well to provide 
themselves with this, regarding it 
merely as a collection of examples 
and without any reference to the text 



Elementary Co-ordinate Geometry. 

By W. B. Smith, Professor of Phsrsics, Missouri State University. 12mo. 
Cloth. 312 pages. Mailing Price, $2.15; for introduction, 92.00. 

VXTHILE in the study of Analytic Geometry either gain of 
knowledge or culture of mind may be sought, the latter 
object alone can justify placing it in a college curriculum. Yet the 
subject may be so pursued as to be of no great educational value. 
Mere calculation, or the solution of problems by algebraic processes, 
is a very inferior discipline of reason. Even geometry is not the 
best discipline. Li all thinking, the real difficulty lies in forming 
clear notions of things. In doing this all tlie higher faculties are 
brought into play. It is this formation of concepts, therefore, that 
is the essential part of mental training. And it is in line with this 
idea that the present treatise has been composed. Professors of 
mathematics speak of it as the most exhaustive work on the sub- 
ject yet issued in America ; and in colleges where an easier text- 
book is required for the regular course, this will be found of great 
value for post-graduate study. 



Wm. O. Peck, Prof, of Mathe- 
matics and Astronomy^ Columbia 
College : I have read Dr. Smith's Co- 
ordinate Geometry from beginning 
to end with unflagging interest. Its 
well compacted pages contain an im- 
mense amount of matter, most ad- 



mirably arranged. It is an excellent 
book, and the author is entitled to 
the thanks of every lover of mathe- 
matical science for this valuable con- 
tribution to its literature. I shall 
recommend its adoption as a text* 
book in our graduate coarse. 
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Academic Trigonometry : p/ane and sphencat. 

By T. M. Blakslbb, PhJD. (Yale), Professor of Mathematics in the 
University of Des Moines. 12mo. Paper. 33 pages. Mailing Price, 
20 cents; for introduction, 16 cents. 

rPHE Plane and Spherical portions are arranged on opposite pages. 

The memory is aided by analogies, and it is believed that the 

entire subject can be mastered in less time than is usually given to 

Plane Trigonometry alone, as the work contains but 29 pages of text* 

The Plane portion is compact, and complete in itself. 

Examples of Differential Equations. 

By QsoRQE A. OsBORNB, Professor of Mathematics in the Maasacha- 
setts Institute of Technology, Boston. 12mo. Cloth, vii -f 50 pages. 
Mailing Price, GO cents; for introduction, 50 cents. 

A SERIES of nearly three hundred examples witli answers, sys- 
'^ tematically arranged and grouped under the different cases, 
and accompanied by concise rules for the solution of each case. 



Selden J. Coffin, laJLely Prof, of 

Mathematics, Lafayette College : 



Its appearance is most timely, and it 
supplies a manifest want. 



Determinants. 

The Theory of Determinants : an Elementary Treatise. By Paul H. 
Hanus, B.S., recently Professor of Mathematics in the Univera^ of 
Colorado, now Principal of West High School, Denver, Col. 8vo. Cloth, 
viii + 217 pages. Mailing Price, $1.90; for introduction, $1^. 

rpHIS book is written especially for those who have had no pre- 
vious knowledge of the subject, and is therefore adapted to 
self-instruction as well as to the needs of the class-room. The 
subject is at first presented in a very simple manner. As the 
reader advances, less and less attention is given to details. 
.Throughout the entire work it is the constant aim to arouse 
and enliven the reader's interest, by first showing how the various 
concepts have arisen naturally, and by giving such applications as 
can be presented without exceeding the limits of the treatise. The 
work is sufficiently comprehensive to enable the student who has 
mastered the volume to use the determinant notation with ease, 
and to pursue his further reading in the modem higher algebra 
with pleasure and profit. 
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Welwter Wells, Prof, of Mathe- 
fnaticBy Institute of Technology, Bos- 
ton, Mass,: I have been unable to 
give the book as thorough a review 
as I could wish, but as far as I have 
examined it, it strengthens the favor- 
able opinion which I expressed after 
reading the manuscript. I am very 
glad to see a work of such high grade 
in this important branch of mathe- 
matics from American sources, and 



I hope to make use of the book in my 
classes. {Jan, 3, 1887.) 

Wm. O. Feok. Prof, of Mathetnat- 
ics, Columbia College, N.Y. : A hasty 
glance convinces me that it is an im- 
provement on Muir. {Aug, 30, '86.) 

T. W. Wright, Prof, of Math., 
Union Univ., Schenectady, N.Y,: It 
fills admirably a vacancy in oar 
mathematical literature, and is a 
very welcome addition indeed. 



Elements of the Theory of the Newtonian Poten- 

Hal Function. 

By B. O. Pbibcb, Assistant Professor of Mathematics and Physics, 
Harvard University. 12mo. Cloth. 154 pages. Mailing Price, $1.60 ; 
for introduction, 91 ^SO. 

T^HIS book was written for the use of Electrical Engineers and 
students of Mathematical Physics because there was in English 
no mathematical treatment of the Theory of- the Newtonian Poten- 
tial Function in sufficiently simple form. It gives as briefly as is 
consistent with clearness so much of that theory as is needed be- 
fore the study of standard works on Physics can be taken up with 
advantage. In the second edition a brief treatment of Electro- 
kinematics and a large number of problems have been added. 

gan: I am very much pleased with 
it, and am sure it will till an impor- 
tant gap in our school literature. 

H. W. Harding. Prof, of Mathe- 
matics, Lehigh University : It is a 
very desirable work, and one of those 
which come to fill up a gap at the 
right time. 



A S. Hardy. Prof, of Mathematics, 
Dartmouth College: Every student 
of a subject whose methods and illus- 
trations are scattered so widely, and 
which are generally so inaccessible 
or in a form difficult to master, will 
thank Professor Peirce for this book. 

H. W. Harrington. Director of 
Observatory, University of Michi- 

Elements of Quaternions. 

By A. S. Haxdy, PhD., Professor of Mathematics, Dartmouth College. 
Second edition, revised. Crown 8vo. Cloth. 240 pages. Mailing Price, 
$2.15 ; Introduction, $2.00. 

HE chief aim has been to meet the wants of beginners in the 
class-room, and it is believed that this work will be found 
superior in fitness for beginners in practicable compass, in explana- 
tions and applications, and in adaptation to the methods of instruo- 
tion common in this country. 
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Bjwiy Differential Calculus 12.00 

Integral Calculus 2.00 

OInn Addition Manual 15 

Halated Mensuration 1.00 

Hardy . . . ^ Quaternions 2X0 

Hill Geometiy for Beginners 1.00 

Sprague Rapid Addition 10 

Taylor Elements of the Calculus 1^80 

Wentwortii Grammar School Arithmetic 75 

Shorter Course in Algebra 1.00 

Elements of Algebra 1.12 

Complete Algebra 1.40 

Plane Geometry 75 

Plane and Solid Geometry 1.26 

Plane and Solid Geometry, and Trigonometry 1.40 
Plane Trigonometry and Tables. Paper, . .60 
PL and Sph. Trig., Surv., and Navigation . 1.12 

PI. and Sph. Trig., Surv., and Tables 1.25 

Trigonometric Formulas 1.00 

Wantworth&HUl: Practical Arithmetic IM 

Abridged Practical Arithmetic 75 

Exercises in Arithmetic 

Part I. Fxercise Manual 

Part II. Examination Manual .35 

Answers (to both Parts) .25 

Exercises in Algebra 70 

VdXtl, ET^erdse Manual .35 

Part II. Examination Mantfal .85 

Answers (to both Parts) .25 

Exercises in Geometry .70 

Five-place Log. and Trig. Tables (7 Tables) J50 

Five-place Log. and Trig. Tables ( Comp. Ed. ) 1.00 

Wentworth & Reed : First Steps in Number, PupHa' Edition .30 

Teachers^ Edition, complete .90 

Parts 1 , U., and III. (separate), each .30 

Wheeler Plane and Spherical Trig, and Tables 1.00 

CopitM sent to Teachers for examination^ with a view to Introduction^ 

on receipt of Introduction Price, 



QINN & COMPANY, Pabllshers. 
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